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PREFACE. 






Although in recent yeSI^ s^eral important works on 
Dynamics ha^ been published in England, yet none have 
(ifich seem to fill the rdle contemplated in this 
Composition we have started from the most elen 
pnce^ons, so that any Student who is acquainted 
onditions of Equilibrium and with the notation of 
iculus can commence the Treatise without requiring 
ious study of any other work on the subject. The 
first half contains a tolerably full treatment of what is 
j€^ally styled the Dynamics of a Particle. The latter half 
S;reats of the Kinematics and Kinetics of Eigid Bodies ; and 
^ throughout we have kept the practical nature of the subject 
in view, and have, in general, avoided purely fancy problems. 

In an early chapter we have introduced and elucidated 
the general principle of Work or Energy, and have given 
subsequently a more complete treatment of this great 
principle, illustrating it by a brief application to the 
theory of Thermodynamics. In the latter part of the book 
we have borrowed largely from Thomson and TaiPs Natural 
Philosophy; Eouth’s Rigid Bynamics; SchelFs Theorie der 



vi Pr^aee. 

Bewegung md der Krdfte ; and Clausius’ Mechaniml Theortj of 
Heat; our aim having been simply to enable tb% Student to 
acquire as easily as possible a knowledge of the subject of 
which we treat. 

In this Edition we have carefully revised and to a con- 
siderable extent rearranged the entire Work. In doing so we 
have developed, and in some oases rewritten, many por- 
tions of the subject, more especially that on generalized 
coordinates in connexion with Lagrange’s and Hamilton’s 
methods. We have also exhibited the general theory of 
small oseillations in a new form, and one which we hope 
will be easily comprehended by the Student. 

To those who desire to pursue the study of Dynamics to 
its highest development, the perusal of the great treatise of 
Thomson and Tait, as also that of Eouth, will, we hope, be 
facilitated by using the present Work as an introduction. 

We may add that to the latter writer our obligations, 
as the reader will find, have been largely increased in this 
Edition. 


TaiiriTr Coileoe, 
May, 1889 . 
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DYNAMICS. 


♦ 

CHAPTER L 

VELOCITY. 

1. Matter. — We give the name of matter to that which 
exclusively occupies space, and which we regard as the 
permanent cause of any of our sensations. Portions of 
matter which are hounded in every direction are called bodies. 
Every body has necessarily a determinate volume, and an 
external form or surface ; and exists, or is conceived to exist, 
in space. 

A portion of matter indefinitely small in all its dimen- 
sions is called a material particle. Every body may be re- 
garded as consisting of an indefinitely great number of 
particles. The name of force is given to any cause which 
produces, or tends to produce, motion in matter. The branch 
of Mechanics which treats of motion produced in a body by 
the action of force is commonly called Dynamics. 

We commence with the consideration of motion in itself, 
without any regard to its cause. 

2. Motion, Velocity. — When a body continually 
changes its position in space, it is said to be in motion; 
and the rate and the direction of the motion of any of its 
points at any instant is called the velocity of the point at 
that instant. 

The motion of a point is said to be rectilinear or curvilinear 
according as its path is a right line or curved. 

In the case of curvilinear motion, the direction of motion 
of a particle at any instant is that of the tangent to its path, 
drawn at the point occupied by the moving particle at the 
instant. 
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3. Motion of Translation. — If all the points of a rigid 
body move, at each instant, in parallel directions, the body is 
said to have a motion of translation only ; and the motion of 
the body is completely determined when that of any one of its 
points is known. It is usual, in this case, to take its centre 
of mass as the point whose motion determines that o£tlfe 
body. 

In our earlier chapters, whenever we speak of a rigid 
body moving, we suppose it to have a motion of transla- 
tion solely, and we consider its path as that of its centre of 
mass. 

4. Uniform Motion^ Telocity. — If a point move over 
equal lengths or spaces,* in equal intervals of time, however 
short the intervals be taken, its motion is said to be uniform ; 
and its velocity is measured by the space described in the unit 
of time: this is the same at every instant so long as the 
motion continues uniform. 

A second is usually adopted as the unit of time ; and, in 
this country, a foot as the unit of length. Thus, the velocity 
of a point which moves over five feet in each second is said to 
be a velocity of 5 feet per second, and is numerically denoted 
by 5 ; and similarly in other cases. If any other units of 
time and space be adopted, the number which represents the 
velocity of the moving point will have to be altered pro- 
portionally. Thus, we speak of a velocity of 10 miles an 
hour, or 100 yards a minute, &c. : each of these can be readily 
expressed in feet per second, when necessary. 

The space, or length of the path described during any 
time, is usually denoted by the letter s, the velocity by and 
the time estimated in seconds by In the case of uniform 
motion^ the relation connecting these quantities can be imme- 
diately obtained. For, if the space described in one second 
be represented by that descriibed in two seconds is repre- 
sented by 2«?, that in three seconds by 3r, and that in any 
number (^) of seconds by vt. 


* The word spwe is employed in abbreviation for length of path described, 
t Unless the contrary be stated, we shall in all cases assume a foot and a 
second as our units of space and time, ». e. we shall regard t as representing 
a number of seconds or parts of a second, and s^aa a number of feet. 
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Accordingly we have in the case of uniform motion the 
relation *• 

s = vt (1) 

This formula evidently holds good whatever be the units 
oi space and time, and introduces the unit of velocity as that 
of a unit of space described in a unit of time. It is true for 
uniform curvilinear, as well as rectilinear motion ; and also 
whether t represents a number of seconds, or any part of a 
second, however small. 

Again, if s' denote the space described in the time we 
have s' = vf. and hence 

s' - s 



or the velocity, when uniform, is measured by the space de- 
scribed during any interval of time divided by the nxmber by 
which that time is represented. 

This result equally holds good if we suppose the interval of 
time, denoted by ^ to become indefinitely small ; in which 

s' ““ s ds 

case the limiting value of — - or — will still represent the 

t — t lit 

velocity v. 

Examples. 

1. If a body, moving uniformly, pass over 10 miles in an hour, find its ve- 
locity in feet per second. Am. 14 j, 

2. If a body, moving uniformly with a velocity of 16 feet per second, pass 

over 100 miles, find the time of its motion. Am. 9 hrs. 10 min. 

3. Assuming that light travels from the sun to the earth in 8™ 30", and that 
its velocity is 180,000 miles per second, calculate the distance of the sun. 

Ana. 91,800,000 miles. 

4. If a velocity of 20 miles an hour be the unit of velocity, and a mile the 
unit of space, find tlie number which represents a velocity of 32 feet per second. 

Ana. li\-. 

6. Find in metres the velocity of a point on the earth’s equator arising from 
the rotation of the eailh on its axis. Ana. 463. 

5. ITariable motion. — If the spaces described in equal 
intervals of time be not equal, the motion is said to be 
variable^ and the velocity can no longer be measured by the 
space actually described in one second. The movable has, 
however, at each instan|; a certain definite velocity which is 
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measured by the space tvhich it would describe during a second^ 
if it were conceived to move uniformly dunng thckirtime with the 
velocity which it has at the instant under consideration. 

For example, when we say that a railway train is moving 
at the rate of 40 miles an hour, we mean that it would pass 
over 40 miles in the hour if it continued to move during mat 
time with the speed which it has at the instant referred to. 

Again, if we suppose that there are no sudden changes of 
velocity, the change in the velocity of a movable in any in- 
definitely small portion of time must be itself indefinitely 
small ; as otherwise the velocity would not vary continuously. 
Accordingly, in such cases, we may suppose the motion as 
uniform during the indefinitely small time dt ; and we shall 
have (as in the last Article) for the velocity v at any instant 
the equation 

V = Um. 


s' - s ds 
? - t " If 


That is, in all cases the velocity of a point at any instant is 
measured by the limiting value of the space described in a 
small interval of time, divided by the number which repre- 
sents that interval of time. This method of expressing velo- 
city is sometimes concisely represented in the notation of 
Newton by the symbol k. 

6. Mean ITclocIty. — If a body describe the space s in 
the time then its mean or average velocity during that time 


is represented by being the velocity with which a body, 
% 


moving uniformly, would describe the same space in the 
time t. The. formula (2) can be immediately deduced from 
the consideration of mean or average velocity — for we may 
consider the velocity of a point at any instant as being its 
mean velocity during an infinitely small interval of time; 

ds 

whence we get, as before, the relation ^ 


7. Geometrical Representation of a ¥eloeity. — 

Uniform rectilineal motion is completely determined when 
the direction and rate of motion are known. Hence the 


velocity of a point can be represented both in magnitude and 
direction by a right line. 
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Thus, if a j)oint move uniformly in the line OP, so as to 

describe the sgace OA in the unit 

of time (one second suppose), the ^ ^ 

line OA may be taken to repre- ® a p 

sent the velocity of the point both in magnitude and direc- 
tion. The arrow head denotes the direction in which the 
motion takes place, namely from 0 to A. 

This method of representation holds good also in the case 
of variable velocity, provided OA be the space which the body 
would describe in one second if its velocity remained unaltered 
in magnitude and direction (Art. 5). 

In accordance with the principles established in Geometry, 
if the velocity of a particle moving from 0 to P be regarded 
positive^ velocity in the opposite direction, L e, from Pto 0, 
must be regarded as negatwe. 

8. Kinematlos. — As our ideas of motion and velocity 
depend solely on our conceptions of space and time, the whole 
subject of motion admits of being treated as a branch of pure 
Mathematics; and, as such, has been discussed in many 
important treatises during recent years. 

This branch of Mathematics is called Kinematics* (from 
KtvrijULa, motion), and in it the motion of a body is discussed 
without any reference to the force or forces by which the 
motion is produced. Questions of the latter class, L e. of 
motion with reference to force, belong to the science of Dy- 
namics, or what is now usually styled Kinetics. 

The foregoing distinction should be observed by the 
student, as much indistinctness of conception arises from its 
not being carefully kept in mind in the study of Dynamics. 

In the present treatise it is not proposed however to divide 
the treatment of the subject in the manner indicated, as to 
do so would require a complete discussion of motion (in- 
cluding rotation and kindred subjects) before entering on the 
most elementary problems in Dynamics. At the same time 
it will aid the student towards obtaining clear mechanical 
conceptions if he will consider what part of each problem 


* The name ** Cincmatiquo ” was first given to this brancli of Mathematics 

by Amp6re, in his ISssai sur la philosophio des Sciences,” 1834 
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discussed belong properly to the science of Sanematics, and 
what to that of JDynamics or Kinetics. ^ 

9. Rest and Motion, Relative. — We* have defined 
rest and motion with reference to space. Now of space in 
itself or absolute space our senses take no cognizance, all that 
we perceive being matter or body as occupying or existing ip 
space ; but our senses give us no information as to whether 
any body occupies the same absolute position in space during 
successive intervals of time or not. Hence, of absolute rest 
we can have no perception or knowledge ; and when we say 
that a body is at rest we mean that it docs not alter its posi- 
tion with relation to other bodies which are considered fixed. 
For instance, bodies on the earth’s surface are said to be at 
rest when they do not alter their position relatively to the 
earth’s surface ; we know however that the earth has at least 
two distinct motions, one of rotation relative to its axis ; the 
other around the sun, regarded as fixed. As our idea of rest 
is only relative, so also must be our idea of motion : thus, a 
body is said to be in motion when* it alters its position with 
respect to other bodies regarded as being at rest. 

Hence all motions must be considered as relative : for in- 
stance, when we say that a body is moving at the rate of 
thirty miles an hour, we mean that such is its velocity relative 
to a place on the earth : its absolute velocity is immensely 
greater, and is obtained by combining this velocity with the 
absolute velocity of the earth itself. 

Again, we speak of the same body as at or as in 
motion^ according as we compare its position with that of one 
object or of another. For example, a person seated in a 
railway carriage is said to be at rest relatively to the carriage, 
and to be in motion relatively to the earth, &c. 

That a body may be regarded as having at the same in- 
stant two or more velocities is a matter of common experience : 
for instance, if a ball roll along the deck of a vessel, which ia 
descending a river, we conceive the ball as having simul- 
taneously one velocity along the deck ; another, that of the 
vessel in the stream ; a third, that of the river relatively to- 
its banks, &c. The velocity of the ball, relatively to the 
earth, is got by compounding those separate velocities. Wo 
proceed to show in what manner this can be done. 
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10. CompiSsItlon of Yelocitles. — Suppose a point to 
move uniformly, with a velocity <?, 
along the lihb AB^ while the line 
moves uniformly parallel to itself; 
then the point may be regarded as 
hfiving the two velocities simulta- 
neously. In order to find its position ^ 
at the end of any time /, let AB be 
the space which it would describe in that time along AB 
considered as fixed; and let CD be the position of the 
moving line at the end of the same time; complete the 
parallelogram ABDC; then D will plainly be the position 
of the moving point at the end of the time t Also, if v' be 
the uniform velocity of the point along the line A C7, we shall 
have AC = v'ty and CD = vL Hence 


AC v^ 

CD" 


Again, as this is independent of ty the ratio oi AC io CD 
will be constant during the entire motion ; and consequently 
the point will move from Aio D along the diagonal AD. 

To find the velocity of the moving point, we make t = l 
(or the unit of time) in the last ; then AB and AC represent 
in magnitude and direction the component velocities of the 
moving point, and AD represents the resultant velocity : in 
other words, if a body be animated by two velocities repre- 
sented in magnitude and direction by the sides of a parallel- 
ogram, the resultant velocity is represented in magnitude and 
direction by the diagonal of the parallelogram. 

Conversely, any velocity may be regarded as equivalent 
to two velocities in any two directions, and the magnitudes of 
the component velocities can be determined by the preceding 
construction. 

In like manner, if a body be animated simultaneously 
with three velocities, its resultant velocity is represented in 
magnitude and direction by the diagonal of the parallelepiped 
whose edges represent the component velocities. For we can 
compound two of these velocities by the method given above, 
&nd then compound their resultant with the third velocity. 
This principle can, plainly, be extended to the case of a point 
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supposed to be animated hy any number of vHooities simul- 
taneously. ^ 

11. Polygon of ¥elocltlea. — It immediately follows 
that if a point be subjected to any number of simultaneous 
velocities its resultant velocity can be obtained by the fol- 
lowing geometrical construction : — 

From 0, the original position of the point, draw OAy 
representing one of the given velocities in magnitude and 
direction ; from A draw AB, parallel and equal to the 
line which represents a second velocity ; and so on for the 
remaining velocities ; then the line which connects 0 with 
the extremity of the line drawn parallel and equal to the 
line representing the last velocity will represent the resultant 
velocity, both in magnitude and direction. 

This construction is called the polygon of velocity, and is 
in general a gauche polygon. 

The preceding result admits of being stated otherwise, 
thus : If a body be subjected to two or more uniform veloci- 
ties it will arrive at the same position at the end of any time 
as it would have arrived at if the several motions had taken 


place mccemvely instead of simultaneously. This is adopted 
as an axiom by some writers on Mechanics, for it appears to 
be an immediate consequence of our ideas of motion. The 
student can easily see that the whole theory of the composi- 
tion of velocities can be deduced from this principle. 

12. Component and Resultant ITelocIties. — The 
velocities represented by AB and ACy in Art. 10, are called 
the components of the velocity represented by AD. 

If a point describe a plane path, the usual method of 
representing its position is with reference to two fixed rect- 
angular axes lying in the plane. 

Then, if Xy y be the coordinates of the moving point at 
any instant, its component velocities parallel, respectively, to 
the coordinate axes, are evidently, by Art. 6, represented by 


*and^. 
dt dt 


Also, if a be the angle which the direction of motion at 
the instant makes with the axis of x, the component veloci- 


ties axe represented by t? cos a and v sin a, respectively;^ i. e. 
the velocity with which a point is moving in any fixed direo- 
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tion is equal the oompouent of its velooitj in that direc- 
tion. , 

Hence we get » cos o v sin o = ^. (3) 

at at 


If we square and add, we get 


, /(&V 

® ~{df) '^[dt) “[jt)’ ®' 


Jt* 


i.e. the velocity in a curvilinear path is represented in the 
same matter as in a rectilinear ; this result might have been 
directly established from other considerations. 

hl^re generally, ilm, y, z be the coordinates of a moving 
point at any instant, with reference to any system of 
coordinate axes, its component velocities parallel to the 

coordinate axes are plainly represented by ^ and re- 

ut dt dt 

spectively. If the axes be rectangular, and if a, j3, y be the 
direction angles, and the magnitude of the velocity of the 
point, then the component velocities parallel to the coordinate 
axes are represented by v cos a, v cos j3, v cos 7 , respectively. 
Hence, in this case, we have 


cos a = 


dx 


VOOB(3J£, 


e^cos7= 


dt' 


( 4 ) 


In Newton’s notation, as in Art. 5, these component 
velocities are represented by the symbols, y, s . 

13. Relative ¥eloclty. — If the point A be in motion 
along AB with a velocity represented 
by AB^ and, at the same time. A' be 
in motion along A'B^ with a velocity re- 
presented by A!B>^ to find their relative 
velocity. 

Draw AT) parallel and equal to 
and construct the parallelogram ACBB; 
then the velocity -4 JB may be regarded 
^ap Equivalent to the velocities AD and ^ b' 

tAC; now the former velocity, being equal and in the mme 
" direction as that of the other point A\ will not alter the relative 
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position of the points (Art. 10) ; consequently t)ie latter com- 
ponent AC represents the relative velocity oi the moving 
points, i.e. the velocity with which A is moving® relatively to 
A\ regarded as at rest. 

Hence, to get the velocity of one moving point relatively 
to another which is also in motion, we suppose equal and 
parallel motions given to hoth^ each equal and opposite td the 
motion of the second point : by this means that point is brought 
to rest, and the velocity of the other, relative to it, is had by 
compounding the new velocity with its original velocity. 

14. Components of Relative Velocity. — Suppose 
(a?, y, s), (/, y', s') to be the coordinates of the two moving 
points {My M!)y respectively, with reference to any coordi- 
nate system of fixed axes. Then, to get the motion of M!y 
relatively to My we suppose three axes drawn through M 
parallel, respectively, to the coordinate axes ; and let £, ij, J 
denote the coordinates of My relative to these axes, and we 
have 

g = 2; = s'-s; 

and hence 

d^ ^doif dx do df dy dZ _dz^ dz ^ 

dt dt dt ’ dt dt dC dt dt dt^ ^ 

. dx- dx dif dy dz dz 

di~JC di ~7C lt~Je 

or ij' - Xy y - y, s' - s, 

represent the components of the relative velocity of the two 
moving particles. 
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Examples. 

1 . Two points are moving in rectangular directions, with velocities of 300 
and 400 yards per minute ; find their relative velocity in feet per second. 

Ans. 26. 

2. Two particles start simultaneously from different points, in given direc- 
tions, with uniform velocities. Show how, by a geometrical construction, to 
determine the relative distance at the end of any time ; and find when this 
distance is a minimum. 

3. The tide is running out of the mouth of a harbour at the rate of 2h miles 
per hour ; in what direction must a man, who can row in still water at the rate 
of 5 miles per hour, point the head of the boat in order to make for a point 
directly across the harbour ? 

4. A boat starts with a given velocity across a river ; find the direction in 
which she should steer, in order, M’ithout altering her course, to land at a given 
station at the opposite side of the river — the velocity of the stream, and also of 
the boat, being supposed known. 

5. Tm'O trains are moving, one due south, the other noith-east. If their 
velocities bo 26 and 30 miles an hour, respectively, calculate their relative 
velocity. 

6. A railway train is moving at the rate of 30 miles an hour, when it is 
struck by a stone, moving horizontally and at right angles to the train with the 
velocity of 33 feet per second. Find the magnitude and direction of the velo- 
city with which the stone appears to meet the train. 

Am. Besultant velocity is 65 feet. 

Indian Civil Service Exam., 1876. 

7. Two particles start simultaneously from A, B, two of the an^lar points 
of a square ABCJ), in the directions AB, BC\ and describe the periphery with 
constant velocities V, v, respectively, where V is greater than v, until one par- 
ticle overtakes the other. Prove that the minimum distances between the par- 
ticles occur at equal intervals of time, and that if E i v :: m + I : m, where m 
is an integer, the sum of all these minimum distances is 


— - — ^ ' X a side of the square. 

2 V tu^ -}- {m + 1)* 


Camb. Math, Trip., 1871. 
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CHAPTEE II. 

ACCELERATION. 

15. Acceleration and Retardation of Rotlon. — ^The 
velocity of a point is said to be accelerated or retarded 
according as it increases or diminishes with the tiijie. This 
acceleration, or rate of change of velocity in a fixed direction, 
may be either uniform or variable. Retardation of motion 
is to be regarded as a negative acceleration^ i.e. as an accelera- 
tion in the opposite direction to that of the motion. 

16. llnlform Acceleration. — The motion of a point 
moving in a straight line is said to be uniformly accelerated 
when it receives eqnal increments of velocity in equal times. 
In this case the acoaleration is measured by the additional 
velocity received in each unit of time. As a second is usually 
taken as the unit of time, we may define the acceleration of 
velocity in this case to be measured by the additional velocity 
received by the movable in each second; this acceleration is 
usually denoted by the letter /. 

In the case of uniform acceleration in a right line we 
proceed to find expressions for the velocity at the end of any 
given time, and also for the space described. 

17. Velocity at any Instant. — Let Vq denote the velo- 
city at the instant from which the time is reckoned ; then, 
since the point receives in each second an additional velocity 
y, its velocity at the end of the first second is + /; at the 
end of the next second, Vq + 2f\ at the end of the third, Vq + 3/‘; 
and at the end of n seconds, t?o + nf. Or, if t denote the 
number of seconds in question, and v the velocity at the end 
of that time, we have 

V = t'o (1) 

If the point be supposed to start from rest, we have 
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\ 

that is, the Velocity acquired at the end of t seconds is t timee 
that acquired'at the end of one second. 

In the case of a uniformly retarded motion,/ denotes the 
velocity lost in each second ; and, if he the initial velocity, 
we shall have, as before, for the velocity at the end of t 
seconds, 

v^v^-ft. ( 2 ) 

In this case the velocity becomes zero at the instant when 
% =fti or at the end of the time ~ • If the retardation con- 
tinued afterwards, the velocity would become negative ; that 
is, the point should proceed to move back in a direction 
opposite to that of its former motion. 

It will be observed that the formulae (1) and (2) differ 
only in the sign of/; they may accordingly be regarded as 
comprised in the same general formula, in which a retarda- 
tion, as stated before, is regarded as a negative acceleration* 


Examples. 


1. If a body start from rest with a uniforin acceleration of 7 feet per second^ 
find its velocity at the end of throe minutes, 

Ans, 1260 feet. 


2. In what time would a body acquire a velocity of 100 feet per second if 
it start from rest with a uniform acceleration of 32 feet per second P 

Atis. 3^ seconds. 

3. A body starts from rest with the velocity of 1000 feet per second, and its 
motion is uniformly retarded by a velocity of 16 feet each second ; find when it 
would be brought to rest. 

Ans. 1 m. 2|sec. 

4. A velocity of one foot per second is changed uniformly in one minute to 
a velocity of one mile per hour. Express numerically the rate of change of 
velocity when a yard and a minute are taken as the units of space and time. 

Am, V* 


18. Space described in any Time. — To find tho 
space described in any time in the case of uniform accelera- 
tion in a straight lino. 

From equation (2) we get 

hence, by integration, 

_ s = + \f ^ ; 
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no constant being added since the space is meai^red from the 
position of the point when ^ = 0. • • 

If the point start from rest we have 

In the case of uniformly retarded motion we have • 

8 ^Vot- \fi^. 

This and the preceding formula are represented by the 
single expression 

8^%t±\fi^, (3) 

in which the upper or lower sign is given to /, according as 
the acceleration has place in the positive or negative direc- 
tion. 

Similarly, equations (1) and (2) are combined in the state- 
ment 

«? = «?o±A (4) 

The preceding result admits also of being established geo- 
metrically in the following manner, as given by Newton : — 

Suppose the point to start from rest, and on any right 
. line AX take portions ABy AEy &c., 
proportional to the intervals of time 
from the commencement of the 
motion, and erect perpendiculars 
DBy ECy &c., representing the ^ 
corresponding velocities; then since 
the velocity at the end of any time (Art. 18) is proportional 
to that time, the ordinates BBy CEy &c., will be to one another 
in the same ratio as the times, i, e. as AD, AEy &c. ; and 
consequently the points A, By (7, &c., all lie on a right 
line. 

Again, let AD = ty BE = BB = v ; then the space 
described in the infinitely small time M will be represented 
by v^ty i. e. by the area BBEC; and accordingly the whole 
space described in the time represented by AN will be repre- 
sented by the sum of the elementary areas, BBEO^ &c., or 
by the whole area, APNy i. e. by iAN x PNy or by ^vt ; 
therefore s = as before. 

If the point be supposed to start with an initial velocity 




1 


Variable Aceekrafion. 


15 


Vo, the student will find no difficulty in supplying the oorre> 
finding construction. 

19. Relation between Telocity and Space. — we 

eliminate t between equations (3) and (4), we get 

= vo^ ± 2/s, (5) 

9 

in wUcli the upper or lower sign is taken according as the 
acceleration is in the direction of the motion or in the oppo- 
site direction. 

We shall resume the consideration of these equations 
when we come to the investigation of the motion of a body 
under the action of a constant force. 

20. Algebraic Expression for an Acceleration. — 
In the case of a point moving with a uniform acceleration, 
let V represent the velocity at the end of the time ty and / 
that at the time f] then by (1) we have 

V^Vo-hfty v'=Vo+/t\ 

and hence / = 

Moreover, since this result holds, however small the in- 
terval of time represented by ^ may be, we have, as in 
Art 4, 


21. ¥ariable Acceleration.— In the case of the motion 
of a point in a right line, if the acceleration is not uniform, but 
varies continuously according to any law, we plainly (as in 
Art. 5) may suppose that the motion is uniformly accelerated 
during an infinitely small time rf/ ; or (wliich is the same 
thing) that the acceleration at any instant is measured by 
what the increase of velocity in a unit of time would ham been 
if its rate of increase had been uniform during that timCy and the 
same as that at the instant in question. Hence the accelera- 
tion at any instant is defined as the rate of change of the velo- 
city at that instanty and is measured in all cases by the ratio 
of the increment of the velocity at the instant to the incre- 
ment of the time. 
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Accordingly we have, whether the acceleration he uniform 
or variable, tne relations , • 

(R\ 

These are expressed in Newton^s notation in the form , 

/= i = i\ 

All these results apply equally to the case of retardation 
of motion, which is always to be regarded as a negative acce- 
leration. 

22. Creometrical Representation of an Aecelera* 
tion. — From the preceding it appears that the acceleration 
of the motion of a point, whether it be uniform or variable, 
is in all cases measured by a velocity. Hence it can be re^ 
presented^ both in magnitude and direction^ by a right line^ in 
the same manner as velocity (Art. 7). 

Hence, also, we may regard a point as receiving two or 
more simultaneous accelerations of motion, and can deter- 
mine the resultant acceleration by a geometrical construction, 
as in Arts. 10 and 11. 

Consequently, accelerations are compounded and resolved 
according to the same laws as velocities. 

23. Component Accelerations Parallel to Fixed 
Axes. — If ir, y, z denote the coordinates relative to a fixed 
rectangular system of axes, of the position of a moving 
point at the end of the time t ; then, as in Art. 12, its com- 
ponent velocities parallel to the axes of coordinates are re- 
presented by ~ respectively. 

Hence, since the acceleration of motion in any direction 
is measured by the rate of change of the velocity in that 
direction, we have for the accelerations parallel to the axes 
of coordinates the expressions 

<D D 


.. cl^x .. d^y .. 


or 


( 7 ) 
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where, in aoo, 9 rdance with Newton’s notation, £, z denote 
the accelerations parallel to the axes of a?, y, s, respectively. 
The total acceleration of the motion of the point is the 
resultant of these accelerations. 

It is plain that this acceleration is independent of any 
previously existing velocity, which may or may not be tn the 
samS direction. 

The question of acceleration in curvilinear motion can 
also be treated in another manner, as follows : — 



24. Curvilinear INEotion, Change of Telocity , 
Total Aeceleratlon. — Suppose a point to move in a 
curvilinear path, and from any point O let the line OA 
be drawn, representing in magnitude and direction the 
velocity of the moving point at any 
instant. Let in Hke manner, 
represent its velocity at the end 
of the interval of time A^. Join 
AB^ and complete the parallelo- 
gram OABC, Then the velocity represented by OB is equi- 
valent to the component velocities represented by OA and 
0(7; but if the velocity of the point had not changed during 
the interval A^, it would have been represented by OA ; hence 
0(7, or ABy represents in magnitude and direction the change of 
velocity in the time A^. 

Again, since the acceleration of the velocity of a mov- 
able, at any instant is, in all cases, measured by the rate of 
change of the velocity for that instant, it follows, as in (5), that 
if we regard the interval of time A^ as becoming infinitely 
small, the acceleration of the motion is represented by the 

limiting value of • This limiting value is called the total 

acceleration of the motion of the particle at the instant. 


25. Tangential and UTormal Accelerations. — 

Again, suppose a to denote the position of the moving point 
at the end of the time ty and h its position after a small 
interval of time, A^, and draw tangents to the path at the 
points a and b. Also, as before, from any point O draw OAy 
OB parallel to these tangents, and representing the velocities 
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at a and respeotively. Then, by the preceding Article, 
AB represents the total change 
in the Telocity in the interval 
6.t. 

Draw AN perpendicular to 
OB, and suppose the velocity 
AB resolved into the two, AN 
and BN\ then, the former re- 
presents ^e resulting change of 
velocity in the normal direction, 
and the latter in the tangential. 

The corresponding accelerations are represented by the 
AN BN 

limiting values of and — , respectively. 

Again, let the angle BOA, or the angle between the 
tangents at a and b, when indefinitely small, he denoted by 
d^, and we have 

AN = OAd^ - vd^. 

The normal acceleration is therefore 





ds dt 


ds 


where p represents the radius of curvature of the path at the 
point a. 

Also in the limit we have Hence the tan- 

dt 

gential acceleration is represented ^ 5 ^ ^-^so easily 

seen from equation (6). 

In the case of uniform motion in a circle, since the velo- 
city V is constant, the tangential acceleration vanishes, and 
the normal acceleration (which then becomes the total accele- 

ration) is-j or where r denotes the radius of the circle 

and T the time in which the circle is described. 

The normal acceleration in this case is called the eentri- 
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petal accelerdlion^ as it is oonstantlj directed towards the 
eentre of the circle. 

26. Hodograph.* — In accordance with the method of 
the preceding Articles, if from any point 0 lines 0-4, OjB, 
00, &c., be drawn representing, in magnitude and direction, 
the velocities at the points a, 6, c, &o., taken consecutively in 
the path of a particle, then the system of points -4, jB, O, &c., 
will lie on a new curve called the hodograph of the original 
curve, which is considered to be described by the point A as 
u moves along the given curve. 

Since the lines ^5, J50, &c., become ultimately tangents 
to the hodograph, it follows that the direction of the total 
acceleration at any point a is parallel to the tangent to the 
hodograph at the corresponding point A, 

idso, since the total acceleration is measured by the 
AB . 

limiting value of , it follows that the total acceleration^ 

•at any point a, ie represented by the velocity at the point A in 
the hodograph. 

We shall give some applications of this method subse- 
quently, more especially in connexion with the treatment of 
Central Forces. 

27. Angular Welocity, Angular Aceeleratlon. — If 

the position of a point P moving in a plane be taken in polar 
coordinates, r and 0, with reference to a fixed origin 0, then 
the rate of increase of the angle 0 is called the angular velo- 
city of P relative to the fixed point 0. Hence, if oi denote 
the angnlar velocity at any instant, 

we have cu = -rr = d. 
at 

Again, if P move along OA^ 

dr 

its velocity is represented ^7 ^ 5 if o 

dS 

it move perpendicular to 0-4, its velocity is r — , or rw. 

at 

* Sir W. a. namilton, to whom this method is due, employed this name 
(fithv ypd<l>€ty) {VroceedingSy B. I. A., 1846, p. 344) in his discussion of the 
•connexion between acceleration and motion. The hodograph is called the 
twrve of acceleratims by French^wiiters on Mechanics. 

c2 
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Hence we easily see that the most general Motion in the 

•dr 

plane is one compounded of a radial velocity along with 
a perpendicular velocity r 

If OT revolve uniformly, completing its revolution'in T 
seconds, then its angular velocity, in circular measure, is 
ohviouriy given by the equation 

2n- 


Suppose OA taken equal to the unit of length, then the 
velocity of the point A, in its circular path, represents the 
angular velocity of the line OP. 

Again, if the angular velocity of P he variable, its rate of 
increase is called its angular acceleration ; hence the angular 

acceleration of P with regard to 0 is represented ty or 

at at 

If X and y he the coordinates of P, we have 


a? = r cos 6, y -r sin 0 ; 

consequently, when r is constant, we get 

i sin 0 = - wy j 

y = rw cos 0 = wx 


(10) 


These give the components of velocity of any point which 
moves in a circle, in terms of the coordinates and the angular 
velocity. 

28. AceelerationM along and perpendicular to the 
Radius ¥ector. — Let Xy y be the rectangular coordinates 
of the moving point P, and r, 0 the corresponding polar 
coordinates, at the end of the time t ; then x and y (Art. 
23) represent the accelerations parallel to the axes ; hence, 
by Art. 22, the acceleration, P, along the radius vector is 
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t 

and the aooel(jtation, T, perpendioolar to the radius vector is 


y cos 0 - 5 sin 6 ’ 


fry - yx 


To find expressions for these accelerations in terms of r 
and'd, we have 

xi + yy = rr ; 

hence 
but 

accordingly, 
therefore 


XX + yy + j? + y^ = rr + »•’ ; 

** + </* = >■* + ; 

XX + yy + = rr ; 


XX + yy 


r - rh\ 


Also 


xy-yx^^{x§-yx) = ^{:r 


Consequently, the acceleration along the radius vector is 


P = r- re* = 




■' W’ 


( 11 ) 


And that perpendicular to the radius vector is 



If the acceleration of the moving particle be always 
directed to the fixed point 0, we have r= 0, and hence 
dQ 

^ = constant ; from which we infer that the radius vector 

describes equal areas in equal times round the point 0. 

Equations (11) and (12) above can otherwise be obtained 
with great facility by a method analogous to that employed 
in Art. 25. 

29. Areal ITelocIty, Areal Acceleration. — ^It is 

obvious, geometrically, that represent double the area 
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described by the line OP in the time ^consequently 
represents the rate of increase of double the area de- 
scribed by the point P round the point 0. Hence 4- 
is called \h!d areal velocity of the point P relative to' the 
origin 0. Similarly 5 — represents the areal accele- 

ration of P relative to the same origin. 

30. MoTing Axes. — In some cases it is necessary to 
refer the motion of a point in a y i 
plane to rectangular axes, which » 
are themselves in motion. Thus \ 
let OX, OF he two fixed rect- nV^ \ 

angular axes in the plane, and \ 

OJa, ON he two moving axes. 

Let P be any point in the plane; 
then 5 = OJf, ij = Oi\^, where t and n ^ 

are the coordinates of P, relative to the moving axes. 

dO 

Also, if d = iC XOM, we have " = *1^® angular velocity 

of the moving axes. Then the motion of P is got by com- 
pounding the motions of M and N. 

Now, by Art. 27, the components of the velocity of M are 

along OM, and along MP, Likewise, the components 
at 

dn 

for N axe — along OH", and - wij along NP. 
at 

Hence, if « and v denote the components of the velocity 
of P, relative to the moving axes, we nave 

dK ^ 

““dr’'"/ 


Again, by Art. 28, the acceleration of M along OM is 
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o»*5, and that along MP is = ^ (w5*) ; with similar ex- 
dt ^ dt 

pressions for the accelerations of N. 

Hence, finally, we get 

•acceleration parallel to OM = ^ im ^) ; 

av V at 

acceleration parallel to ON * ^ “ **^*’* "^ g ^ (w?)- 

31. Units of Time and lipace. — ^With respect to the 
units of time and space, as well as of all other quantities, it 
should be remarked that the units assumed must in all oases 
be finite magnitudes. For instance, the unit of time may be 
taken as a second, an hour, a day, or any other finite interval 
of time, but it should never be assumed to be an indefinitely 
small portion of time ; for if so, numbers which represent 
finite intervals of time become infinitely great, and* accord- 
ingly arguments based on such an assumption become illusory 
and unmeaning when applied to finite intervals of time. 
This remark is requisite, as fallacious proofs are sometimes 
given in books on dynamics from overlooking this obvious 
principle. 

The unit of time most universally adopted is a second, as 
already stated. Different units of length prevail in different 
countries. Since in this country the foot is the standard of 
length, and areas and volumes are each referred to units of 
their own, we shall sometimes employ such units for the 
purpose of illustrating mechanical principles by familiar 
examples. But, when desirable, we shall avail ourselves of 
the metric system. In it the unit of length is a metre 
(3*2809 feet, or 39*37079 inches). From this, by the simple 
processes of squaring and cubing, units of area and volume 
are derived; and decimal multiples and submultiples are 
respectively indicated by the use of Greek and Latin pre- 
fixes. For example, the centimetre is the hundredth part 
of the length of a metre. Again, one cubic decimetre is 
the measure of capacity called a litre, and is about 61 cubic 
inches, or 1*76 pints. We shall subsequently see that a 
cubic centimetre of distilled water at its greatest density 
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furnishes this system with another unit: to 4his the name 
gramme is applied. One thousand grammes are called a 
kilogramme, equivalent to about t:^o and one-fifth pounds 
avoirdupois. 

It should also be observed that in the numerical expres- 
sion for an acceleration there is a double reference to, the 
unit of time; so that, in strict accuracy, what we have called 
an acceleration of 7 feet per second should be called an 
acceleration of 7 feet per second per second. This mode of 
expression is, however, cumbrous, and quite unnecessary, 
since in ordinary language, as well as in mathematical de- 
ductions, it is assumed that velocities and their rates of 
change are referred to the same unit of time, unless the 
contrary be stated. 
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CHAPTER III. 

LAWS OP MOTION. 

Section I. — Rectilinear Motion, 

32. motion In relation to Force. — In the preceding 
Chapters motion has been considered from a purely kine- 
matical point of view ; we now proceed to consider it in 
connexion with the force or forces by which it is produced. 

The science of Rational Dynamics is usually founded on 
three principles, or Laws of Motion, which have been stated 
in their simplest form by Newton, and are fully verified by 
their agreement with experience. In the present Chapter it 
is proposed to discuss and illustrate various cases of applica- 
tion of these Laws, chiefly when the forces supposed to act 
are constant both in direction and magnitude. The discus- 
sion of motion produced by varying force will be dealt with 
subsequently. We follow Newton’s method, commencing 
with the statement of his First Law. 

33. First l4aw of motion. — A body continues in its 
state of rest ^ or of straight uniform motion.^ except in so far as it 
is compelled to alter that state by impressed force. 

This law asserts that a body has no power or tendency in 
itself to alter either its velocity or the direction of its motion : 
this is usually called the Law of Inertia of Matter. 

Hence, if a body be conceived to be set in motion, and no 
external force act upon it afterwards, it should continue to 
move indefinitely in a right lino with a uniform velocity. 

Conversely, if a body be in a state of uniform rectilinear 
motion, we infer that the forces which act on it are in equili- 
brium. For example, if a train be in a state of uniform motion 
on a horizontal railway, we infer that the force arising from 
the action of the steam is exactly equal, and opposite to, the 
entire resistance arising from friction and resistance of the 
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Hence, all questions of uniform rectilinear^ motion may be 
regarded ae problems of equilibrium^ and treated by the principles 
arrived at in Statics. In all applications of the Laws of Motion 
to a body of finite dimensions, the only motion considered in 
this Chapter is one of pure translation. 

Again, if the motion of a body be not uniform, or not 
rectilinear, we infer that it must be acted on by some ex- 
ternal force or forces. The connexion between the motion 
produced and the force which produces it is contained under 
the next Law. 


Example. 

A railway train is moving with constant velocity along a horizontal rail- 
road. The resistance from friction, &c., for each carriage is one-hundredth 
part of the pressure. Find the tension of the couplings of the last carriage, if 
its weight be four tons. 

In this case, since the motion is uniform, the tension of the couplings must 
be equal to the resistance to be overcome, or to the one-hundredth port of four 
tons, i.e. 892 lbs. 

34. Second liow of Motion. — Change of motion^ is 
proportional to the impressed motive force^ and takes place in the 
right line in which that force is impressed. 

As this statement is very comprehensive, it will be neces- 
sary to dwell on it with some detail, commencing with the 
case of a body under the influence of a force which acts uni- 
formly and in the same right line during the motion. The 
body is supposed, in the first instance, to start from rest, and 
the direction of the force to pass constantly through its centre of 
mass^ in which case the motion is one of translationf solely. 


* For the present wc shall consider that it is one and the same body which is 
acted on by forces passing through its centre of moss, in which case the force 
varies directly as the velocity generated in the unit of time. We shall subse- 
q^uently treat of the case where the mass acted on varies also. In that case, by 
the word motus,” here translated motion, we must understand quantity of 
motion. 

t A force applied at the centre of mass of a rigid body is equivalent to 
an indefinite' number of equal and parallel forces applied to the several equal 
particles of which the body is conceived to be constituted ; but as the forces are 
equal, and the masses moved by each are equal, the velocities generated, in the 
same time, are also equal : hence the motion of the entire body is one of pure 
translation. The simplest case of this is that of bodies falling under the action 
of the force of gravity. 
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35. YclocAy Generated. — Suppose a force to act uni- 
formly on a body, and let /denote the velocity generated at 
the end of the first second (taken as the unit of time), then 
during the next second, in accordance with our law, the uni- 
form force will generate an additional velocity of the same 
amoipt/; and in each successive second the force generates 
the same additional velocity ; consequently the motion is in 
this case uniformly accelerated^ and the velocity at the end of 
i seconds (Art. 17) is given by the equation 

V =ft. 

Again, if the body be supposed to start with the velocity 
in the direction in which the force acts, we shall have for 
the velocity r , at the end of the time 

V = fo +A (1) 

as in Art. 17. 

If the force act in a direction opposite to that of the 
motion it is called a retarding force ; which, if uniform, will 
diminish the velocity by the quantity ./‘during each second, 
and we shall have, as before, the equation 


v = ro -ft. 

The student should bear in mind that / in all cases is 
measured by the velocity generated or destroyed in the movable 
in each second during the motion ; / consequently may always 
be regarded as an acceleration — a retardation being considered 
as a negative acceleration. 

It may be observed that the entire reasoning in this 
Article depends on the following principle — contained in the 
Second Law of Motion — that the change of velocity produced 
by a force in any time is independent of the previous velocity of 
the movable. 

The Second Law of Motion equally applies to the case of 
a body acted on by any number of forces, in which case it may 
be stated as follows : — 

If any number of forces act simultaneously on a body^ theuy 
during any instanty each force produces the same change of motion 
in its own direction as fit had acted singly on the body, 

From this it follows that forces are compounded in the 
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flame manner as velocities. The law of the ‘composition of 
forces was thus establishad by Newton — Leges MotuSy Cor. 2. 

86. Space described in any Time. — Since we have 
seen that in the case of a uniform force the velocity is uni- 
formly accelerated or retarded, we can at once apply the re- 
sults already arrived at in Arts. 18, 19. 

Hence, the space described from rest, in the time t^ is 
given by the formula 

s-yt\ ( 2 ) 

If the body start with an initial velocity Vo along the 
line in which the force acts, we shall have 

s^Vi,t± ift\ (3) 

in which the upper or lower sign is taken according as the 
uniform force acts in the same or the opposite direction to 
that of the initial velocity. 

It is plain that the space described in the first second 
from rest is | /, or half the velocitt/ acquired at the end of the 
second; and, in general, the space described in any time from 
rest is half of that described by a body moving uniformly 
with the velocity acquired at the end of the time. 

37. Relation between ¥eloelty and Space de- 
ecrlbed. — If the body start from rest, by eliminating t 
between the equations v = ft and s = ^ ft^y we get 

= 2 /« ; 

and, more generally, if Vo be the initial velocity, 

= t'o* ± 2fs. (4) 

From the preceding results it is seen that the question of 
rectilinear motion under the action of a constant force is com- 
pletely solved whenever the value of the acceleration/ can be 
determined. In a subsequent Article we shall show how this 
can be done in elementary cases, but before doing so we pro- 
ceed to apply the preceding results to the important case of 
falling bodies. 

38. Vertical Rotion. — In order to get rid of the re- 
tardation caused by the resistance of the air, we shall sup- 
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pose the motion to take place in a vacuum. Under these 
circumstances it is found that all bodies, no matter what 
their density or chemical constitution may be, fall through 
the same vertical height and acquire the same velocity in the 
same time. That this is so is best established by means of 
pendulum experiments ; but it can also be tested by allowing 
different bodies to fall in an exhausted receiver. We hence 
infer that the attractive force of the Earth acts equally on 
all bodies. 

If g denote the acceleration due to the force of gravity, 
that is the increment of velocity iwr second acquired by a body 
falling in a vacuum^ then, from what has been stated, the 
value of g is the same for all bodies at the same place on the 
Earth^s surface. 

Again, since at any place the force of gravity may be 
assumed as a constant force {L e, within moderate distances 
from the Earth’s surface), we may apply to the case of falling 
bodies the results arrived at in the preceding Articles by sub- 
stituting g in place of /. Hence, if the body start from rest, 
we have 

V 5 = \gt^, = 2gs. (5) 

Again, if it start downwards with a given vertical velo- 
city Vo, 

v=Vo + gt, s = Vot + lgl ^9 + 2gs, (6) 

If the body be projected vertically upwards with a velocity 
Vq, gravity becomes a uniformly retarding force, and we have 

v = Vo-gf, s = Vot - lgt\ r = Vo^ - 2gs, (7) 


To find in this case the height II to which the body 
would ascend, we make t? = 0 in the last equation, and we get 

The time T of ascent is given in like manner by the 
equation 

r=-. (9) 

9 

The subsequent motion of the body is got from equations 
(6), in which we suppose the body to start from rest at the 
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height H. It immediately follows that the ^es of ascent 
and descent are equal, and that the body returns to its ori- 
ginal position with the velocity with which it was projected 
upwai^. For this reason we say that the mhciiy t'o is due to 
the height H\ and reciprocally, that the height S is due to 
the velocity Vq. We shall meet frequent applications of ^hese 
expressions. 

As the motion is supposed to take place in a vacuum, the 
preceding results can only be regarded as approximate for 
motion in the air. 

39. ¥arlatlon of Gravity. — It is found that the value 
of g varies, within small limits, from place to place on the 
Earth’s surface. It increases with the latitude, and when 
referred to feet and seconds, has its least value, 32*091, at 
the equator, and its greatest, 32*255, at the pole. It also 
diminishes as the body is raised above the Earth’s surface, 
since the attraction of the Earth varies as the inverse square 
of the distance from its centre. The value of g at London, 
referred to the same units, is 32*19, and this may be em- 
ployed, in ordinary calculations, as an average value. 

It will be seen subsequently that the rotation of the 
Earth on its axis has the effect of diminishing the velocity of 
a falling body ; and, accordingly, the observed value of g is 
the difference between its value arising from the Earth’s 
attraction and the component of the centrifugal acceleration 
in the vertical direction. 

As a rough approximation we may assume y = 32 ; and, 
when numerical results are required, this may be taken as its 
value in these and all subsequent examples, unless otherwise 
specified, inasmuch as they are given chiefly for the purpose 
of familiarizing the student with the application of mechani- 
cal principles. 

Examples. 

1. Find the Telocity acquired in 5 minutes by a falling body, assuming 

g B 32*19. Ans» 9657 feet. 

2. In what time will a falling body acquire a velocity of 400 feet per second 

if it start from rest ? Ana, 12*5 sec. 

3. If a body move under the action of a constant force, its avarage veheity 
during anytime is an arithmetical mean between its velocities at the commence* 
ment and the end of that time ? 



4 . ■ If one minuA be taJ^en as the unit of time, what diould be taken as the 
value of y? 

Am, The velocity per minute acquired in one minute by a falling body, or 
116,200 feet. 

6 . Two bodies start together from rest, and move in directions at right angles 
to each other. One moves uniformly wi^ a velocity of 3 feet per second ; the 
other moves under the action of a constant force: determine the acceleration 
due to JJiis force if the bodies at the end of 4 seconds be 20 feet apart. 

Ans, 2 feet per second. 

6 . If a uniform force generate in a body a velocity of 30 feet a second after 

describing 25 yards, find the acceleration. Ana, /= 6. 

7. A stone is let fall from a height into a well, and is heard to strike the 
water after t seconds ; find the depth of the well ; assuming the velocity of sound 
to be y, and neglecting the resistance of the air. 

The required height h is got by solving the equation 



In applying this equation practically, it may bo observed that — is, in all cases, 

small in comparison with t : accordingly, if we transpose and square, we get, 

T A* . . . . 2he 

neglecting — in companson with 

. 9V^ 

2 (r+y 0 ' 

8 . A person drops a stone into a well, and after throe seconds hears it strike 

the water. If the velocity of sound be 1127 feet per second, find the depth of 
the water. Ana, 132-68 feet. 

9. Prove that the spaces desciibcd by a falling body in successive equal 
intervals of time are proportional to the series of odd numbers. 

10. A body moves from rest under the action of a constant force during four 
seconds, when tho force is supposed to cease ; in the next five seconds the body 
describes 200 feet; find the acceleration due to the constant force — ( 1 ) if one 
second ; ( 2 ) if one minute bo taken as the unit of time. 

Ana, (1) 10 ; (2) 36000. 

11 . A body is projected upwards with any velocity, and f, t* denote the 
times in which it is respectively above and below the middle point of its path ; 

find the value of - 7 . Ana, v ^2 +1. 

t 

12 . Assuming g to be represented by 32 when the units of space and time are 

one foot and one second; what number would represent its value if one mile and 
one day be token as the units ? Ana, 45242181-)^. 

**1 13. A ball is dropped from the masthead of a ship sailing n miles an hour. 
Through how many feet must it have fallen when the direction of its motion is 
inclined at 45** to the horizon ? . 121 

^'“•8600- 
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40. Acceleration Tarles as Pressure. — If we sup- 
pose different forces to act uniformly during equal times on 
the same body, it follows from the Second Law of Motion 
that the forces will be to one another in the same ratio as the 
velocities generated in equal times. 

If we suppose the time of action to be one second, the 
velocities generated are represented by the correspohding 
accelerations / and f. Also, if F' denote the statical*" 
measures of the forces, i. e. the total pressures which they 
are capable of producing, we have 

F: r-fif. (10) 

If one of the constant forces be the attraction of the 
Earth, since its statical measure is Wj or the weight of the 
body moved'; and since g is the corresponding acceleration, 
we have 

F:W=f:g; (11) 

hence 

This equation enables us to determine the velocity generated 
in one second by a constant force at any place whenever the 
pressure F which measures the force is known, and also the 
weight of the body. We suppose, as stated already, that the 
body is rigid, and that the force F acts through its centre of 
mass. When /has been determined by the foregoing equa- 
tion, and the force continues to act uniformly, we may apply 
the results arrived at in the preceding Articles to determine 
‘the subsequent motion (see Art. 37). 

41. Mass.— Our ordinary experience suggests to us that 
the amount of the acceleration produced in a body by a force 
depends hot only on the magnitude of the force but also on 
the body which is moved. When exact experiments are 
carried out it is found that the same force acting on different 


* The magnitude of a force is estimated in Statics by tho weight which it 
is just capable of supporting. Thus, a force which is capable of supporting a 
weight of 112 lbs. is called a force of 112 lbs., &c. 
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bodies produols different aeoelerations, and that different 
forces acting on the same body produce accelerations pro- 
portional to the forces. Hence we conclude that the accelera- 
tion produced in the motion of a body bj a force is equal to 
that force' multiplied by a factor which is invariable for the 
BMWft body, but which varies for different bodies. 

Conversely, if F denote the magnitude of a force, and/ 
that of the acceleration thereby produced, wo have the equa- 
tion 

(13) 


where m is always the same for the same body, but varies for 
different bodies. Qliis quantity m is called the Mass of the 
body, and is estimated, like other quantities, by comparing it 
with a standard quantity of the same kind. It is found that 
at any fixed place on the Earth’s surface the weight of a 
body (if permitted to accelerate its motion) produces an ac- 
celeration which is the same for all bodies (Art. 38). Now 
IT being the weight and g the acceleration thereby produced, 
we have as above W = mg \ but is the same for all bodies 
at the same place, hence W is proportional to w ; or, in other 
words, if there be two bodies whose weights are W, W', and 

whose masses are m, m\ we have Hence, in order 

to find the ratio of the masses of two bodies, we have only to 
find the ratio of their weights at the same place. 


Examples. 

1. A uniform pressure of 6 lbs. is applied in a horizontal direction to a body 

of 10 lbs. mass placed on a smooth horizontal table. Find— (1) the velocity gene- 
rated in one second ; (2) that acquired after describing 600 yards along the 
plane. (1) (2) 240. 

2. If a uniform pressure of 3 lbs. produce a velocity of 10 feet*in the first 

second, find the weight of the body act^d on. Ana, 9*6 lbs. 

3. Find the pressure which, acting uniformly during one second, will gene- 
rate in a body of one ton mass a velocity of 10 miles per hour. 

Ana, 9 cwt. 18} lbs. pressure. 

4. If a pressure of one ounce act uniformly on a body of one pound mass, 

find the velocity generated from rest in one minute. Ana, 

. D 
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6. If a uniform force generate in a mass of 10 lbs. aTelAiit)r of 30 feet after 

describing 26 yards, find the statical measure of the force. 60 

nt. j Ds. 

6. A pressure F, acting on a mass Jf, generates in it a Telocity F, in the 

time T; find the value of J. ^ F" 

jins, FsiM-=L, 

T 

7. A train of 100 tons acquires on a horizontal railroad in four mihutes a 
Telocity of 30 miles an hour ; find the statical measure of the excess of the 
moving above the retarding pressure, each being assumed to be uniform. 

Ans, 11 cwt. 1 qr. 23| lbs. 

8. A train of 60 tons is impelled along a horizontal road by a constant 

pressure of 720 lbs. Supposing it to start from rest, find its velocity at the 
end of one minute — (1) neglecting friction ; (2} assuming the resistance of friction, 
air, &o., to be 8 lbs. per ton. Ans. (1) Ay ; (2) Ay* 

9. If a uniform force of 6 lbs. produce in a second a velocity of 0*634 feet 

in a body, express the quantity of matter in the body in terms of cubic feet of 
water, assuming the weight of a cubic foot of water to be 62} lbs. and 
ys 32*19. Ans.i'B7. 

10. A mass of 450 lbs. is placed on a perfectly smooth table: a uniform 
horizontal pressure is exerted on it which increases its velocity 3 feet in every 
second ; find the magnitude of the pressure in lbs. 

Am. 41 lbs., assuming ys 32*19. 


42. Motion on a Smooth Inclined Plane. — ^Let us 
suppose a body, starting from rest, to slide under the influence 
of gravity down a perfectly smooth inclined plane. Let t de- 
note the inclination of the plane to the horizon, and W the 
weight of the body. Besolve W into its components, W sin i 
acting parallel to the plane, and W cos t perpendicular to the 
plane. The motion down the plane is evidently due to the 
former component, since the latter only causes pressure on the 
plane. 

As the force along the plane is constant and acts in the 
direction of motion, we get, substituting W sin i for F in (12), 

/"jrsint. (14) 

Hence, if g sin t be substituted for /in the formulee in 
Arts. 36 and 37, we get 

= s = |p^^sint, t>*=2^«sin». (15) 

We assume that the body slides without rolling along the 
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E lane, aa otherwise the motion would not he one of pure irans* 
ition. 

43. Telocity acquired in Moving down an Inelined 
Plane. — ^Let I represent AB, the length A 

of the plane, and h its height AC; then 
if 0 be the velocity acquired on arriving 
at B, we have 

«^ = 2flf?ein t = 2gh. (16) j 

Accordingly, the velocity acquired at any point in the dment of 
a body down a smooth inclined plane is that due to the vertical 
height through which the body has descended. This is a 
particular case of an important principle which shall he 
subsequently considered. 


44. Time of Descending a Cbord of a Tertical 
Circle. — We next proceed to show that the time of de- 
scent down any chord of a vertical circle, 
starting from i^ highest point, is constant. 

Let AO he the vertical diameter of 
the circle, AB any chord drawn from A. 

Join BC; then, sint = sin BOA = 

All/ 

and, if T he the time of descent for AB, 
we have, by (15), 



AB-igr^, .-.^ = 2 ^; 

hence "=2^^, (17) 

where a denotes the radius of the circle. 

Hence, the time down any chord such as AB of this circle 
is constant It can at once be seen, in like manner, that the 
time of descent down BO has the same value. 


45. lilne of tiulckest Descent to a Circle. — ^To find 
the right line down which a particle under the action of 
gravity would descend in the shortest time from a given 
point 0 to a given vertical circle. 

• 1)2 
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, Draw AO, the vertioal diameter of the drole, and join 
00, meeting the circle in S, then OB 
is the line of quickest descent in 
question. For, join AB, and pro- 
duce it to meet the vertical drawn 
through 0 in B. Then it is obvious 
that the circle described on OB as 
^ameter touches the ^ven circle in 
B I consequently the time of descent 
down OB being the same as that 
down any other chord of the circle 
OBB, drawn from 0, is less than the time down any other 
right line drawn from 0 to meet the circle ABO. 

The preceding method of investigation applies equally if 
the point 0 lie inside the given circle. 

46. lilne of S^nlckeat or Slowest Descent to any 
Curve. — It is easily seen from the preceding Article that the 
determination of the right line of quickest or slowest descent 
to any given vertical curve from any point in its plane re- 
duces to the problem of drawing a circle, touching the given 
curve and having the given point for its highest point. 

The problem admits also of being treated by the ordinary 
method of maxima and minima, as follows : 

Suppose the curve referred to polar co- 
ordinates, the given point 0 being taken as 
pole, and the vertical OB through it as 
prime vector; then, if t he the time of de- 
scent down any radius vector OF, we have 

r = igf(mO, OTt= • 

SgoosO 

Accordingly, the time ^ is a maximum or a minimiint when 

f*, 

— ^ is a maximum or a minimum, 

cose 

To find the maximum or minimum values, assume 

u ; then since ^ = 0, we have 

cos 6 dO ’ 





( 18 ) 
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The solutions are obtained by combining this equation 
vith that of the curve. 

To distinguish between the maximum and minimum 
solutions, we proceed to differentiate the equation 

dv 

. , cos 0 + »" sin 0 

m d% 

dO ~ CO8’0 ’ 

dT 

observing that, in this case, co8 0^ + rsin0aO. Hence [Lijf, 

Cak., Art. 138), ^ is a Tnininmm or a maximum according as 

d/^f* 

r + — is positive or negative. 

These results can be readily verified from geometrical 
eonsiderations. 


Examples. 


1. If the hypoihenuse of a right-angled triangle be placed in a vertical 
position, prove that the times of descending from rest will be the same for each 
of its sides. 


2. Prove that the velocity acquired down any chord, terminated at the lowest 
point of a vertical circle, is proportional to the length of the chord. 

I 3. If the length of an inclined plane be 150 yards, and its inclination 30% 
what velocity would a body acquire in descending it ? 

Ans, 40 yards per second. 

4. A body slides down a smooth inclined plane of given height ; prove that 
the time of descent varies as the length of the plane. 

5. Find the inclination of a plane, of given length so that the velocity 

iicquired in moving down it shall be of a given amount F. sin ♦- ~ 

nt. Sint -2^^. 

6. Given the base a of an inclined plane, find its height so that the hori- 
zontal velocity acquired by descending it may be the greatest possible. 

Am. h^a. 


7. Find the gradient in a railway so that a carriage descending the plane by 
its own weight may move through one quarter of a mile in the first minute ; and 
find how far the carriage will move in the next minute, friction being neglected. 

(1) sin ; (2) } of a mile. 

8. A body is attached by a string to a point in a smooth inclined plane, on 
which it rests : if it be projected from its position of rest up the plane with a 
velocity just sufficient to take it to the highest point to which the string allows 
it to go, find the lime of its motion. / ] 

Am, t=s2 ^ , the length of the string being /. 
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9. A groore ia cut in an inclined plane, making an angle a with the inter* 
section of the plane and the horizon. If a heavy particle be allowed to descend 
the groove (supposed smooth), prove that its acceleration is y sin i sin a ; where 
t denotes the inclination of the plane. 

10. If two vertical circles have a common highest point, then if any line he 
drawn from that point, the time of descending the portion intercepted between 
the circles is oons^t. 

11. Find the right line of quickest descent from a point to a given right 
line lying in the same vertical plane as the point. 

12. Find the right line of quickest descent from a given right line to a given 
vertical circle. 


13. Find the lines of quickest and slowest descent between two vertical 
circles which lie in the same plane. 

14. A parabola whose latus rectum is p is placed in a vertical plane, with ita 
axis horizontal. Find the inclination of the normal terminated by the axis down 
which a particle would descend in the shortest time, and find the time of its 
descent. 

Ans. t=46®, times 

16. Find the latus rectum of a parabola, so that when it is placed in a ver* 
tical plane with its axis horizontal the least time in which a particle falls from 
rest down a normal from the curve to the axis may be one second. 



16. Prove that the chords of quickest and slowest descent from the highest 
or to the lowest point of a vertical ellipse are at right angles to each other, and 
pandlel to the axis of the curve. 

17. Show immediately, from equation (18), that the right line of qmckest 
descent from a given point to a given curve makes equal angles with tne nor- 
mal at its extremity and the vertical ; and verify the result geometrically. 


18. An ellipse is placed with its major axis vertical ; find the semi-diameter 
along which a particle will descend in the shortest time possible from the cir- 
cumference to the centre. 


It makes with the axis major the angle seC’'(sV2), where « is tho 
eccentricity. If ^ the line of quickest descent is the axis major. 


19. An ellipse is placed with its major axis vertical ; find the line of quickest 
descent from the upper focus to the curve. 

jim. It makes with the axis major the angle cos~^ If s < the axis- 

major is the required line. 


20. jiB is a quadrant of a circle whose centre is 0, the radius OB 
being horizontal; 0 is a point on the quadrant, and the angle BOC»9. 
Show that the time of falling from A to Cia to that of falling from (7 to aa 
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Section II . — Parabolic Motion. 

47. Path of a Projectile. — We have hitherto oonsidered 
rectilinear motion ; ve now proceed to the case of a body 
projected in any direction,* and acted on only by the force of 
gravity, which is supposed to be uniform. 

In this case it is easily shown that the path* described by 
the prc^ectile is a parabola. 

For, suppose a body projected from 0 with the velocity V, 
in the dmection OX, and draw OT 
vertically downwards. 

Let OWbe the space which the 
body, moving with the velocity V, ^ 
would describe in t seconds ; then, 
if no force were to act on the body, m 
N would represent its position at 
the end of tLit time. 

Again, as the force of gravity acts in the direction OY, it 
will produce its effect in that direction, by the Second Law of 
Motion, independently of the previous velocity of the body ; 
t. e. it will produce the same effect as if the body fell freely 
from rest. Measure off, accordingly, OM = ; then OM 

represents the space moved through in the vertical direction 
in the time 

Complete the parallelogram OMPN, and by the combined 
effect of the two motions P will be the position of the projec* 
tile at the end of the time t. 

Let X, y be the co-ordinates of P referred to the axes 
OX and OY, and we have 



x=ON= Vt, OM^^g^. 

If / be eliminated between these equations, the equation of 
the path described is n rn 

y. (1) 

9 


* As before, by the path described by a body we understand the path de- 
scribed by its centr$ of mats. 
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This equation represents a parabola, touching OX and having 
its* axis vertical. 

If jETbe the height due to the velocity V (Art. 38)J the 
equation of the parabola becomes 

x^ ^^Sy. ' ( 2 ) 


48. Constractlon for Focus and Directrix. — ^From 
the preceding equation it follows (Salmon's 
Conic Sections^ Art. 214) that JT is the dis- 
tance of 0 from the focus of the parabola, 
and also from its directrix. 

Hence, if OD be measured vertically 
upwards equal to and DR drawn in 
a horizontal direction, the line DR will be 
the directrix of the parabolic trajectory. 

Also if OjPbe drawn through 0, mating the angle XOF 
e^ual to the angle XOD, and if we take OF-OD\ then F 
will be the focus of the trajectory. 

Hence, as the focus and directrix of the curve are known, 
it is completely determined. 

Again, the velocity at any point in the trajectory is equal 
to that which the body tcould acquire in falling from the direc- 
trix. 

We have seen that this property holds good for the point 
of projection : moreover, after passing through any point the 
body will move in the same path as if it had been projected 
from that point, in the direction and with the velocity that 
it has at the instant; therefore the property is true for any 
point in the path. 

Hence, whenever the velocity at any point is given, the 
position of the directrix is completely determined. 

Definition . — The angle which the direction of projection 
makes with the horizontal line is called the angle of elevation 
of the projectile. 

49. Horizontal Range and Time of Flight. — ^Let 
R be the point in which the projectile strikes the horizontal 
plane through 0; then OR is called the horizontal 'range. 
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and the time Tof desoribing the oorreBpdnding path is called 
the time of flight. 

Through R draw RQ in the 
vertical direction. 

Let OR=R, L QOR = e\ then 
we h^ve 

OQ- VT, (iR=\gr. 

But QR - OQ sin « ; hence we get 



r= 


2Vwae 


(3) 


F* 

Also R = OQooae = VToo8e = 2 — smccose; 

9 

lierefore R = 2H sin 2e. 


(4) 


If Fhe given, the horizontal range is the greatest when 
/sin 2« = 1, or e = 46®. 

The maximum horizontal range is accordingly SJ?, or 
double the height due to the velocity of projection. 

60. Range and Time of Flight for an Obllqne 
Plane. — ^First suppose it an ascend- 
ing plane, and let i be its inclination, 
and e the angle of elevation QON. 

Then, as before, we have 

OQ = VTy QR = igr. 

But in the triangle QOR, we have 



hence 


Gt 


QR sin (c - 0 , 
OQ cos t ’ 

sin (e - 1 ) _ g^ 
cos i 2 F’ 

f 2 ^ Bin (s - 1) 
cost 
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therefore 


OE^OQ—.^VT^.; 

008 t OOB t 

„ 2 F* sin (e - ») COS 8 
JtC ® 2 • • 

g cos*» 


( 6 ) 


In the case of a descending plane it is easily seen that 
the range and time of flight are obtained by changing the 
sign of i in the preceding results. 

For given values of F and i, R becomes a maximum when 
on (e - i) cos s is a maximum, or when 

sin (2e-t) -sinz is a maximum; 

but this is greatest when 

2s - * = 90°, or e = i (90° + *). 


Hence, the direction of elevation for a m^mum range 
bisects the angle between the vertical and the inclined plane. 

Again, since in this case OR = RQ, the maximum range 
and the corresponding time of flight are connected by the 
relation 

R=^gr. 

From the value of e found above, it follows immediately 
that the focus of the parabola, in this case, lies on the in- 
clined plane. 

51. Given the velocity of projection to find the elevation in 
order to strike a given olject. — Here, in formula (6), we are 
given F, R, and i, to find e. Hence, sin (s - 1 ) cos s is given, 
and therefore sin (2s - i) is given, from which s can be de- 
termined. 

The problem admits of a simple geometrioal investigation 
also, as follows ; — 

Let 0 be the point of projection, and P the position of 
the given object. Then, since the velocity of projection is 
given, the position of the directrix MS’ is mown. 
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Hence, with 0 and P as centres, describe circles touching^ 
the directrix, and let P, P' be their 
points of intersection. These points 
are obviously the foci of the two pa- 
rabolic trajectories which satisfy the 
proposed conditions. Hence the pro- 
blem admits in general of two solu- 
tions. 

The corresponding directions of projection are found by 
bisecting the angles FOE and EOEj as is obvious from the 
elementary properties of the parabola. 

The problem becomes impossible when the circles do not 
intersect. 

The range in the direction OP is obviously a maxmum 
when the circles touch one another. In this case there is but 
one solution, and the focus of the parabola lies in the line OPf 
as already seen. 

52. Trajectory referred to ITertlcal and Horizon- 
tal Axes. — Suppose OX and OF to be the horizontal and 
vertical lines drawn through the 
point of projection 0, and let Xj y 
be the coorainates of P, the posi- 
tion of the projectile at the end of 
any time t. 

Let OQ be the direction of 
projection, and resolve the initial 
velocity V into its horizontal com- 
ponent, V cos Cj and its vertical, V sin e. Then, since the 
force of gravity has no effect on the horizontal motion, the 
component V cos e remains constant during the motion ; con- 
sequently we have 

X = OE = Ft cos e. 

Also, for the motion in the vertical direction, we get 
(Art. 88), 

y ^ Ft Bine - ; 

y -ictane- — - 
^ 2V*ooB^e 



therefore 
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This equation represents a parabola, whose axis is vertioal, 
as already seen. 

Again, if v be the velocity at the point P, and ^ the angle 
the direction of motion makes with the aTiti of x, we have ' 

f>oo8^“ Fcosc, and vsimp’^Vane- gt; 

hence e* = F’ cos’s + ( Fsin e - 

= F’-2flr(F<8inc-ii/f) 


= r^-2gg = 2g{E-y). 

Hence, as already shown otherwise, the velocity at any 
point is that acquired by a body falling from the directrix. 

53. Height of Ascent. — Since vertical and horizontal 
motions may be considered separately, it follows that the 
greatest height above the horizontal plane is that to which 
a body projected vertically with the velocity F sin s would 
ascend. This by (Art. 38), is 


F’ sin’s 

‘‘ig ’ 


or E sin’s. 


sin c • 

Also, the time of ascent is , from the same Artide : 

g 

a result' which can also be obtained by finding the maxi- 
mum value of y in equation (7). From these the same ex- 
pressions as before for the range and the time of fiight can 
be easily deduced : for, the whole time of flight is obviously 
double that of reaching the highest point ; and the range is 
got by multipljdng the value so found by F cos s. 

64. 1/ PT, ETbe the tangents at tm points P, E on a 
parabolic trajectory, and v, v' the cor- t 

responding velocities, to prove that 

v:v'=PT:ET. (8) 

The line joining Tto the middle 

K int of PE is vertical, 

ing parallel to the axis of the parabola. Again, let 
a = lTPE, a'^LTEP, p^lPTL, ^'-aETL. 




Then, since the horizontal component of the velooitj at P 
is equal to that at i^, we have 

» sin /3 = »' sin |3', 

V sin/3' PT 
, e' ^ sin /3 " PT' 

iilso, since 

PT sin o' 

PT~^1l' 


we get « sin 0 = / sin o'. (9) 

55. Iiemina. — If 0 he the angle which a right line 

CD diawn from the vertex makes with the base of a mangle 
ABO, we have 



AB cot 0 = BD cot A - AD ooi B. (10) 

For, draw CN perpendicular to AB, and we have, b^ 
elementary geometry, 

AB.DN=AN.DB-AD. BK 
Hence, dividing by CP, 

DN AN BN 

or 

AB . cot 0 = BD cot A - AD cot 5. 

Again, if a and j3 be the angles e 
which CD makes with AC and BC respectively, we have 
AB cot 0 = AD cot a - BD cot j3. 

This follows at once by drawing AB parallel to BCj and 
applying the preceding result. 

66. Being given the direction and the velocity of projection^ 
to find the velocity with which a projectile would strike an oblique 
plane^ and also the direction of its motion at the instant of 
impact. 

Let i be the inclination of the plane to the horizon ; then, 
by the preceding lemma (see figure on last page), 

cot a - cot o' = 2 tan i. (11) 

Hence, the angle a is determined from the known angles 
a and t. 
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k * * • /•/ I, Sltt 0 

Ai?ain, since «? sin a = f? sin a , we naTe «? = — — r> 
^ sin o 

wliioh determines v\ 

If the projectile impinge at right angles on the plane, we 
have a = 90^; therefore cot a « 2 tan e, which determines a, 
or the correspondinp; angle of elevation. Also the velocity 
with which the projecticle strikes the plane is v sin a in this 
case. 

57. Motion on a Smooth Inclined Plane. — In onr 

discussion of motion on an inclined plane in Art. 42 the 
movable was supposed to start from rest : in this case the 
motion is rectilinear. It is also rectilinear if the initial 
motion has place in the direction of the line of greatest slope 
in the plane. But when the body is projected along the plane 
in any other direction the problem is the same as that pre- 
viously discussed, namely, the motion of a projectile acted on 
by a constant force, parallel to a given direction. Its path 
along the plane is, accordingly, a parabola ; and its axis is 
in the direction of the line of greatest slope. 

58. Morin’s Apparatus. — We conclude with a short 
description of the apparatus, designed by Poncelet, and con- 
structed by Morin, for experimentally exhibiting the laws of 
falling bodies. 

A cylinder is made by clock-work mechanism to revolve 
around a fixed vertical axis. A weight is suspended at the 
summit of the cylinder close to the outer surface and between 
two vertical gtiides. When the rotation has become perfectly 
uniform, the weight is allowed to fall. A pencil, attached to 
the falling weight, is so arranged as to trace a line on a sheet 
of paper, which is wrapped tightly around the revolving 
cylinder. When the paper is taken off and unrolled on a 
plane surface, the curve traced on it by the pencil is found 
to be a parabola. 

That this curve is a parabola, may be shown in the follow- 
ing manner : — 

Let OP'P represent the curve traced out by the pencil. 
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Draw the tangent 6L to the curve at the initial point (?, 
and at any point P draw the tangent PL, and erect LF 
perpendicular to it at the point L. Make a corresponding 
construction for the other points on the path ; then the lines 
LF, L'F, &o., are all found to intersect in a common point F. 
This is a characteristic property of the parabola which has its 
focui^ at F, and its vertex at G. 

Having found the curve to he a para* 
hola, we can show that the motion 
of the weight has been uniformly 
accelerated. Let PM, PN he the 
coordinates of P, referred to the 
axes OL, OF, then if t denote the 
time in which the moving weight 
arrived at the position P, the line 
PM will he equal to the arc of the circle through which a 
point on the circumference of the cylinder has rotated in the 
time t. Let V denote the constant velocity of any point on 
the circumference of the cylinder, and we get PM^ Vt. 

Again, from the property of the parabola. 



Accordingly, 


PM^iFG^MQ. 


MG 


PM} P 


4P(? dPff 




hut MO is the space through which the weight has descended 
vertically in the time t ; hence the spaces described by the 
felling body vary as the squares of the times ; its motion 
consequently is uniformly accelerated. 

P 

Comparing with the equation « = J gf, we get 9 = ^ 

that is, the distance of the focus of the parabola from its 
summit is equal to the height due to the velocity of a point 
on the surface of the rotating cylinder. 

The student can easily prove that the parabola described 
is the same as that of a body projected horizontally from a 
point with the velocity V. 
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69. In the preceding investigations we have neglected the 
effects of the resistance of the air. When this is taken into 
account the problem becomes one of great uncertaintj, arising 
from the law of resistance of fluids not being accurately known, 
and from the difSoulties still remaining in the integration of 
the equations of motion, when the law of resistance is assumed. 
The most generally received theory is that the resistance of 
fluids is proportional to the square of the relative velocity of 
the fluid and the movable. When the resistance of the air 
is taken into account, it is easily shown that the preceding 
results are not even approximate in oases of high velooiiy ; 
such, for instance, as shot and shell projected by artillery. 


Examples. 

1. Determine the elevation of a projectile, so that its horizontal range may 
be equal to the space to be fallen through to acquire the velocity of projection. 

Ant. 

2. If a number of particles be projected simultaneously from the same point 
with a common velocity, but in different directions, prove that at any subse- 
quent instant they will all be situated on the surface of a sphere.. 

3. Given the horizontal range and the time of flight of a projectile ; And ite 
initial velocity and angle of elevation. 

4. If a body be projected obliquely on a smooth inclined plane, the path in 
which it moves will be a parabola. Find the position of the focus and directrix 
of the parabola when the initial velocity and direction of motion are given. 

6. Given the velocity with which a shot is projected from a certain point ; 
find the locus of the extremities of the maximum ranges on inclined planes pass- 
ing through that point. 

6. If a body be projected with a velocity of 100 feet per second from a height 
of 66 feet above the ground, in a direction making an angle of 30® with the 
horizon ; find when and where it will strike the ground. 

Ans. Time = 4^ sec. Eange = 357*23 feet. 

7. If A, B he two points on a parabolic trajectory; prove that the time of 
passage from one to the other is proportional to tan tan where 0, 
represent the inclinations to the horizon of the tangents drawn at A and M, 

8. Given the initial velocity, find the angle of elevation that a projectile 
should just clear a wall at a given distance from the point of projection. Find 
also the distance at which the body strikes the ground afterwards. 

0. A piece of ordnance, under proof at Woolwich, at a distance of 60 yards 
from a wall 14 feet high, burst, and a fragment of it, originally in contact with 
the ground, after just grazing the w'all, fell 6 feet beyond it on the opposite 
side. Find how high it rose in the air. 
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10. When the velocity of projection is given, all the parabolas which can be 
described in the same plane by a projectile are enveloped by a fixed parabola: 
prove this, and hence find the maximum range on a given plane. 

11. A body is projected with a velocity of 100 feet, in a direction inclined at 

an angle of 60° to the horizon : find its least velocity during the motion, and the 
time of attaining it. Ans, 60 feet ; 2*7 seconds. 

IST If two bodies be projected simultaneously, with a common velocity, 
from the same point on an oblique plane, one upwards and the other downwards, 
and if the directions of their projection make equal angles with the inclined plane, 
show that the times of fiight are equal. The motion is supposed to tsdee place 
in a plane perpendicular to the inclined plane. 

13. With what velocity should a projectile be discharged at an elevation of 
30°, so as to strike an object at a distance of 2500 feet on an ascent of 1 in 40 ? 

14. Find the latus rectum of the parabola described by a projectile. 

The velocity of the highest point of the path is V ebss, but it is also equal to 
the velocity acquired in falling from the directrix ; therefore the latus rectum 

. 2^* , 

18 COS*tf. 

9 

15. If a body be projected from the point A in the direction of AC^ and from 
any point C in the line a vertical line CD be drawn, meeting the curve described 
by the projectile in'D ; again, if the middle point of ACy be joined to D, show 
that BD will bo the direction of the motion at D, and that the velocity at D wiU 
bo to that at A as BD is to AB, 

16. A number of bodies elide from rest down the chords of a vertical circle, 
starting from its highest point, and afterwards move freely : prove that tho locus 
of the foci of their paths is a circle whose radius is half that of the given circle. 

17. If bodies be projected from the same point with velocities proportional 
to the sines of their elevations, find the locus of points arrived at in a given 
time. 

18. Two bodies are projected simultaneously in different directions from the 
same point, with given velocities : prove that the line which connects their posi- 
tions at each instant moves parallel to a given direction. 

19. Two particles are projected from a point with equal velocities, their 
directions 6f projection being in the same vertical plane — ty t* being the times 
taken by the particles to reach their other common point, and Ty T the times 
of reaching their highest points. Show that tT \t*T is independent of the 
directions of projection. — Camh, Trip,y 1876. 

20. If two particles be describing the same parabolic trajectory, prove that 
the right line connecting them envelopes an equal parabola. — Ibid. 

21. A train is moving at the rate of 60 miles an hour when a ball is dropped 
from the roof inside one of the carriages. Prove that the ball describes a para- 
bola in space, and find the position of the axis and directrix. 

If the height of the carriage be 9 feet, and the ball rebound from the floor 
without loss of velocity, describe by means of a figure the path of the ball in 
-space so long as the motion continues. 

IS 
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Section III. — Friction. 

60. liaws of Dynamical Friction. — Before completing^ 
onr discussion of motion under the action of a constant force, 
it is desirable to make a few observations on the resistg.nce, 
arising from friction, which takes place when one body slides 
on another. We shall consider only the case of motion along 
a fixed plane, and shall assume that the roughness of the plane 
is the same throughout. Under these circumstances the laws 
of friction — ^as established by experiment — may he stated as 
follows : — 

(1) . The resistance caused by friction against the motion 
of a body sliding on a uniformly rough plane is proportional 
to the normal pressure which the body exerts against the 
plane. 

(2) . It is independent of the amount of surface in con- 
tact. 

(3) . It is independent of the velocity of motion. 

(4) . The ratio of the friction, during the motion, to 
the normal pressure is called the coefficient of Dynamical 
friction. 

(5) . The friction between two substances in motion is in 
general less than the friction in the state bordering on motion^ 
or the Statical friction. 

(6) . The mutual friction varies with the nature of the 
surfaces in contact, and can be much diminished in amount 
by the use of unguents, as also by polishing the surfaces in 
contact. 

The student will observe that the laws of Dynamical fric- 
tion are in every respect similar to those of Statical friction 
(Minchin’s Statics^ Arts. 34-36). 

For fuller information on the laws of Friction the student 
is referred to Jellett’s Theory of Friction. 

61. Dotion on a Rougb Horizontal Plane. — Let W 

be the weight of a body sliding on a uniformly rough hori- 
zontal plane, and fi the relative coefficient of friction ; then. 
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Binoe in this case the normal pressure is represented by the 
friction is fiWi and since it acts as a retarding force we get 
by Art. 40, 

/,v 

f (1) 

Accordingly, substituting - fig for / in the equations of 
Arts. 35, 36, and 37, we get 

V -figt 


2 figs 

8 = Vt-^figt^ 


( 2 ) 


By means of these equations the motion is completely 
determined whenever fi^ the coeflScient of friction, and F, the 
initial velocity, are known. 

To find when the body is brought to rest by the friction, 
we make i; ^ 0 in the first of these equations, and the required 


number of seconds is — . 
fore the body is brought to rest is given by 2fxg8 


Again, the space moved over be* 

r. 


62. motloii on a Rough Inclined Plane. — Suppose 
a body of weight W to slide on a uniformly rough plane, of 
inclination i ; then resolving W into its components, JT cos i 
and JF sin i ; the former, JF cos i, represents the pressure on 
the plane ; and accordingly the friction is represented by . 
fiW cost; and since it acts against the motion, we have for 
the total force producing motion down the plane the expres- 
sion TFsini-fiTF cos t. If this value be substituted for F in 
equation (12), Art. 40, we get 

/= g (sin i-fi cos i). (3) 

If 0 be the limiting angle of resistance for the plane, i. e. 
if ^ s tan0, the preceding formula becomes 


r- 


sm li-6) 

.q — i — Li 

^ cos 0 ' 


for a body sliding down the plane. 

The corresponding equations connecting velocity, time, 
• e2 
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and space, are had by substitutiDg this value for/in the for- 
mulae of Arts. 36 and 37. 

If the body be projected up the plane, in a direction at 
right angles to the intersection of the plane with the horizon, 
the retarding force is represented by Wein.i + fiWoosi: 
hence the value of/becomes < 

/«-g(smt+^cost)°-y ■ (4) 

when we introduce for fi its value tan 0. The equations con- 
necting t can he found immediately, as before. 


Examples. 


1. A body is projected with a velocity of 100 feet per second along a rough 
horizontal plane : find, assuming ft = iV) ( 1 ) the time in which it is brought to 
rest by friction; ( 2 ) the whole space passed over. 

Ans, (1) 37} seconds; (2) 625 yards. 

2. A body is projected with a velocity of 100 yards per minute along a rou^h 

horizontal plane, and is brought to rest in 10 seconds : find the coefiQlcient of fric- 
tion. Ana, = 

3. A train, of ten tons weight, is impelled by steam along a horizontal railroad 
with a constant pressure of 630 lbs. If the friction bo 7 lbs. per ton, calculate — 

( 1 ) the velocity, in miles per hour, after moving from rest for one minute ; and 

( 2 ) the space described in that time ; neglecting the resistance of the air, Ac. 

Ana, (1) 32iV zniles; (2) 480 yards. 

(5) If the steam be shut o£P, find how far the train would run before it is 
brought to rest by friction. 2 miles 320 yards. 

4. A body projected with a velocity of 30 feet is brought to rest after sliding 
100 yards on a rough horizontal plane ; find the coefiicient of friction. 

Ana. 

6 . A body is projected up a plane, of 20 yards length and 30*^ inclination, 
with a velocity of 60 feet per second : find the coefficient of friction that the body 
should just arrive at the top of the plane. _ 29 

~9« Vs' 


6 . Two masses, M, IT, connected by a string, slide down a rough inclined 
plane in a vertical plane at right angles to the intersection of the former with 
the horizon : if the coefficients of friction be and fi, respectively, prove that 

Jfu + M'ii 

the acceleration down the plane is y (sini ^ — = 77 - cos i). 

JiL M 


7. A body slides down a rough roof and afterwards falls to the ground : find 
the whole time of motion. 



Mommtim. 


53 


8. Several bodies start from the same point and slide down different inclined 
planes of tiie same roughness : find the locus of their positions after the lapse of 
a given time. Find also the locus of the positions arrived at with a common 
v&city. 

9. A rough plane makes an angle of 46^ with the horizon ; a groove is cut in 

the plane making an angle a with the intersection of this plane and the horizon- 
tal plane ; if a hoavv particle be allowed to descend the groove from a given 
height h find the velocity with which it reaches the horizonta l plane. 

^ sma 

10. A body moves from rest down an inclined plane whose inclination is 30^, 
and limiting angle of resistance 16°: find the velocity acquired if the length of 
the plane be 200 feet. 

Here = 400y tan 15°; therefore v = 68*56 feet per second. 

11. A railway train is moving up an incline of 1 in 120 with a uniform 
velocity. Find the tension of the couplings of the carriage which is attached 
to the engine; assi^ing the weight of the train (exclusive of the engine) to be 
80 tons, and the friction 8 lbs. per ton. 

Ans, 19cwt. 6} lbs. 

12. In the same case, if the acceleration of the train be 2 feet per second, 
find the tension of the couplings. 

Here we must add to the preceding ^ t. e, 6 tons ; and the entire tension 
is nearly 6 tons. 

Section IV. — Momentum. 

63. Force measured by Quantity of Hotlou gene- 
rated in Unit of Time. — The product of its mass and the 
velocity which a body has at any instant is called its quantity of 
motion or momentum at that instant. Accordingly we con- 
clude, from equation (13), Art. 41, that F varies as the 
quantity of motion it can generate in one second (taken as the 
unit of time), the force being supposed to act uniformly 
during that time. 

Again, since the velocity (^) which gravity can produce 
in one second is the same for all bodies, the quantity of 
motion gravity can generate in one second in a falling body 
of mass m is represented by mg \ hence, in this case, we have 

W = mg \ 

in which the units of mass and weight are connected in such 
a manner that when one is fixed the other is also determined. 
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64. Abiolnte Unit of Force. — ^In aooordanoe with 
equation (13), Art. 41, the unit of force is defined as force 
uchich^ acting uniformly during the unit of time on a unit ofmoBs^ 
produces a unit of velocity. This is called by Gauss the 
absolute unit of force. 

The most convenient unit of mass in the British l 6 i|:es is 
the mass contained in one standard pound avoirdupois. 

Hence, adopting as before a second as the unit of time, 
and a foot as the unit of length, the absolute unit of force is 
that which, acting during one second, would produce in a 
standard pound mass a velocity of one foot per second. This 
unit of force is sometimes called a poundaL Hence, if 
g = 32*19 with reference to the preceding units, the unit of 
force is 33 ^ P®rt of the attraction of the earth, at London, on 
a standard pound ; u e. about half an ounce, approximately. 

In the metric system the force which in one second would 
generate a velocity of one centimetre per second in a gramme 
of matter is called a dyne. Hence, since 1 lb. = 453*6 grammes, 
and 1 foot = 30*48 centimetres, one poundal is approximately 
13825 dynes. 

65. Gravitation Unlta of Force and Hass. — In 

practical questions concerning bodies on the earth^s surface, 
it is in general more convenient to measure forces by weights, 
and to speak of a force of so many pounds weight. In this 
system tne unit of force is the weight at some definite place 
(London) of the pound mass ; or of a kilogramme when the 
metric system is taken. This is called the gravitation or 
statical measure of force ; and since the unit of force in this 
system, acting on one pound mass for one second, produces 
a velocity of 32*19 feet per second, we see that this unit is 
32*19 times the absolute unit. Moreover, since the weight 
of a body varies, within certain small limits from place to 
place (Art. 38), when scientific accuracy is required we must 
correct for the change in the value of g due to any difference 
in altitude or latitude from those of the place to which the 
standard was originally referred. 

In practice this correction seldom requires to be taken 
into account, as the variation in the value of g is generally 
too small to affect the result appreciably (Art. 39). 
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EXiUiIFI.ES. 

1. An ounce being taken as the unit of mass, a second as the unit of time, 
nnd an inch as the unit of length, compare the unit of force with the weight of 
one pound. 

Here the unit of force is that which in one second would generate a velocity 

of ony inch per second in an ounce mass ; and therefore is ■ ■ — part 

12 X 16 X 32*2 

of the weight of one pound, or 1*25 grains. 

2. Determine the unit of time in order that g may be expressed by unity 
when the foot is the unit of length. 

An8» - V2 seconds. 

o 

3. Find the units of space and time in order that the acceleration of a body 
falling in vacuo, and the velocity it acquires in one minute, may respectively be 
the units of acceleration and of velocity. 

66'. Two Classes of Forces. — There are two classes of 
forces to he considered in Dynamics : one, such as ^avity and 
those hitherto discussed, which require a finite time to pro- 
duce a finite change of velocity. Forces of this class, when 
uniform, are, as has been stated, measured by the change 
produced in one second (taken as unit of time) in the mo- 
mentum of the body acted on. There is another class, called 
ordinarily impulm^ such as hlotoSy sudden impacts. &c., which 
act only during a very short time, but are capable of pro- 
ducing a finite change of velocity in that time. 

These are sometimes called instantaneous forces ; it is ne- 
cessary, however, to observe that force in all cases requires 
some time to produce its effects, though that time may be 
exceedingly small. In fact, we cannot conceive that a force 
could produce any change in the velocity of a body if its 
time of action were absolutely nothing. 

Forces of the former class are frequently styled finite or 
continuous forces, to distinguish them from the other class, 
namely, impulsive forces. 

It should be observed that whenever both impulsive and 
finite forces act at the same time on a body, the latter may 
in general be neglected in determining the motion at the 
instant; since the effects produced by them, in the time 
during which the impulsive forces act, are so small that they 
may be neglected in comparison with the effects of the im- 
pulses. 
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67. Impulses. — The measure of an impulse^ i.e. of the 
entire action of a force of great intensity, which acts during 
a very short time, and then ceases, is the whole change in the 
quantity of motion which it communicates to the body on which 
it acts. 

We may here observe that, if J’be the instantaneous value 
of an impulsive force, and r the time of action, the whole 

impulse is represented by j Fdt^ in which, as already observed, 

V is a very small interval of time. 


68. General Equations of Motion of a Particle. — 

Suppose that the force F acts as before in the line of motion 
of the mass acted on, but that it varies continuously, then we 
may consider that in an indefinitely small portion of time ita 
intensity is unaltered. The variable acceleration /, caused by 
it, is determined by the equation F- mf: henpe, as in Art. 21, 
we have at any instant 


^ . dv d^s 

F s nif= m —a m --r = ms . 

dt dt^ 


Hitherto the motion has been supposed rectilinear. In 
the case of curvilinear motion the last equation expresses the 
tangential component of the force, and it can be similarly 
seen (Art. 25) that the normal component is expressed by 

m We now proceed to consider the motion of a particle 

of mass m, under the action of any forces. If the particle he 
referred to a system of rectangular axes in space, and x, y, s, 
he the coordinates of its position at any instant, i. e. at the 
end of the time t, reckoned from any fixed instant, the com- 
ponents of its velocity parallel to the axes of coordinates axe 
(Art. 12) represented hy it, y, 2 . 

Besolve the whole force acting on the particle at the 
instant into three components, parallel to the axes of x, y, z, 
respectively; and let these components he represented hy 
X, F, Z] then, since hy the Second Law of Motion each 
of these forces produces its change of velocity in its own 
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direction, we deduce from what precedes (see Art. 24) the 
equations 

_ d [dx\ tPa? „ \ 

. _ dV .. 7 rf** .. i ^ ^ 

These are called the difierential equations of motion of 
the particle ; and the solution of the problem depends in each 
case on the integration of these equations. 

As already stated, the preceding equations hold for the 
motion of any rigid body, provided the direction of the force 
which acts on it always passes through its centre of mass. 

69. In some problems the mass acted on constantly varies 
during the motion ; in this case equation (3) becomes 

(6) 

For instance, suppose a ball projected vertically upwards^ 
a chain of indefinite length being attached to it, and drawn 
up gradually by it ; to investigate the motion. 

Here, if m be the mass of the ball, fi that of a unit of 
length of the chain, and s the length of chain in motion 
at any instant, we have M-m + fx8\ and if w = our equa* 
tion gives 

or 



Hence 

If F be the initial velocity, we have 

pr^=c-ykK 
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This determines the velocity at any height ; also 
height of ascent, is given by the equation 




If 


00 , this is easily seen to become which 
with Art. 38. 


( 6 ) 

the 

“(7) 

agrees 


Section V. — Action and Reaction. 

70. Third Isaw of Ulotion. — Reaction is always equal 
and opposite to action : that is, the mutual actions of two bodies 
<ire always equal and take place in opposite directions. 

On this law Newton remarks as follows : — “ If any person 

S ress a stone with his finger, his finger is pressed by the stone, 
f a horse draw a body by means of a rope, the horse also is 
drawn (so to speak) towards the' body ; for the rope being 
strained equally in both directions, draws the horse towards 
the body as well as the body towards the horse, and impedes 
the progress of one as much as it promotes that of the other. 
Again, if any bodj^ impinge on another, whatever quantity of 
motion it communicates to that other it loses itself (on account 
of the equality of the mutual pressure).” 

Newton verified this law experimentally in the case of the 
collision of spherical bodies. — See Scholium, Axiomata. 

He also showed that the law holds good in the case of the 
attraction of bodies, as follows : — 

Let A and B be two mutually attracting bodies, and con- 
ceive some obstacle interposed by which their approach to 
one another is prevented. If the body A be acted on towards 
5 by a greater force than B is acted on towards A, then the 
obstacle will be more urged by the pressure of A than by the 
pressure *of B. The stronger pressure should prevail, and 
cause the system consisting of the two bodies and the obstacle 
to move in directum towards B\ also, as the force is uniform 
the motion would be accelerated ad infinitum, which is absurd, 
and contrary to the first law of motion ; for, by that law, such 
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Stress, Forces of Inertia. 

a system, as it is not acted on by any external force, should 
continue in a state of rest or of uniform rectilinear motion. 

71. §tre8g, Forces of Inertia. — The fact is that force 
is always exhibited as a mutual action between two bodies ; 
and this phenomenon, regarded as a whole, is described 
by the term stress^ of which action and reaction are but 
different aspects. Thus to the action of a force producing 
an acceleration of motion in a body corresponds an equal and 
opposite reaction against acceleration; this is called force 
of inertia of the body. It thus follows that the force of inertia 
of any material particle must be equal and opposite to the 
resultant of all the forces which act on the particle, whether 
arising from the action of the other parts of the system or 
from that of forces external to the system. Hence, in the 
motion of any material system, since the actions and reactions 
of its different parts equilibrate in pairs, we infer that there 
is equilibrium between the external forces which act on the 
system and the several forces of inertia of the different par- 
ticles of which the system is composed. This is equivalent to 
the celebrated principle introduced by D’Alembert, and called 
by his name, but which is directly implied in Newton’s 
Scholium on the Third Law of Motion. This has been observed 
by many writers on Mechanics, but the connexion of New- 
ton’s Scholium with the modem theory of work and energy 
was first pointed out by Thompson and Tait : see their Treatise 
on Natural Philosophy, vol. i., pp. 247-8, 

72. The laws of Motion, like every law of nature, must 
ultimately depend for their establishment on their agreement 
with experiment and observation. Accounts of the different 
apparatus that have been devised for the purpose of verify- 
ing these laws will be found in the books especially devoted 
to the purpose, such as Ball’s Experimental Mechanics. 
The most complete proof of the laws of motion, however, 
is derived from Physical Astronomy. The Lunar motions, 
for instance, have been calculated from equations depending 
solely on these laws ; and the observed and calculated posi- 
tions are found to agree with a precision that could only 
arise from the perfect accuracy of the principles from whion 
they were deduced. 
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w' 
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One of the simplest oontriranoes for illustrating the laws 
of motion, in the ease of falling bodies, is that devised by 
Atwood, which we shall now proceed to consider. 

73. Atwood’s SEachlme. — In its simplest 
form this machine may he regarded as consisting 
of two masses connected by a string which passes 
over a small fixed pulley. We shall neglect the 
weight of the pulley, and also that of the string, 
as well as the friction at the axle of the pulley. ' 

Suppose W and W' to represent the weights 
of the bodies, of which W is the greater. 

Let T denote the tension of the string at any instant ; 
then considering the pulley as perfectly smooth, this tension, 
by the law of action and reaction, must act equally, and in 
opposite directions, on the two masses. 

Accordingly, we may regard the body W as acted on by 
the pressure W downwards, and the tension T upwards ; i, e. 
by the single force W - T acting downwards — ^then, the 
corresponding acceleration /, from Art. 40, iit given by the 
equation 

f ^9- 


Similarly, the upward acceleration of the other body is repre* 
T-W' 

sentedby -y. 

Again, as the string is supposed inextensibk, the velocities 
of the boddes at any instant are equal and opposite, and hence 
their accelerations also. 

Accordingly we have 


W-T T-W" 

W W' ’ 


or 




2WW' 

fr+.w'' 


This determines the tension of the string. 




1T7 m . tttJ m firt i 


( 1 ) 

Again, we have 
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therefore TT- TT = ( IT + TF') 

W' 

or (2) 

This determines the acceleration. By aid of it the velo- 
city and the space described in any time can he readily 
deduced. 

The most important advantage of this apparatus is that, 
by taking bodies of nearly equal weights, we can make the 
W- W' 

acceleration ^ g as small as we please. 

IV + iV 

A complete account of Atwood^s apparatus is beyond the 
scope of this treatise. In a subsequent place we shall consider 
the modification required when allowance is made for the mass 
of the pulley. 


Examplxs. 


1. A mass of 488 grammes is fastened to one end of a chord which passes 
over a smooth pulley. What mass must be attached to the other end in order 
that the 488 grammes may rise through a height of 200 centimetres in 10 seconds, 
assuming g = 980 centimetres ? Ans. 492 grammes. 


2. Two weights of 14 and 18 ozs. are suspended by a fine thread which 
passes over a smooth pulley, if the system he free to move ; find how far the 
heavier weight will descend in the first three seconds of its motion, and also the 
tension of the string. Am, 18 feet ; and 16 J ozs. 


74. Suppose that one of the bodies is placed on a smooth 
horizontal table, and that the string, by which the bodies are 
attached, passes over a smooth pulley placed at the edge of 
the table ; then, denoting the tension of the string by T, we 
have, as before. 


/= 


W-T 


W ■ 




Again, since the motion of the body on the smooth table 
arises from tho tension T, we have 

. T 
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Eliminating T, we get /= 


Again, equating the two values of /, 


T = 


WW' 

W+W'’ 


( 3 ) 


It may be observed that the tension of the string in this 
case is half of that in Atwood’s machine for the same masses. 


75. Blasses on Two Smooth Inclined Planes. — 

Suppose two bodies, of weights W and W\ placed on two 
planes, of inclinations i and ^ to the horizon ; and suppose 
the connecting string to lie in a vertical plane at right angles 
to the line of intersection of the two inclined planes, and to 
pass over a small pulley placed at the common summit of 
ue planes ; then, representing as before the tension of the 
string by T, since W sin e is the component of W acting 
parallel to the plane, we have 


and 

Hence 


W 

Wemi-T^—f, 

S 

W' 

r- IT' sin 

9 

W sin i - W' sin i” 

■ wTPr 


( 5 ) 


Also 


T= 


WW" 
W+ W' 


(sin i + sin j'). 


( 6 ) 


It is evident that W or W' will descend according as IF* sin t 
or W' sin f has the greater value. 

The results of the two former Articles are particular cases 
of the preceding ; and are, accordingly, cases of the formulse 
(6) and (6). We shall next consider the preceding problems 
for rough planes. 

76. Blotton on Uniformly Kongh Planes. — Suppose 
two bodies connected as in Art. 74, and let /u denote the 
coefficient of friction for the horizontd plane. 

The friction actipg against the motion of W'k represented 
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hf fiW'; hence the pressure producing motion is T- /iW'. 
We accordingly have the equation 

W' 

y 


and also 

W 

W~T= — f, as before. 
g 


Hence we get 

. W-yW _ 

W+ W' 

( 7 ) 


„ ww „ , 

(8) 

and 

JF+ 


There can he no motion unless W is greater than fiJF'r 
as is also evident from elementary considerations. 

Equation (7) may also be written in the form 


w f(. ^ Tr\ 

w)’ 


from which fi can be determined when W and W' are known^ 
/having been obtained by observation. 

By this means the value of the coefficient of dynamical 
friction was obtained for several substances by Coulomb. 

Again, let /lc, y! be the coefficients of dynamical friction 
for the inclined planes, in Art. 75. 

Since the pressures on the planes are represented by 
W cos i and W' cos respectively, the corresponding fric- 
tions are /I JF" cos * and n' W' cos ; consequently the total 
pressure acting on W, down the plane, is represented by 

W (sin i- fx cos i) - T', 

W 

and we get W (sini - n cose) - T= — /. 

Q 

W' 

And, similarly, T-W' (sin i' + y' cos j") = — /. 

Hence we have 


■j, W (sin i-y cos i) - W' (sin i' + y cos f) 
f- jfr+ jfT' S 

JFJF' 

and T = {sin t + sin »' + y cos »V y cos ») . 


( 10 ) 
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Ezauples. 

1. If the two equal masses in Atwood’s machine be each lib. ; required 
the additional mass which, added to one of them, would generate a velocity of 

one foot in each mass at the end of the first second. . 2 ,, 

Ant, 7 - lbs. 

9- 

2. In the same case find the tension of the string which connects the two 

masses. . ^ ^ n 

Ans, lbs. 

9 

3. Two smooth inclined planes are placed back to back : the inclination of 
one is 1 in 7, and of the other 1 in 10 ; a mass of 20 lbs. is placed on the first, 
and is connected by a string with a mass of 30 lbs. placed on the second plane. 
Find the acceleration of the descent, and the tension of the string. 

= 2’=2Slb8. 

■' 360 36 

4. A mass of 10 Ihs., falling vertically, draws a mass of 15 lbs. up a smooth 
plane, of 30^ inclination, by a string passing over a pulley at the top of the 
plane. Find the acceleration, the space fallen through in 10 seconds, and the 
teneion of the string. 


Am.f=\ 


5. A mass, descending vertically, draws an equal mass 25 feet in seconds 
up a smooth plane, inclined 30” to the horizon, by means of a string passing over 
a pulley at the top of the plane. Determine the corresponding vidue of y. 

Ana, 32. 

6. Given the height, A, of a smooth inclined plane, find its length so that a 

nven weight P, descending vertically, shall draw another given weight Q up 
the plane in the least possible time. 2QA 


7. A mass P, falling vertically, draws another, Q, by a string passing over a 

fixed pulley : if, at the end of t seconds, the connecting string be cut, find the 
height to which Q will ascend afterwards. /P- Q\ * 

iFToj T* 

8. A mass, hanging vertically, draws an equal mass along a rough horizontal 
plane. If at the end of one second the string bo cut, find how far the mass 
will move along the plane before it is brought to rest by, the friction. 

8/t 

9. In what time will a mass of 2 lbs., hanging vertically, draw a mass of 
30 lbs. along a smooth horizontal table of 36 feet length ? Am, 6 seconds. 

10. If the plane in the last example be rough, and the coefficient of friction 

be •i‘Sf find the time occupied. Ana, 3 VlO seconds. 

11. In the previous example find at what instant during the motion the 
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string should he cut in order that the mass should just reach the edge of the 
table ;i>^d find the whole time of motion. 

jifis, 12 seconds, ~ V66 seconds (g.p.) 


12. Two masses move on two smooth inclined planes, whose directions are at 
right angles to each other, and are connected by a string passing over the inter- 
section of the planes. If the tension of the string be a maximum, find the in- 
olinauon of eitiier plane to the horizon. jins. 46”. 


13. In a single movable pulley, when there is equilibrium, the power and. 
the weight hang by parallel strings. The weight being doubled, and the power 
halved, motion ensues. Prove that, if the friction and inertia of the pulley be 
neglected, the tension of the string will be unaltered. (Catn6. Trip., 1874.) 

14. In general, if Pbe the weight attached to the movable pulley, and Q 
that to the other end of the string, prove that the tension of the string during the 

3TQ 2Q—T 

motion is ■= — 77: ; and that the acceleration of the movable pulley is ■= — -ff; 

jr+4Q P+4Q 

the friction and inertia being neglected as before. 

Let T denote the tension of the string, / the acceleration of P, and /' that of 

Q ; and we have 2P-P=P-, T=Q but/' = 2/ ; therefore, &c. 


16. A train is travelling at a uniform rate on level rails. TT is the weight 
of the fore portion of the train, and 7F* that of the brake-van at the end of 
the train. If the brakes bo applied to the brake-van find the stress produced on 
the couplings between it and the next carriage, assuming n to represent the 
coefficient of friction. ^ WW' 


Ans. 


w+ w 


16. In Atwood’s machine if the descending weight be a rigid homogeneous 
vertical rod AB, prove that the longitudinal stress at any point P of the rod, 

during the motion, is represented by T, where T is the tension of the string. 

AJS 


17. In Atwood’s machine if the pulley be rough, and if the effect of friction 
be to prevent motion until the tension of the string at one end bo greater than 

that at the other by - th of the latter tension, prove that the effect on the accele- 
ration win be the same as if the pulley remained smooth and the smaller weight 

were increased by - th. 

^ n 

18. In Atwood’s machine, a mass P is attached to one end of the string, and 
two masses, Q and P, to the other end, where Q + P > P, and P > Q. After 
the united masses Q and P have descended s feet from rest, P is detached : find 
how much further Q will move before being brought to rest. 

Let /be the acceleration in the first stage of the motion, /' that in the second, 
V the velocity at the instant P is detached, x the required distance ; then 

2/# = f;*=2/'a?; 

/ P+ Q-P P+ Q 

+ Q*' 

F 


therefore 
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CHAPTER IV. 

e 

IMPACT AND COLLISION. 

77. Colllfiloii of Homogeneous 9|iheres. — In this chap- 
ter it is proposed to consider some elementary cases of impact 
of solids, but principally the collision of homogeneous spherical 
bodies, moving without rotation, whose centres, at the instant 
of collision, move in right lines lying in the same plane (all 
friction being neglected). 

There are two cases to be considered, according as the 
centres of the spheres move in the same or in different right 
lines. The former is called direct, the latter oblique collision. 

We commence with the former case, and at first suppose 
the centres to move in the same direction along the line. 

78. Direct Collision. — Let M and M' represent the 
masses of the bodies, V and F' their velocities before, v and 
v' those after, collision. We also suppose M to impinge 
on M\ 

The whole impact may be divided into two stages. During 
the first, the bodies compress each other, and the impinging 
body moving with a greater velocity than the other, accele- 
rates its motion, until the exact instant at which their mutual 
compression is the greatest, when they are moving with 
a common velocity. During the second stage, the bodies 
tend to revert to their original shape, and the forces thus 
brought into play, called the forces of restitution^ tend to 
cause the bodies to separate by still further diminishing 
the velocity of the impinging body, and increasing that of 
the other. , 

Suppose u represents the common velocity at the instant 
of greatest compression ; then the quantity of motion lost by 
M during the first stage of the shock is M{V - u)^ and that 
gained by Jf' is M'{u- F'). 
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These are the measures, by Art. 68, of the entire actions 
of the mutual forces during, this stage of the collision ; and, 
since by the Third Law of Motion, the forces must be equal 
and opposite, so also are their actions in the same time. 

Hence, we have 


or 


MV+ltV' 
“ M+M' ’ 


( 1 ) 


In the case of perfectly non-elmtk bodies, in which no 
forces of restitution are brought into play, the bodies would 
proceed after collision to move with this common velocity. 

There is probably no case in nature of a perfectly non- 
elastic solid. All sohd bodies with which we are acquainted 
have a tendency to recover, in different degrees, their original 
forms after being compressed. This tendency arises from 
their elasticity. 

Bodies are said to be 'perfectly elastic when the forces of 
restitution, brought into play during the second stage, are 
exactly equal to the forces of compression, which act during 
the first. In this case the impinging body M would lose 
a further quantity of motion, M{V -u)y equal to that which 
it lost in the first stage. Therefore its velocity t?, at the end 
of the shock, will he equal to 2u - K 

In like manner we have t?' = 2w - F'. Thus, in direct 
collision, we are enabled to determine the velocities, v, xTy in 
the case of perfectly elastic bodies. 

Bodies are, however, in general imperfectly elastic ; that 
is, the whole force of restitution is less than that of compres- 
sion. The Law of restitution, as derived from experiment, is 
usually stated thus : — The ratio 'ivhich the whole impulse of 
restitution hears to that of compression is constant while theimping* 
ing substances remain the same. This ratio is usually repre- 
sented by the letter <?, having been by many writers called 
the modulus or coefficient of elasticity ; but as this title is now 
employed in a different sense, we shall follow the current 
usage in adopting the name, coefficient of restitution, 

Rom this law it follows that the quantity of motion lost 
by M during the second stage of the impact Wrs a constant 
* f2 
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ratio to that lost during the first ; and similarlj for the quan> 
tity of motion gained by M'. 

Accordingly 

Hence we get 

T), (2) 

and MF +M'F'=Mp + MV. (3) 

These equations enable us to determine the velocities, 
V, after impact, when those before impact are given, as 
also the masses Jf, ilf', and the coefBoient of restitution. 

It should be observed that equation (3) expresses that the 
total quantity of motion of the two bodies is the same after 
impact as b^ore. This result is a particular case of a gene- 
ral principle which shall be subsequently considered {see 
Art. 83). 

The result contained in (2) may be stated thus : In direct 
collision* of two spheres the relative velocity after collision hears 
a constant ratio to the relative velocity before collision. 

This law was established by Newton, as the result of ex- 
periment (see Yob Leges Motm, scholium) ; and the coefficients 
of restitution for several substances, such as glass, ivory, 
steel, &o., were determined by him. 

In more recent times a number of careful experiments 
were undertaken by Hodgkinson on the laws of restitu- 
tion. The results are to be found in the Beport of the British 
Association, 1834, and also in the Transactions of the Boyal 
Society. His conclusions agree in the main with the law 
laid down by Newton, given above. 

Some 01 the more important results of Hodgkinson’s 
experiments may be briefiy stated as follows : — 

The coefficient of restitution diminishes slowly as the 


* This result is by some writers taken as the basis of the rational theory of 
collision. However, the method here given is that more usually adopted ; it has 
the great advantage of connecting the problem directly with the consideration of 
force, and of illustrating the principle (Art. 67) that impulsive forces must be 
regarded as forces of great intensity whose time of action is very short. 
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velocity of impact increases ; it is independent of the relative 
magnitude of the masses. In impact between bodies differ- 
ing much in hardneesy the coefficient of restitution is nearly 
equal to that between two specimens of the softer body. 

No perfectly elastic body exists in nature : glass, however, 
may be regarded as nearly so, its coefficient being approxi- 
mately, as determined by Newton. 

When the mass if' is at rest, and very great in comparison 
with Mj v' is very small, and we have approximately v--e V. 

Hence, if a body impinge perpendicularly, with a velocity 
F, upon a fixed plane, it will return back in its former direc- 
tion of motion with a velocity represented by ^F, where e is 
the coefficient of restitution. 

79. Height of Rebound. — If a body fall from a height 
A on a fixed horizontal plane, then F, the velocity with winch 
it strikes the plane, is equal to ^2gh. The velocity of rebound 

is eVfOre ^2gh : hence, if A' be the height to which it re- 
bounds, wo have 

^%gK ^ e^igh^ 

or K = e^h. (4) 

In all oases of collision the student should be careful to 
give the proper algebraic signs to the velocities. The velocity 
F of the mass if is usually taken as positive ; and hence the 
other velocities will have positive or negative signs accord- 
ing as they take place in the same or the opposite direction 
to that of F. 

Examples. 

1. If a mass M impinge directly on another mass Jf', at rest, find the rela- 
tion between them when the impinging mass is reduced to rest by the collision. 

udns. M — #jr. 

2. A ball of 6 lbs. mass, moving at the rate of 10 miles an hour, overtakes 
another of 4 lbs. mass, moving at 5 miles an hour : determine their velocities 
after collision, assuming the impact being supposed direct. 

Am. V =7; v' =s 9 J. 

3. Find the corresponding velocities in the case when the balls are moving 

in opposite directions. Am, v = 1, v' s 8|. 
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4. A mass of 60 lbs., moving at tbe rate of 10 feet per second, overtakes 
another mass of 26 lbs., moving at the rate of 6 feet per s^ond ; if both masses 
be peifectly elastic, find their velocities after the shock. 

An$,v^7i; f;' = lli. 

6 . A sphere impinges directly on a sphere of the same mass. If they be 
both perfectly elastic, prove that they interchange velocities, after collision. 

6 . A mass drops from a height of 25 feet above a fixed horizontal plaiie, and 

rebounds to a height of 9 feet ; find the coefficient of restitution. a = f . 

7. A mass of 10 lbs., moving with a velocity of 10 feet per second, impin^s 
directly on another of 6 lbs., supposed at rest. If the coefficient of restitution 
bet, and the duration of collision bo xiuth part of a second, determine the mean 
value of the mutual pressure between the balls during the collision. 

Here, we easily find v* = 12 . Hence, by Art. 41, we find that the pressure 
which, acting for xtoth of a second, would generate a velocity of 12 feet per 
second, in a body of 5 lbs. mass, is 187} lbs. 


8 . An imperfectly elastic sphere falls from a given altitude above a hori- 
zontal plane, and rebounds continually: find the whole space described; and 
also the whole time before it is brought to rest ; neglecting the lime occupied by 
the series of impacts, and also the resistance of the air. 

Let a denote the given altitude, and s the whole space described. 

Then the height of the first rebound is ae^; that of the second ae^, &o. 

1 -f ^2 

Therefore s = a + 2ae^ + 2ae^ + &c. = a 5 . 

1 - a* 

Again, if F, Fi, F 2 , &c., F#i, be the velocities with which the sphere strikes 
the plane, at the different impacts, we have 7 


Fi = tfF, F 2 = eFi = c*F, &c., Fn = ^F. 

Also let t, ti, t2f &c., t„, be the corresponding intervals of time ; then 


t= 



2 Fi 

9 




Hence, the entire time Tis given by the equation 


V VI A- e 

T=—{1 +2a+2e2 + &c.) = — r . 

y ' ' ff l-e 


80. Oblique Colll§lon. — We now proceed to the case 
of oblique collision, i. e, where the centres of the spheres axe 
not moving in the same right line. 

We shall suppose the spheres to be homogeneous, and 
perfectly smooth ; so that their entire mutual action and re- 
action has place along the common normal at their point of 
contact, that is the line connecting the centres of the spheres. 
We also suppose that the lines along which the centres of the 
spheres are moving before collision lie in the same plane. 
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Let V' be the velooities at the instant of impact ; and 
o, the angles which the line joining the centres, at the 
commencement of the collision, makes with the respective 
directions of motion. 

Let Vf v; j3, j3' be the corresponding velocities and angles 
at thp end of the collision. 

Eesolve V into its components, V cos a and V sin a, re- 
spectively along and perpendicular to the right line join- 
ing the centres. Make a similar resolution of the velocities 
after collision. Then, since the forces brought into play 
during the collision act along the line joining the centres, 
the velocities perpendicular to that line are unmeoted by the 
collision. 

Hence we have 

F sin a = sin /3, F' sin a = sin j3'. (5) 

Again, the component velocities F cos a, &c., along the 
line joining the centres of the spheres, will, by the Laws of 
Motion, be subject to the same relations (2), (3), as those 
already established for direct collision — hence, we obtain the 
two additional equations 

t7'cos/3'- «?cosj3 “^(Fcosa- F'cosa'). (6) 
MV cos a + If' F' cos a = Mv cos j3 + M'v' cos j3'. (7) 

These, along with the two preceding equations (5), are 
sufficient for the determination of the velocities and the direc- 
tions of motion after impact, when the corresponding velo- 
cities and directions before impact are known, as also the 
masses and the coefficient of restitution. 

In the case of oblique collision of a sphere against a 
smooth fixed plane, let Fbe the velocity of the sphere before 
collision, and a the angle its direction of motion makes with 
the perpendicular to the smooth plane; then Fcos a repre- 
sents the velocity perpendicular, and F sin a that parallel, to 
"the fixed plane. 

If V and j3 represent the corresponding velocity and 
angle after collision, since the velocity parallel to the smooth 
plane is unalterM by collision, we have 

V sin j3 = F sin a. 


( 8 )' 
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Again, tbe yelooityperpendioular to the plane yrill be affected 
in the same manner as in direct collision, and we accordingly 
have 

ooos/3 = cFoo8o, (9) 

Hence, by division, we get 

U 

tana = etanj3, (10) 

which gives the direction of motion after impact. 

The angles a, /3 are sometimes called the angles of inci- 
dence and reflexion ; and the preceding result shows that the 
tangents of these angles are to each other in the constant ratio 
of the coefficient of restitution to unity. These angles are 
equal in the case of perfectly elastic bodies. 

The subsequent motion of the body depends on the 
continuous forces which act on it. n 

When gravity is the only acting force 
the path is a parabola, as in Art. 48 ; 
and the parabolic path is determined 
from the initial velocity and the 
initial direction of motion, /3. 

Examples. 



1 . If the mass if' be at rest before collision, find the directions of motion 
after collision. 

if+if' 

Ans, i3' ss 0 ; tan j 8 = -=7 tan a. 

M — $M 


2. A perfectly elastic ball impinges obliquely on another of equal mass at 
rest, prove that the directions of their motions after impact are at right angles 
to one another. 

3. A ball impinges on another at rest ; prove that if the coefficient of resti- 
tution be equal to the ratio of their masses the balls will move in directions at 
right angles to each other, whatever be the direction of the impact. 

4. How is this statement to bo modified in the case of direct collision ? 

The impinging ball is brought to rest by the collision. 

6 . A baU is reflected in succession by two fixed smooth planes of the same 
substance, which are at right angles to one another ; the ball moves in a plane 
at right angles to the intersection of the fixed planes. Prove that the direction 
of motion before the first and after the second reflection are parallel. 

6 . A projectile strikes a perfectly elastic wall, which is perpendicular both 
to the horizon and to the plane of the projectile's flight : find the horizontal 
range of the reflected projectile. 

Since the angles of incidence and reflection are equal in this case, as also 
the velocities before and after impact, it is evident that the parabolic path of the 
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piojectfle after striking the wall is equal in erery respect to that which it would 
Ltre continued to describe if there had been no wall interposed. Accordingly 
the problem is solyed by aid of Art. 50. 

7. An imperfectly elastic particle is projected from a point in a smooth hori- 
zontal plane, with a given velocity T, and in a given direction a, and proceeds 
to describe a series of parabolic paths % a number of rebounds from the plane : 
find thp whole time elapsed before it ceases to reboimd ; and also its subsequent 
motion. 

Besolve the velocity of projection into vertical and horizontal components, 

V sin a and V cos a. 

The horizontal component V cos a will be unaltered by the successive impacts, 
and accordingly remains constant throughout the motion : the vertical component 

V sin a will be altered at each impact in the same manner as in direct collision ; 
accordingly it may be treated as in Ex. S, p. 70. 

Hence, if Tbe the entire time before the vertical velocity V sin a is destroyed, 
we easily get, as in the example referred to, 

2rsina 1 
g 1 - s 

Again, since the horizontal velocity is constant, and equal to Kcos a, the whole 
range before the vertical velocity ceases is 

r* sin 2a 

The body would subsequently move along the plane with the constant velocity 
Fcoso. 

It should be observed that the particle, in this problem, describes a series of 
parabolic curves, one for each rebound. 

81. ¥18 Tlwa of a System. — If each point of a mass m 
be moving with the same velocity, and if v denote, at any 
instant, the velocity common to all its points, then the quantity 
represented by mv^ is called the vis viva of the mass at the 
instant. In general, in the motion of any system of masses, 
if each element of mass be multiplied by the square of its 
velocity at any instant, and the sum of these products taken 
for the entire system, this sum is called the vis viva of the 
system at that instant. It is represented by the expression 

S (mv*). 

It is easily seen that, in perfectly elastic Spheres, the Vis 
Viva is maltei'ed by Collision. 

For, since e ^ 1 in this case, equation (2) becomes 
V+v- F'+ e;'; also, we have 

M{V-v) --afV-FO. 
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Multiplying, we get 


- v^) = ]ir{v^ - r*), 

or irP + M' r* = Mv^ + JfV*. (11) 

Hence, in direct collision between elastic spheres the vis 
viva is the same after collision as before. 

It can be easily seen that the same principle holds in the 
oblique collision of perfectly elastic spheres. For the preced- 
ing demonstration holds for the components of velocity esti- 
mated along the line joining the centres of the spheres at the 
instant of collision : moreover, the tangential components of 
velocity are unaffected by collision ; consequently (since 
F® = F* sin*a + F® cos*a, &c.) it follows, in the case of perfect 
elasticity, that the vis viva is unaltered by collision. 

82. Momentum of any System. — Let (^, y, 2 ), [x, y\ 

(a?", 2 "), &c., at any instant, denote the coordinates of a 

number of moving particles, m, m', &c., referred to a fixed 

system of rectangular axes ; then, by Art. 12, the component 
velocities of at the instant, parallel to the axes of y, 2 , 
are i, y, 2 , respectively. 

Again, resolving the quantity of motion of in the same 
directions, we get for its components the expressions 

dx dy dz 

mx, my, mz, or w— , w— , 

dt dt dt 

If this be done for the other masses m\ &c., the whole 
quantity of motion or momentum of the system^ at the instant^ 
estimated parallel to the axis of x^ is represented by 2m 

In like manner, the whole momentum parallel to the axes 
of y and 2 are 2my and 2 m 2 , respectively. 

Again, let y, 2 represent the coordinates of the common 
oentre of inertia of the system m, wi', &o., at the same in- 
stant, we Have, denoting the sum of the masses by 

Mx « ^mxy My = 2 my, Mz = 2m2. 

Moreover, since these equations are true throughout the 
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motion, we may differentiate them, with respect to the time 
t, and thus we obtain the equations 

= S»« ^ 
at at 

_ - rfz ^ dz ^ . 

Jf -77 = 2w — = Sms 
dt dt 

Hence the resolved part of the momentum of a system in 
any direction is equal to the whole mass of the system mul- 
tiplied into the component of the velocity of the centre of 
gravity, in the same direction. 

83. Conservation of Momentum. — It is easily seen 
that the momentum in any direction of any system of- bodies 
is unaltered by their mutual collision. For, under all cir- 
cumstances of collision, the actions and reactions are equal 
and opposite ; and as these forces are measured by the quan- 
tities of motion which they generate or destroy, it follows, 
whenever two bodies of the system come into collision, that 
whatever momentum, in any direction, is generated by the 
impact in one of the impinging bodies, an equal momentum 
in the same direction must be destroyed in the other. So that 
the entire momentum, in that direction, is unaltered by the 
collision. The same holds whatever number of collisions be 
supposed to take place between the members of the system. 

Hence, we infer that the entire momentum of the system, 
resolved in any direction, is unaffected by impacts among the 
parts of the system. 

It can be seen, without difficulty, that the same mode 
of reasoning applies to any case of internal mutual action 
between the several parts of the system, whether arising 
from attractions, molecular forces, or otherwise : since, in all 
cases, to every action corresponds an equal and opposite re- 
action. 

We accordingly infer that, if a system he subjected only to 
the internal mutual forces between the bodies which constitute ity 
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the total resohei momentum in any direction is constant; i.e. 

"Smy, "Simz, have constant values during the motion. 

84. Comerratlon* of Notion of Centre of Inertia. 

— It follows from (12) that i. e. the component 

dt dv dt 

velocities of the centre of inertia of a system, will be constant 
throughout the motion whenever the quantities of motion 
Sms, are constant. 

Hence, from the preceding Article, it follows that the 
velocity, and also the direction of motion of the centre of 
inertia of any system, are constant, whenever the system is 
subject only to the mutual actions and reactions of the bodies 
which constitute it. 

This is a generalization of the principle of inertia con- 
tained in the First Law of Motion, and may be otherwise 
stated thus : — A system of bodies cannot by their mutual actions 
and reactions alter the motion of their common centre of inertia. 

Hence, in such a system, when not acted on by any 
external forces, the common centre of inertia must either 
remain at rest or move uniformly in a right line. 

85. The general principle, that the entire quantity of 
motion of two or more bodies is unaltered by their mutual 
actions and reactions, furnishes us with a ready method of 
solving some elementary problems. 

For example, suppose two masses, m and to be con- 
nected by a string, and laid on a perfectly smooth horizontal 
table, at a distance from each other less than the length of 
the string. Now, let a given impulse be applied to m along 
the line which joins it to m', the motion which ensues after 
the string becomes stretched can be easily found as follows ; 

Let mFbe the quantity of motion communicated to m 
by the impulse, then, after the string becomes tight, the 
bodies must move with a common velocity. Let Vi denote 
this common velocity; then; since the whole quantity of 
motion of .the two bodies remains the same, we have 

{m + m') Vi = m V, 


• This proof corresponds in the main with that given by Newton. See 
Leges Motus, Cor. iv. 
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Oonsequently they move along the line with a common 
velocity 

mV 
m+ m'* 

In this problem we have supposed the motion one of pure 
sliding ; and we neglect the mass of the string in it as also 
in the next problem. 

86. A mass after falling through a height h^from the 
edge of a smooth tahle^ commences to draw bg an inextensihU 
string another mass M\ which rests on the table ; to find the 
velocity communicated to M' at the instant that the string be^ 
comes tightened^ and also the impulse of the tension of the string. 

The velocity acquired by Jf, in consequence of its fall, is 
represented by y/ 2gh ; and since at the end of the impulsive 
strain the bodies are moving with equal velocities, and also 
the quantity of motion is unaltered by the impulsive action, 
we must have 

(if + if>i = JfF= 
or " M^M' 

where Vi denotes the common velocity at the instant in ques- 
tion. 

Again, the impulse of the tension of the string is measured 
by the quantity of motion communicated to M'; and accord- 
ingly is represented by 

MM' / 

M + M' 

If the table be rough, since the friction of the table is pro- 
portional to the weight of M\ it may be neglected in com- 
parison with the impulsive force, and we ^tain the same 
value for Vi as in the case of a smooth table (see Art. 67). 
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Exaupi^. 


1. A sphere, of 30 lbs., moving with a velocity of 4t5 feet a second, over- 
takes another, of 27 lbs., moving 32 feet a second ; if the relative coefficient 
of restitution he f , find their velocities after collision. Ana. 34^}, 43}^. 

2. Two spheres meet directly with equal velocities ; find the ratio of their 
masses that one of them, M, should be reduced to rest by the collision — (1) when 
perfectly elastic ; (2) for coefficient of restitution e. 

Ans. (1) AT = 3Jlf (2) if = if' (1 + 2e), 


3. If two equal and perfectly clastic spheres be dropped at the same instant 
from different heights, h and i', above a horizontal plane ; determine whether 
their common centre of incitia will ever rise to its original height. 


Ana, No, unless 




a commensurable number. 


4. A 101b. shot is fired from a gun of 12cwt., that is quite free to move. 
The velocity with which the shot leaves the mouth of the gun is 1600 feet per 
second ; find the velocity of the gun’s recoil. Ana. 11*9 feet per second. 


6. Three homogeneous spherical bodies, wi, m\ m", are placed with their 
centres in a row. If m bo projected with a given velocity V towards m'; to find 
the magnitude of m' in order that the velocity communicated to m" by its inter- 
vention shall be the greatest possible. 

Let denote the relative coefficients of restitution between m, m', and 
between m', m", respectively. Then, if v' be the velocity of tn' after the first 
collision, we get from Art. 78, 

m + m' * 

In like manner, if e" be the velocity of w" after the second collision, we have 


_ ffl'(l + Qy' ^ mm'(l + g) (1 + g ) r 
m' + w" (m + m') (w' + w") ’ 


is a minimum : i.e. m + m' + m" + 


. (m + fM)(w+wi) 

must be a maximum ; or-^ 

m 

fwm" ... , wm" . . . 

— IS a minimum, or m H is a mini- 

m m 


mum: hence, m = by elementary algebra ; consequently the masses must 

be in geometrical progression. 

This reasoning is readily extended to the case of any number of spheres 
placed in a row ; and, when the first and last are given, the masses must be in 
geometrical progression, in order that the velocity communicated to the last 
should be the greatest possible. 
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6. Two particles are connected by a string, and laid on a uniformly rough 
horizontal table, at a distance from each other less than the length of the string. 
One of the particles receives a given impulse along the line joining them : deter- 
mine the motion which ensues after the tightening of the string. 

7. Find an expression for the vis viva lost in the direct collision of twO' 
imperfectly elastic spheres. 

From equations (2), (3), Art. 78, we have 

(m r + fw' F")* = (mv + 

and mm*{v — t/)*. 

This latter may be written 

+ (1 - V^)\ 

Hence, by addition, 

(m + fn')(mF^ + = {m + m*){mv^ + mV*) + (1 - a*)mm'(r- Vy. 

Therefore + + T)*. 

m + m 

Accordingly, the vis viva lost by the collision is represented by 

(i-«*)-^(r- ry. 

' ' m + m ' ' 

8. Find the loss of vis viva caused by the direct impact of two balls, one- 
weighing 10 lbs. and falling from a height of 20 feet, the other at rest and 
weighing 301b. ; assuming the coefficient of restitution = 

Ans. -ftth of the original vis viva. 

9. A body, after sliding down a smooth inclined plane of given height, re- 
bounds from a hard horizontal plane ; find the range on the latter plane. 

10. A mass 3/, after falling freely through 3 feet, begins to pull up a 
heavier mass 3fi by means of a string passing over a pulley, as in Atwood’s 
machine ; find the height through which it will lift it. 

Let vi be the velocity communicated to Mi by the impulsive action ; then by 

Art. 86 we have vi = i r 
M -t Ml 

Ml — M 

During the subsequent motion Mi is subject to a uniform retardation — - 

os in Art. 73; accordingly, if Hdenote the heightto which ATi ascends before it is 
brought to rest, we have 


if* , 

11. An inelastic particle falls from rest to a fixed inclined plane, and slides 
down the plane to a fixed point in it ; show that the locus of the starling point 
is a straight line when the time to the fixed point is constant, {fiamh. Trip.y 
1871). 
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12. Two equal balls of radius a are in contact and are struck simultaneously 
bv a ball of radius e moving in the direction of their common tangent » If the 
balls be of the same material, the coefficient of elwticity being find the velo- 
cities of the balls after impact, and prove that the impmgmgbaU will be reduced 
to rest if 

2, « ^ {Camh. Trip., 1871.) 

a*(2a+c) 

13. Show how to determine the motion of two elastic spheres aftdr direct 

impact, and prove that the relative velocity of each of Aem with regwd to the 
ce^ of mass of the two is, after the impact, reversed in direction and reduced 
in the ratio being the coefficient of restitution. 

A series of n elastic spheres whose masses are 1, are at rest, sepa- 

rated by intervals, with their centres on a straight line. The first is m^e to 
impinge directiy on the second with velocity Prove that the fin^ vxs viva of 
the system is (1 - ^ + 1876.) 

14. An elastic ball makes a scries of rebounds from a perfectly smooth inclined 

plane : to investigate its motion. 

Let i be the inclination of the 
plane to the horizon, and suppose 
the ball projected from the point 0 
in the plane, in a direction which 
makes the angle a with the plane. 

Let i3, /3i, &c., be the angles at 
which the ball strikes the plane at 
the first, second, • • • n*^ impacts ; and 
ai, 02 , . . . ««» the angles it makes 
nfter rebounding. 

Then, by equation 9, Art. 66, we have 



but, by (10) Art. 80, 


cot iS = cot o — 2 tan % ; 
= e cotoi. 


e cot oi = cot o — 2 tan i. 

Similarly ^ «coto2 = cotoi- 2 tani; 

s* cot 02 = cot 0 — 2 ( 1 +^) tan i j 

and it is easily seen that we have, in general, 

«♦» coto« = cot o — 2 (1 + a + . . . + a*"')tani 


2(1 -a"). . 

= cot a — — - tan », 

from wUch the angle after the «« rebound can he found. 

the hall will proceed to hound up the plane so long as the angles 
oi, 02 , . .*• are each less than 90* - i. 
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If On be tbe first of a series of angles wliich exceeds QO** - i, we will have 
cota»<tant. 

If cot a is greater than ^ it can be readily shown that for all values of n 

an is less than 90” - 1 ; and in this case accordingly the ball would proceed to 
ascend the plane by an indefinite series of parabolic paths. 

But if cot a be less than - — after a certain number of impacts, the body 

would proceed to rebound down the inclined plane. 

2tani 


In the particular case whore cot a ^ 


1 — e 


, or 2 tan i = cot a ( 1 - c), we have 


hence 


e cot ai=e cot a ; ai = a ; 
a= ai = a 2 = . . . = a,» ; 


or, all the angles of rebound are equal to one another ; consequently the series 
of parabolic paths in this case arc similar, and the particle would proceed up the 
plane with an indefinite number of rebounds. 

In general, let <i, h, • . • U bo the times of flight for the series of parabolic 
paths, and vi, V 2 ) . . . t>n, the velocities of the successive rebounds ; then by equa- 
tion (6), Art. 60, we Lave 


sin a 
y cos i ’ 


h 


2vi Bin ai « 

&c. 

y cosi 


But if V* be the velocity with which the ball strikes the plane at the first 
impact, we have 

V* sin = v sin a ; 

but by Art. 80, 

v\ sin ai = ev’ sinfi sin a ; 


consequently 


t 2 = eti ; also h = etz = &c. 


Hence the times of flight are in geometrical progression, having e for their 
common ratio. 

If the intervals of time occupied by the successive impacts be neglected, we 
get for the time T of desciibing the first n parabolas, 

^ 22 ; sin a 1 - e*' 

y cos i 1 - ’ 


Again, let J7i, J22, . . . Hn denote the consecutive ranges on the inclined 
plane ; then, by Art. 50, we have 

-Ki = Jy^i* — = Jyfi* cos t (cot a — tan *). 

Similarly, 

= Jyfa® cos i (cot ai tan i) = Jy<i* cos i (e* cotai - a* tau *) 

= cos i {cot a - (2 + «) tan i} . 
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^nd, in general, 

Rn = \gU? cos i (cot o».i - tan *) 

= 6* cos i {cot a- (2 + 2tf + . . . + 2c»^* + s"-') tan i { 


( 2 — — c»*\ 

1 — ~e — j 

2e‘Bin^a( , 2^“-* • , ^ + ^ 2«ax •) 

r- 5tf"-^cota-; tant + ; e*»-*tani}. 

^cosi( 1-a I - e ) 


Hence the sum of n ranges is found to he 

. e* 8in*o 1 - ( . !-«». .) 

= 2 r 1 { cot a - tan » } 

^cosil-tfl 1-a ) 

= ©r sin o ^cot a - ^ ^ tan . 

If cot a be greater than we get the entire range on the inclined plane 
by making #1 = 00 ; hence the entire range is, in this case, 


vT sin a |cot a - « 


The preceding question was discussed at great length by Bordoni, Mem, deHa 
ifoeiefa Jtal., 1816. See also Walton’s FrobUm on Theoretical Meehanm^ 
pp. 262, 263, 8rd edition. 

15. In the preceding example show that the greatest distances of the body 
from the inclined plane in the successive parabolic paths are in geometrical pro- 
gression, having e^ as their common ratio. 

16. If two bodies, of the same elasticity be projected with the same velocity 
from a point on an inclined plane, and if the directions of projection make equal 
angles at opposite sides of the perpendicular to the plane, prove that the series 
of parabolic paths described, one up, the other down the plane, will be described 
in times which are respectively equal in pairs. 

17. An imperfectly elastic ball falls from a height h upon an inclined plane ; 
find the range between the first and second rebounds. Ans, ieh sin i (1 + e). 


18. Prove that, in order to produce the greatest deviation in the direction of 
a smooth billiard ball of diameter a, by impact on another equal ball at rest, the 


former must be projected in a direction making an 


angle sin-* 


- with the 


line (of length e) joining the two centres ; e being the coefficient of restitution. 

Camb, Trip., 1873. 


19. A bucket and a counterpoise, connected by a string passing over a pullev, 
just balance one another, and an elastic ball is dropped into the centre of t&e 
bucket from a distance h above it ; find the time that elapses before the ball 
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ceaeeB to rebound ; and prove that the whole descent of the bucket during thia 
interval is ^ where m, M are the masses of the ball and the 

bucket, and e is the coefficient of restitution. Camb. Trip,^ 1876. 

Let V be the. velocity of the ball just before the first impact. The relative 
velocity after the first impact is and the relative acceleration is y, since the 
acceleration of the bucket is zero. 

Therefore the time during which the ball rebounds is 

2t? 2i> e ^ e \%h 

g ^ ' y 1 - « 1 -s\ y 


Let Fi, Fi, Fs, . 
third, . . . impacts. 


. . be the velocities of the bucket between tbe first, second. 


Then 


ri = 




+ m 

and the space described by the bucket is 
2v 


w, &c., 


2Jf + m 


~(«ri4^^ra+^3r3 + ...)- 


2mev^ 


4mh 


g{2M+ m){l^ey 2M-{,m {I -- ef 


g ?his proof is taken from Greenhill’s solutions of Cambridge Problems and 
iders for 1876.) 

20. A particle is projected with a velocity F, in a direction making an angle 
a with the horizon, and strikes a vertical wall, at a distance a from tbe point of 
starting. Find when and where it will strike the horizontal plane drawn through 
its initial position. 

Ana, T= ^ ^ ~ . The distance from the wall at which it will strike 
g , 

the ground = e , where e is the coefficient of restitution for the 

particle and the wall. 

21. A large number of equal particles are fastened at unequal intervals to a 
fine string, and then collected into a heap at the edge of a smooth horizontal 
table, with the extreme one just hanging over the edge. The intervals are such 
that the times between successive particles being carried over the edge are equal : 
prove tiiat if be the inteiwal between the and the (« + 1)<* particle, and 

Vn the velocity just after the (n 4 1)** particle is carried over, then ~ = — = jj. 

Cl tfi 

Professor Wolstenholme, Educ, Tunes, 

If V be the velocity acquired by the first particle during its fall through the 
interval ci, we get immediately, from the conditions of the problem, the two series 
of relations 

vi = iv, V 2 = i{vi + v) = y, V3 = i(f ;2 4f>) = }r, &c. 

2yai = t;*, 2y<J2 = {vi 4 v)* - Vi* = 2ycs = ( 1*2 4 v)» - va* = Zv\ &c. 
Hence 

vi : i ’2 : V3 : &c. : Vn= : &c. : = 1 : 2 : 3 ; &c. : n. 
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CHAPTEE V. 


CIRCULAR MOTION. 

Section L — Sarmonk Motion. 

87. Uniform Circular Motion, — If a point P describe a 
circle with a uniform motion, the radius of the circle is called 
the amplitude of the motion, and the time of making one 
revolution is called period. If the arcs are measured from 
a fixed point and the time counted from the instant the 
moving point passed through a fixed point Ey then the angle 
AOE is called the angle of epoch, or briefly, the epoch. Also 
the ratio which the arc PEy at any instant, bears to the cir- 
cumference of the circle is called the phase of the moving point 
at that instant. 

The arrowheads on the figure denote the direction in which 
the motion is supposed to take place, 
and such a rotation as there repre- n 

sented, i.e. in the opposite direction to 
that of the hands of a clock, is con- 
sidered a rotation; that in the 

opposite direction, or clockwisCy being 
considered negative. 

Let (i> be the angular velocity of 
P, or the circular measure of the arc 
described in one second, 6 the circular 
measure of the epoch ^ OP, and 0 that 
of AOPy we have 

0 - utt -h e. 




P 

3\' 

a’I 



°i 

M 1 





( 1 ) 


27r 


A^ain, if T denote the period, we get and hence, 

if desirable, we should write 

* fl 2ir 

but we shall generally employ the form being 

more compendious. 
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88. Harmonic Motion. — If PM be drawn perpendi- 
cular to the diameter A A', then as P moves uniformly round 
the circle, the point M moves backwards and forwards along 
the line AA\ and is said to have a simple harmonic motion. 
The amplitude, period, epoch, and phase of the harmonic 
motion are the same as those of the corresponding circular 
motion. 

If OM = 0 ?, then the position of M at any instant is given 


by the equation = a cos + e). 


( 2 ) 


where a represents the amplitude, and e the epoch of the 
motion. The angle + e is called the argument of the 
motion, and the distance x is said to be a simple harmonic 
function of the time. 

Again, if PN be perpendicular to OP, and y = ONj we 
have y = a sin [(at + e) = cos + e - ^tt). 

Hence the point N has also a harmonic motion, and we 
infer that a uniform circular motion is equivalent to two 
simultaneous rectangular harmonic motions, of the same 
amplitude and period, but differing one- fourth in phase: 
and conversely. 

Again, if. the point M be projected on any line, the pro- 
jected point plaMy has a harmonic motion of the same 
period and phase, but having for amplitude the projection 
of the amplitude of M. 

If we differentiate equation (2) we get 
ilx 

t? = — = - sin [tot + e). 


Consequently the velocity of a point which* has a simple har- 
monic motion is a simple harmonic function of the time ; and 
its maximum value is equal to the velocity in the circle. 
Again, the acceleration /is given by the equation 


/ = 


dv 

dt 


cu® a cos {wt + e) = - w^x. 


Consequently the acceleration at any instant is propor^ 
tional to the distance from the middle point of the motion, 
and is always directed towards that point. The acceleration 
at either extremity of the motion is - a. 
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Any nmnber of hanaonio motions of equal periods in the 
same Ime are equivalent to a single harmonio motion. 

For let te^a oos {wt + t) + t/ oos [mt + t) + &o. 

Then x>=A(!OOu>t-Btmut, 

where A = SaooBe, and B='Sa sin t. 

Hence x = C<soB{u)t + y), where 

0=^ + B‘, and tan y = 2* 

This result admits also of a simple geometrical demon- 
stration. 

89. Elliptic Harmonic Hotton. — a circle be pro- 
jected orthogonally on any plane its projection is an ellipse, 
and the projection of any point which moves uniformly on 
the circle is said to have an elliptic harmonic motion. 

An elliptic harmonic motion may be resolved into two 
simple harmonic motions, of the same period but differing in 
amplitude, along any two conjugate diameters of the ellipse, 
these motions differing one-fourth in phase. This follows 
immediately from the property that rectangular diameters 
in. the circle are projected into conjugate (tiameters in the 
ellipse. Conversely, any two simple harmonio motions, in 
different lines, of the same period and differing one-fourth 
in phase, compound an elliptic harmonic motion, having the 
lines for conjugate diameters. 

Examples. 

1 . A point P describes a circle with uniform velocity. If if be its projecture 
on any fixed diameter, prove that the velocity of M varies as Pif, and that its 
acceleration varies as OM; 0 being the centre of the circle. 

2. If two harmonic motions in the same line have equal amplitude (a) and 

equal periods, but different epochs, c, e', find the amplitude of their resultant 
motion. Am. 2a cos} (c — e'). 

3. If the difference of phase in the last passes continuously from 0 to 2ir, find 
the mean value of the square of the amplitude of the resulting vibration. 

Am. 2a\ 
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The mean Tolue is tepnaentedby the definite integral (Int, dale.. Art. 238), 

r 



*■ J 0 

Tkis result is of importance in the Wave Theory of Light, as it shows that the 
intensity of light is proportional to the square of the amplitude of the vibration 
which constitutes the light. 

4. If two or more harmonic motions in different directions have the same 
periods and phases, show that their resultant is also a simple harmonic motion 
of the same phase. 

5. Prove that the resultant of any number of simple harmonic motions, dif- 
fering in directions and phases, but having the same period, is an elliptic har- 
monic motion. 


6. In elliptic harmonic motion prove that the areal velocity of the moving 
point, round the centre, is constant. 

7. Prove that any simple harmonic motion is equivalent to two circular 
vibrations, in opposite directions. 


8. A horizontal shelf moves vertically with simple harmonic motion, the 
complete period being one second. Find the greatest amplitude in centimetres 
that objects resting on the shelf may remain in contact with it when at its 
highest point : assuming y = 981. udns, 24*85. 


9. In elliptic harmonic motion, being given the difference of phase, and the 
ratio of the amplitudes of the components along two given right lines, perpen- 
dicular to each other, determine the position and the ratio of the axes of the ellipse. 


If ^ be the ratio of amplitudes, ~ the difference of phase, juthe ratio of axes, 
2ir 

and a the angle made by the axis major with the direction of greater amplitude, 
then 


1 + A* - 1 + 2^**cos 2f + , 2/>; cos e 

■ • • tan2a= . 

1 + *3 + 2A;2cos2€ + A^ 1 “ 


10. Show that two simple harmonic motions, in rectangular directions, of the 
sanie epoch, and whose periods are as 1 : 2, compound a parabolic vibration. 

In this case the motion may bo represented by the equations 
a = a cos 2cift, y a 5 cos at. 

X 2y* 

Hence, eliminating we get - = - 1. 


11. In the same case, if the vibrations differ , in epoch, show that the har- 
monic motions compound a curve of the fourth degree. 

The motion is represented by the equations 

x = acos (2at - e), y cos at. 

Hence, eliminating ty we get 



M 1 

1 




cos « + cos*e = 0. 
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Section IL — Centrifugal Force. 


90. Centrifugal and Centripetal Force. — A heav^ 
particle may be made to move in a circle, either by having 
it attached to a fixed point by an inextensible string, and 
made to move on a plane passing through the fixed poilit, or 
by its being constrained to move in a fixed circular groove. 
During the motion in the former case the string sustains a 
strain or tension : in the latter, the moving particle presses 
outwardly against the groove. This tension, or pressure, 
is called the centrifugal force of the particle, and is always 
directed outwards from the centre of the circle described. 

The groove, or string, exerts at the same instant an equal 
and opposite reaction, inwards on the particle. This latter is 
called the centripetal force which acts on the particle. If 
m be the mass of the particle, and V its velocity at any 
instant, then, by Art. 25, we infer that the centripetal force 

is represented by m — , where r is the radius of the circle. 

This result can also be established otherwise in the fol« 
lowing manner. Let P be the position of the ^ ^ 

particle at any instant; then if it were free, and 
acted on by no force, it would move along the 
tangent at P with the velocity F, which it has at j 
the instant ; and at the end of the time bi would j 

arrive at the point where PN^ Vx : accord- / 

ingly QA' denotes the space through which it / 
has moved, in the time owing to the centri- / 
petal force. This force is directed towards the ^ 
centre of the circle, and may be regarded as 
constant in magnitude and direction, during the indefinitely 
short time At, 

Hence, if / denote its acceleration, we have, by Art. 36, 
QN-ifiAty. 

But, in the limit, PN^ == 2QN.PC^ 
where C is the centre of the circle ; 

V\Aty=2QN.PC. 
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Hence 


Or, the centrifugal acceleration f is a third proportional to the 
radius of the circle and the velocity of the particle. 

fjfl 

Tie centrifugal force is accordingly represented by 

If it be required to calculate the pressure in pounds due 

JfT 

to the centrifugal force, we substitute — for m, and the pre- 

ceding expression becornes • 

// Since the centripetal force is always directed to the centre 
oWhe circle, and is consequently at right angles to the direction 
•at motion, it has no eflEect in altering the velocity of the mov- 
ing particle. Hence, if no other force act on the particle, its 
/jrelocity will be constant during the motion. 

/ Conversely, if a particle m describe a circle of radius r, 
/with a uniform velocity T, we infer that the resultant of all 
> the forces which act on it passes through the centre of the 

mV^ 

circle, and is represented by — 

Again, as the velocity in the circle is uniform, if Tdenote 
the number of seconds in which the circumference is described, 

we have V=^~. 

Hence, in this case, we have 


/=47r* 


‘Consequently, in uniform circular motion, the centrifugal 
force varies directly as the radius of the circle, and inversely 
as the square of the time of revolution. 

Again, if w be the angular velocity of the radius CP, we 

have 01 = ^: accordingly, in terms of the angular velocity 

and the distance, we have 

/= wV. (3) 
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Examples. 

1. Calculate the centripetal acceleration of a particle which moves in a 

circle of 6 feet radius with a velocity of 10 feet per second. Ana. 20. 

2. A particle peiforms 20 revolutions per minute in a circle of 1 foot cir- 
cumference : find its centrifugal acceleration. Ana. *6981. 

3. A body of 1 lb. mass revolves, in a horizontal plane, at the extremity of 

a string 10 feet long, so as to make a complete revolution in 2 seconds ; find the 
tension of the string in pounds. lOir* 

4. A railway carriage of 1 ton weight is moving at the rate of 60 miles an 

hour round a curve of 1210 feet radius : find the centrifugal pressure on the 
rails. Ana. 448 lbs. 

5. In the last example, find how much the outer rail should be raised in 
order that the total pressure should bo equally distributed between both the rails, 
the distance between the rails being 4 feet. Ana. 9^ inches, approximately. 


91. Circular Orbits. — In the case of uniform circular 
motion, since the centrifugal force acting on the particle at 
each instant is directed from the centre of the circle, we may 
suppose the particle to bo kept in its circular orbit by the 
action of an attractive force always directed to the centre 

of the circle, and whose acceleration is 47r® Hence^ 

if the magnitude of the acceleration directed to a fixed 
centre of force be known, we can determine the conditions 
that a particle should describe a circle, having the fixed 
point as its centre. For, if / be the acceleration caused by 
the central force at the distance r of the particle, we have 

/ a L, and therefore v = ^fr. This determines the velocity 


at each point in the circle. ^ 

Conversely, if the particle be projected at the distance r 
from the centre of force, at right angles to the radius vector, 

with a velocity v = it will proceed to describe a circle 
freely round the centre of force. 


Also, the time T of describing the circle will be 


2irr 


or 






V 



Centrifugal Force at Farth’e Equator. 91 

For example, if the attractive force be directly propor- 
tional to the mstance, we have/= /ir, where /i is some con- 
stant ; and consequently, in this case, 

T = ~ (4) 

v^/i 

Hence, for this law of attraction the time of revolution 
in a circular orbit is independent of the distance ; and wa 
infer that the times of revolution for all ciraular orbits round 
the same centre of force are equal. 

Again, let the attraction vary inversely as the square of 

the distance from the centre, that is to say let/= 

In this case the velocity in the circular orbit is represented 
by and the time of revolution by 27r . Hence we see 

that in different circular orbits round the same centre of 
force (which varies as the inverse square of the distance), the 
squares of the periodic times vary as the cubes of the distances 
from the centre of force. 

This establishes Kepler’s Third Law for circular orbits. 

The preceding are particular cases of general results con- 
nected with the problem of Central Forces, which will be 
treated of in a subsequent Chapter. 

92. Centrifugal Force at Farth’s Equator. — 

now proceed to consider the centrifugal force arising from 
the rotation of the Earth on its axis. 

Let r be the number of feet in the Earth’s radius ; T the 
number of seconds in the time of a complete rotation on ita 
axis; / the acceleration due to centrifugal force at the Equa- 
tor ; then we have 

/= 4jr’‘:^. 


The most convenient method of determining/is by compar- 
ing its value with that of g at the Equator : thus 


( 5 ) 
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Substituting their numerical values for w, r, g, and T, we 
find, to the nearest integer, 

g = 288/ 

Again, as the centrifugal force tends to diminish the action 
of gravity, it should be added to the observed value of g to 
obtain the true acceleration due to the Earth’s attraction at 
the Equator. 

Hence we have O = g + f= 289/ 



( 6 ) 


or, the centrifugal force at the Equator is the 289th part of 
the Earth’s attraction at the same place, approximately. 

It is easy from this result to determine what the time of 
the Earth’s rotation should be in order that bodies should 
have no weight at the Equator. 

For let T' be the time required, then the corresponding 


oentrifugal acceleration would be 


47rV . 

9 


hence 


^^=(? = 289.~; 



Accordingly, if the Earth were to rotate 17 times faster than 
it does bodies would lose all their weight at the Equator, 

Hence also we infer that if a body revolve around the 
Earth in a^circle, near its surface, and subject to its attrac- 
tion solely, it should travel round the circumference of its 
circular orbit in the 17th part of a day. 

93. Verification of the Ijaw of Attraction. — The 
last result can be applied to verify, by a rough calculation, 
the fact that the Moon is retained in her orbit by the attrac- 
tive force of the Earth ; the law of force being the inverse 
square of the distance from the Earth’s centre; and the 
Moon’s path being assumed to be a circle having the centre 
of the Earth as its centre. 
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For let it denote the distance of the centre of the Moon 
from the Earth’s centre ; T her periodic time expressed in 
days ; T' that of a body revolving round the Earth dose to 
its surface. 

Then, by Art. 91, we have 

T* ; T'* = : rK (8) 

Now, assuming the Moon’s distance from the Earth’s 
centre to be 60 times the Earth’s radius, as found approxi- 
mately by observation, we have .8 = 60 r. 

Hence T = T' 60^ = 60 jVoO ; 

but, by the last Article, (since the times T, T' are ex- 

pressed in days). 

Hence T= 


This, when calculated, gives approximately 
27-3387 days. 


The near agreement (within 24 minutes) of this result with 
the mean value of T as obtained by observation, viz., 
27-3216 days, affords a strong confirmation of the Law of 
Gravitation. When more accurate values are substituted, 
and all the circumstances of the problem taken into account, 
the calculated agrees completely with the observed result. 

94. Tangential and Uformal Components. — Let 0 


represent any place, of latitude A, on 
the Earth’s surface, supposed spheri- 
cal: ON the perpendicular drawn from 
0 to the Earth’s axis, PP'. 

Then the centrifugal acceleration 
at 0 is in the direction NO pro- 
duced ; and its amount is represented 
by 


V 



4T*iV'0 47rVcoBX . . 

or =/oosA, 


2^2 


JI2 


where / denotes the centrifugal acceleration at the Equator. 
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The oentrifugal force along NO can be resolred into two 
eomponents; one along CO produced, the other in the tan- 
gent direction. 

These are plainly represented by /cos’A, and/cosX sin A, 

rei^ectively ; or by and — . The effect of 

the former is to diminish the Earth’s attraction as before. 

Hence for the actual value of g at any latitude A, assum- 
ing the Earth an exact sphere, we get 


g=G- 


Gcos’A 

"W 


289 / 


( 9 ) 


This result has to he modified when the spheroidal form of 
the Earth is taken into account. 

The tangential component of the centrifugal force vanishes 
at the Equator and also at the poles. ForinWmediate places 
it varies as sin 2A, and has its greatest value at 45'' latitude, 
where it is equal to half the centrifugal acceleration at the 
Equator. 

Examples. 


1. Calculate the diminution of gravity due to centrifugal force at a latitude 
of46“. 

2. Calculate the tangential component for the same case. 

3. Calculate the centrifugal acceleration at the equator of the planet Mer- 
cury, its radius being 1570 miles, and time of revolution 24^ 5™. Ans. *0435. 

95. Rototion of a Rigid Body. — If a rigid body be 
conceired to turn round a fixed axis, each of its points will 
describe a circle, having its centre on the axis of revolution. 
Also, since every line in the body that is perpendicular to the 
axis turns through the same angle, the angular velocity of 
each point of the rigid body will be the same at any instant. 
This instantaneous angular velocity is called the angular 
celomty Of the body, and it is plainly the same as the velocity 
of any point in the body which is at the unit of distance from 
the fixed axis. 

If the angular velocity at any instant be represented by 
w, the velocity of a point whose d^nce from the axis is p is 
represented by pu. 
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96. If a plane lamina rotate about a fixed axis at right 
angles to its plane^ the centrifugal forces of the different elements 
of the lamina are equivalent to a single force^ passing through its 
oentre of mass^ and which is the 
same as if the entire mass were con^ 
centrated at that point. 

Let the plane of the paper 
represent that of the lamina ; and 
take the point 0, in which the 
fixed axis meets the plane, as the 
origin of a pair of fixed rectangu- 
lar axes OX and OY. 

Suppose w to be the angular velocity of the lamina at 
any instant ; then, since each point in the lamina describes 
a circle round 0, the centrifugal forces for all its elements 
pass through that point ; these forces accordingly are equiva- 
lent to a single force. To find the value of this single 
resultant; let OP = r, and let dm denote the -mass of an 
element at the point P; then the centrifugal force of the 
element is wVrfm, acting along the line OP produced. This 
force can be decomposed into two, w^xdm and wfydmy parallel 
to the axes of x and y respectively. 

Suppose the centrifugal forces of the other elements re- 
solved in like manner, then the entire system is equivalent 
to the forces and parallel to OX and OY. 

But 

2d? dm = Mxy 2y dm « My^ 

where x, y are the coordinates of the centre of mass of the 
lamina. 

Hence the resultant of the entire system of centrifugal 
forces is the same as that of the two forces 

and 

or to the single force (o^Mdj where d denotes the distance of 
the centre of mass of the lamina from the fixed axis. 

97. A similar theorem holds for any uniform rigid body 
turning round a fixed axis, provided the body has a plane of 
symmetry passing through the axis. 

For the body may b^ conceived divided into a number of 
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indefinitely thin parallel plates, by planes perpendicular to 
the fixed axis, and the preceding theorem holds for each of 
these plates or laminae. 

Again, if nh^ . . . &o., denote the masses of the 
plates; andjt^i, pa, Pa, . . . &o., the distances of their respective 
centres of mass from the fixed axis; then as the bpdy is 
supposed uniform and symmetrical, the centres of mass of each 
of the plates all lie in the plane of symmetry ; therefore the 
forces ci)*mipi, • . . &o., form a system of parallel forces. 

They consequently have a single resultant, equal to their 
sum, or to where M denotes the mass of the body, and 
d the distance of its centre of mass from the axis of rotation.* 

Hence, the stress on the fixed axis produced by the cen- 
trifugal force is in this case represented by (o^3fd. 

If the fixed axis pass through the centre of mass, the 
stress on the axis becomes a momental stress or a couple : as 
will be shown also in the following Article. 

98. Centrifugal Foreea arising from Rotation for 
a Rigid Body. — Next let us consider the case of any rigid 
body rotating round a fixed axis. Suppose a plane drawn 
through the centre of mass, per- Y 

pendicular to the fixed axis, and 
meeting it in the point 0, Take 
0 as the origin, the fixed axis as 
that of s, and two rectangular axes 
as those of x and y, respectively. 

Let dm denote an element of 
mass at the point P, whose co- 
ordinates are Xy yy % \ then, by 
Art. 96, the centrifugal force for 
the element dm is equivalent to 
the forces, w^xdm and w^ydmy 
acting at P, parallel to OX and z 
OTy Mspectively. 

Transferring these forces to the point Ny they are equiva- 
lent to the forces w^xdmy ia^ydmy parallel to OX and OY ; 
along with the couples w^xzdmy w^yzdmy parallel to the planes 
XZ and YZy respectively. The resultant of the forces 
it?xdmy in^ydmy acting at Ny is obviously directed to 0 ; and 
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consequently if it be transferred to 0, it can be resolved into 
and acting along OK and OF, respectively. 

If each centrifugal force be resolved in like manner, the 
whole system is equivalent to the forces 

and 

OT to ■ (d^Mx and w^My^ 

acting along OX and OF, respectively; together with the 
couples (jj^^xzdnij to^^yzdmy acting in the planes of XZ and 
FZ, respectively. 

If the fixed axis be a principal axis relative to the point 0 
^{Int. Cak.f Art. 214), we have 

"Ixzdm = 0, and ^yzdm = 0. 

Hence, in this case the strain on the axis produced by the 
rotation is the same as if the entire mass was concentrated at 
the centre of mass of the rigid body. 

If, further, the fixed axis be one of the principal axes 
passing through the centre of mass of the body, the cen- 
trifugal forces arising from the rotation produce no strain on 
the fixed axis. And accordingly, if, from any cause, a rigid 
body cpmmence to rotate about such an axis, it will continue 
to rotate permanently round the axis, provided the only 
external force be that of gravity. 

For example, if we suppose a homogeneous sphere, whose 
centre is fixed, to receive any impulse, it will commence to 
rotate around some one of its diameters ; and, as every dia- 
meter is in this case a principal axis, it follows, from the 
preceding, that it will continue to revolve permanently round 
that axis, if we suppose no external force but gravity to act 
on it. 

On account of the property established above, it is of im- 
portance, in order that any machine should work smoothly, 
that the centre of mass of any wheel, or portion which ro- 
tates rapidly, should lie on the axis of rotation, which should 
be a principal axis ; for otherwise the centrifugal forces would 
cause strong disturbing vibrations. 

The theorems of this section are particular cases of im- 
portant general results, which will be discussed in a subse- 
quent chapter. , 

H 
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Ezakples. 

1. A string of 6 feet length is just capable of supporting^ a weight of 10 lbs. ; 

find the greatest number of revolutions per minute that a weight of 4 lbs. attached 
to the extremity of the string is capable of making in a horizontal plane without 
breaking the string. Ans, 38. 

2. A mass of 8 lbs. is suspended from the extremity of a string 10 feet long : 

find the least velocity that should be given to it in order to break the string, if 
its breaking tension be 12 lbs. Ans, 12 '64 feet per second. 

3. Two balls weighing 6 lbs. each are fixed at the extremities of a rod of 

10 feet length, which revolves 100 times in a minute around a central vertical 
axis ; find the tension of the connecting rod. Am, 102 lbs. 

4. If two equal bodies moving on a rough horizontal plane be connected by 
a string of invariable length a, but without weight ; find the longest time that 
one can continue to move after the other has been stopped by friction. 


J-. 


where ju, is the coefficient of friction. 


5. A bodym sliding on a perfectl^r smooth horizontal table is connected bv a 
string passing through a smooth hole in the table, with another body m' which 
hangs freely ; find the condition that m' should remain at rest, and also the time 
of revolution of m in its circular path, supposed of radius a. 


Am. Velocity of m should be 


/!!!>; til 

\ m 


time of revolution s 


6. If a body, attached at its centre of mass to one end of a string of length 
‘ r, the other end of which is attached to a fixed point on a smooth horizontal 

plane, makes n revolutions per second ; prove that the tension of the string is to 
the pressure on the plane as iir'^n^r to g. 

Prove that at the Equator a shot fired westward, with velocity 8333, or east- 
ward, with velocity 7407 metres per second, will, if unresisted, move horizon- 
tally round the earth in one hour and twenty minutes, and one hour and a-half 
respectively. Camh. Trip., 1878. 

7. A rigid body of any form revolves freely round an axis fixed in space : 
required the conditions under which the centrifugal forces of its several elements 

have — {a) no resultant ; a resultant pair ; ((;) a resultant single force ; 
{d) a resultant pair and single lorce. Zhgd Zxhib., 1872. 

Section III. — Motion in a Vertical Circle. 

99. ¥eloclty In a Smooth ^ 

Tertleal Curve. — Before the dis- _ L r 

oussion of motion in a circle we ^ T ' 

shall consider some properties of 

the motion of a particle, under the / 

action of gravity, on any vertical / 

curve. p 

Take OX a horizontal, and — 

OY a vertical line in fhe plane as X 

axes of coordinates ; and suppose^ o t ? ^ 

y the coordinates of P, the position of the particle at the 
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end of any time t. Let ^ be its position when ^ = 0, and let 
AP^ 8 ; then, by Art. 43, the acceleration along the curve at 
P is represented by 

psin* = -sr^. 

Hence we have ^ = 

dt* ds 

Multiply by 2ds, and integrate ; then 

Let yg = AB, and Va = velocity at A, then 
^0 = - 2flryo + const. ; 

therefore - Vq = .2g [y^ - y). (2) 

Again, if AR be measured upwards = 4, the height due 
to the velocity «?o, and RD be drawn parallel to the axis of x ; 
then 

= 2g[h + yo- y) = 2gPL. (3) 

Consequently the velocity at any point P is the same as that 
acquired in falling from the horizontal line DR, 

This is an extension of the result given in Art. 49, and is 
itself a case of the general principle of work which shall be 
treated of in the next chapter [see Art. 132). 

100. Motloii In a Vertical Circle. — ^If a particle be 
constrained to move in a vertical circle under the action of 
gravity, its velocity at any point, by (2), is the velocity due to 
falling through a certain height from a certain horizontal line, 
or level. The motion will be one of complete revolution if 
this right line lies altogether outside the circle. If the line 
cut the circle the motion will be oscillatory. We proceed to 
consider the latter case in the first instance. In this case 
we may either consider the particle as moving in a smooth 
circular tube, or as attached by an inextensible string to a 
fixed point in the centre of the circle, the weight of the string 
being neglected. , 


-Y= 


2gy + const. 


( 1 ) 


H2 
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When the are in which the oscillation has place is hut a 
small portion of the ciroumferenoe we get what is called a 
ample pendulum. From this statement the student will 
see that a simple pendulum can only he approximately repre- 
sented. However, a small leaden hall suspended from a 
fixed point by a very fine wire may he regarded approxi- 
mately as a simple pendulum. 

101. Simple Pendnlnm. — Let C be the centre of the 
circle ; 0 its lowest point ; A the point r. 
from which the particle may he sup- 
posed to start; P its position at the 
end of any time t ; v the corresponding 
velocity, 

B = £.PC0, u^lACO, • 
estimated in circular measure, 

« = ^p, /=oa 

Then, since the velocity at P is that due to falling from 
a horizontal line drawn through Ay we have 

o’ = 2gl (cos 0 - cos o) ; 



but 

therefore 





Consequently 



Again, since in the motion from A to 0, 6 diminishes as 
dO 

t incaretues, ^ is negative. Accordingly we have 
ut 




Tme of a 8maU OmllaHon. 


Idl 


Hence we get 



de 




(4) 


102. Time of a Small Oeclllatlon. — The preceding 
definite integral, which reprenents the time of describing a 
circular arc, cannot be expressed in finite terms by means of 
the ordinary algebraic or trigonometrical functions ; however, 
when the amplitude of the oscillation is small we can e^ly 
get an approximate value for t, as follows : — ^When a is so 
small, that we may neglect powers of a and 6 beyond the 
second, we have 

4^sin* I - sin’^^ ■■ a’ - fl*. 

Hence (4) becomes 



No constant is added as 0 « a when i = 0. Consequently 
we have 


= a cos 



(5) 


Accordingly 0 is a simple harmonic function of the time 
(Art. 88). 

Again, when 0 = 0, we bayej^ ^ ~ ^ 
descent to the lowest point is represented by ^ 


The partide, after arriving at the lowest point, plainly 
moves up the other side of the arc, and if the whole time of 
a small oscillation, expressed in seeonds, be denoted by T, we 
have 



Since this expression is independent of a, it follows that 
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the time of a mall oaeillation ie the same for all arcs of vihro/- 
tion in the same airele. From this property the vibrations ol 
a pendulum are said to be isochronous. Also the time of a 
small oscillation at any place varies as the square root of the 
length of the pendulum. 

103. The Seconds Pendnlnm. — K pendulum 'whioh 
oscillates once in every second is called a seconds pendulum. 
If L be its length, since the correq>onding value of I* is 
unity, we have 


g = i^L. 

Hence the value of g can he determined for any 
whenever the corresponding value of L is obtained. 

This gives the most accurate method of finding the value 
of g at any place, since that of L can> be determined with 
great accuracy by observation. 

^ Any rigid body made to vibrate about a fixed horizontal 
axis is called a compound pendulum . It will be shown sub- 
sequently {see Art. 136) that in every such case there is an 
equivalent simple pendulum which would vibrate in the same 
time as the actual pendulum under consideration. This cir- 
cumstance renders the consideration of the ideal pendulum 
above discussed of the utmost practical importance. 

The length of a seconds pendulum at London is found to 
be 39'1416 inches, approximately ; hence the corresponding 
value of ^ is 32'1908 feet. 

Pendulum observations furnish the most accurate proof of 
the fact that the force of gravity acts with equal intensity 
on all substances, as it will be seen that the length of the 
simple pendulum equivalent to any compotmd one depends 
merely on the shape of the latter, but not on its material, 
provided it be homogeneous. 

Again, if T, T' be the times of small oscillation for two 5. 
pendulums of different lengths, I and V\ and if n and «' be 
the number of their respective vibrations in the same time, . 
(a day suppose), we shall have 



«_r_ fr 

n' T Sr 



Hence, if the length I of any simple pendulum 
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and also lihe numW n of its Tilirations in a daj, the length 
L of the seconds pendulum at the place ^ be calculated. 
For, since the number of seconds in a day is 86400, we have, 
froin formula (8), 




( 9 ) 


The time T of vibration of a pendulum varies either — 
i(l) by altering the length I of the pendulum, or (2) by 
Ranging the place of vibration. We shall consider these 
miuea independently. 

^ 104. Change of Ijength. — ^Adopting the same notation 
as before, we get 


hence 


r -I , «'» I' - I 

— «— =— r -; .••«-«= ——7 — 7 — • 

» * / n + n I 


When the change in length is a very small fraction of 
the whole length, n and n' are nearly equal, and we have, 
approximately, 

»'* _ n 

M + «' “ 2" 


Accordingly, in this case, 


, n Al 

“2 T’ 


( 10 ) 


where Af denotes the change of length of the pendulum. 

If the pendulum be lengthened, i.e. if A/ be positive, 
» - »' is positive, and hence the number of vibrations in a 
‘ ^ven time is diminished when the length of the pendulum is 
‘ mcreased, as is otherwise evident. 

In the case of a seconds pendulum we substitute L for I 
-in the preceding ; and since n » 86400, we get for the dimi- 
nution in the number of vibrations in a day. 
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Hence yre can determine the number of seconds gained 
or lost bj a seconds pendulum in a day when its length is 
slightly altered. 

As bodies in general expand lightly urith an increase of 
temperature, an ordinary clock would go slower in hot 
weather, and faster in cold. The different methods of 
compensation for correcting the error arising from this 
cause will be found in practical , treatises on the subject. 
The amount of expansion for an increase of temperature for 
different substances has been accurately determined, and. 
registered in Tables. 

If AA denote the change in the length of a seconds pen- 
dulum arising from this cause, the corresponding loss or gmn 
can be determined by (10). 

We add a few examples for illustration. 

Examples. 

1. Calculate the length of a pendulum heating seconds in London, assuming 
^ = 3219. 

2. If the bob of a seconds pendulum be screwed up one turn, the screw 

being 32 threads to tho inch ; find the number of seconds it should gain in the 
day in consequence, assuming L = 39*14 inches. Ans. 34*7 seconds. 

3. A heavy ball, suspended by a fine wire, makes 886 oscillations in an 

hour. Find the length of the wire approximately, assuming the length of the 
seconds pendulum to be 39*14 inches. Ans. 64 feet. 

4. Find the error in one day produced by an increase of 16° F. of tempera- 

Al 1 

ture in a steel seconds pendulum ; assuming that — for 10® F. = . 

4 lOOUO 

Ans. 4*16 seconds. 

6. A seconds pendulum is lengthened tVth of an inch ; find the number of 
seconds it will lose in one day. Ans. 110*4. 

105. Cbange of Place. — The acceleration g yaries* 
from place to place, and consequently the number of vibra- 


* For places at the sea level, this arises from two causes — one, the variation 
of centrifugal force already considered (Art. 94) ; the other, that the^ Earth is 
not an exact sphere, but is more nearly an oblate spheroid of revolution round 
its axis of rotation. From each of these it arises that the value of g diminishes 
in proceeding from the pole to the equator. It was from the observation by 
Richer, in 1672, that a clock lost two minutes daily when taken to Cayenne, 
lat. 6® N., and that when tho corrected pendulum was brought back to Paris 
it gained an equal amount, that the variation of the force of myity on the 
Eara’s surface was first established. The explanation is duo to Huy^s. 
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tions in a given time mil vaiy vrith the place for the same 
pendulum. 

Suppose n and n' to represent the number of vibrations 
made m one day by the same pendulum at two places, at 
which g and / are the corresponding accelerations, we have 


n' T y n' 

n"¥~ig’ “ 


n* g 


Hence,' as before, for one and the same pendulum, 
/ nf~g 

ii - M = 5 - — 

2 g 


( 11 ) 


From this, if L and L' be the lengths of the seconds 
pendulum at the two places, we get 


n »= 2 ' 


nU-L 


( 12 ) 


It is shown by theoiy, and verified by observation, that 
the variation in the length of L, and consequently in g^ at 
the sea level, is proportional to the square of the sine of 
the latitude (compare Art. 94). Thus, it L denote the length 
oi the seconds pendulum at the equator, L' that at latitude X', 
we have 

i' = I + msin*X'. (13) 

Hence, if £| be the length of the seconds pendulum at 
46® latitude, we have Li < 


m 


Eliminating L, we get 


Z' = i,-^cos2X'. 


(14) 


Again, if L" be the length corresponding to the latitude 
A", and f the corresponding value of $r, we have 


(cos 2A"- cos 2X0 


sin (X' + X") sin (X' - X"), approximately. 
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By accurate obeerration of the number of yibrations lost 
by a pendulum which beats seconds at the latitude A, when 

fUl 

taken to a latitude X', the value of jr- can be determined. 

Wl 1 

Such observations give -j- » approximately, and 

L\ <= 39*118 inches. 

Hence, we get 

i' = 39*118 -tV cos 2X'. 

Again, suppose a pendulum, beating seconds at any 
place, taken to the height h above the Earth’s surface at that 
place; and let ^ be the value of g for the new position; 
then, since the force of gravity varies as the inverse square 
of the distance from the Earth’s centre, we have 


^ ° ^ ^ " t ) approximately, 

where r denotes the Imgth of the Earth’s radius; therefore 


^-0 


r ’ 


h. 


Hence, when - is a very small fraction, the number of 

T 


seconds lost in a day by the seconds pendulum is 86400 -. 

Suppose, for example, A - 1 mile, and r = 3956 miles, 
then the number of seconds lost in a day will be 22, approxi- 
mately. 

In this investigation the attraction on the pendulum of 
the part of the Earth above the sea level has been neglected. 


Examples. 

1. If a pendulum, beating seconds at tbe foot of a mountain, lose 10 seconds 

in a day when taken to its summit; find approximately the height of the 
mountain, assuming the radius of the Earth 4000 miles, and neglecting the 
attraction of the mountain. Ans. 2444 feet. 

2. How much would a clock gain at the equator in 24 hours if the length of 

ike day were doubled. Am, ip} seconds, approximately. 
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106. Airy’s Investigation of the BEean Density of 
the Darth. — K series of important pendulum experiments 
were undertaken by Sir G. B. Airy, in the Harton coal mine, 
for the purpose of determining the mean density of the Earth. 
He found that a pendulum beating seconds at the surface 
gained seconds a-day when taken to the bottom of the 
mine, 1260 feet deep. The calculations employed in arriving 
at this result, and in determining from it the Earth’s mean 
density, are very intricate ; they will be found in the Eoyal 
Society’s Transactions for the year 1866. 

The following is a method of arriving, approximately, at 
the result : — 

Let gy f denote the accelerations due to gravity at the 
surface and at the bottom of the mine ; then, by equation (11), 
we have 

_L. 

g “43200 ^ 19200' 

Again, let r and / denote the distances of the upper 
and lower stations from the centre of the Earth, supposed 
spherical. 

Suppose a concentric sphere described through the lower 
station, then the attraction of the Earth at the upper station 
may be regarded as consisting of two parts — one due to the 
interior sphere, the other to the conche or sliell, bounded by 
the two spheres. Again, if we suppose this shell to be of 
uniform density, it exercises no attraction on the pendulum 
at the bottom of the mine. This can be easily seen from 
elementary geometrical considerations (Minchin, StaticSy 
Art. 319). Hence the part of g due to the attraction of the 
inner sphere is represented by 



If /denote the acceleration at the upper station due to 
the attraction of the shell, we have 

Again, let h represent the depth of the mine, then r-h; 
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/» T* Xih 

end, since - is very small, we have ^ = 1 - — , approxi- 
mately. 

Accordingly we get, from the preceding equation. 



In order to get another expression for/, let -3/, F, D de- 
note respectively the mass, volume, and mean density of the 
Earth ; and m, «?, p the corresponding quantities for the shell. 
We assume that the Earth and the shell each attract as if 
their whole mass was concentrated at their common centre ; 
in this case we have, approximately, 


. nfh p V p 



Hence 


2A 1 ^ 

r “19200 


Substituting 3956 miles for r, and 1260 feet for A, we get 
2) = 2-625/0. (15) 

The determination of the mean density of the Earth is 
thus reduced to finding the value of p ; but this is a matter 
of extreme practical difficulty. 

From an accurate examination of the mineral components 
of the stratum of the Earth in the neighbourhood of the 
mine, p was calculated by Airy to be 2 J times the density of 
water. This would give the mean density of the Earth 
about 6-66, assuming that of water as unity. 

Professor Haughton calculated 2-059 as the value of p 
{Phil. Trana.^ July? 1856), adopting as his basis Humboldt's 
investigations of the mean heights of Continents on the Earth’s 
surface, .and liigault’s, on the relative areas of land and 
water. This would give 5-405 as the value of the mean 
density of the Earth. 

107. Time of Osclllatloii In CJeneral. — ^The ampli- 
tude of the vibration has hitherto been considered so small 
that powers of a higher than the second have been neglected. 
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We now proceed to find a general expression for the time T 
of Tihrations for any amplitude. 

From (4), since jr represents the time to the lowest point 
on the circle, we get 


■/f- 

yah I . 


dO 


I • 2« -2® 


(16) 


. e 


Now, assuming* 81 * 12 “ ®™2 

dQ ^id^ ^dtp 


Jsin’g - sin’l cos| Jl - sin*^ sin *0 
Also, when 0 • 0 we have ^ = 0 ; and when 0 = a ve have 


A- 

Consequently 




dip 


Jl-sin*^si: 


(17) 


Bin‘0 


Again, substitute k* for sin^^ ; then, since 

(1 - sin’ 0 )'^ = 1 + 5 A’ sin*^ + A* sin*^ 

1.3.5, , „ 

+ 2--^A‘sin“^ + &c., 


and (Inf. Calc., Art. 93), 


f*. ^ 1.3.5... 

1™ »^- 2.4.6.:. 


1.3.5... (2w-l) 2 r 


2 m 


we get 


* This assumption is obviously a legitimate one, because 0 during the motion 
can never be greater than a. ^ 
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If A be the vertical height of the point from which the 
pendulum commences to descend above the lowest point in 
the cirde, we have 


,, . -a 1-cosa 

*■-“’2 — — 


h 


and the preceding result becomes 



The first term gives the value already arrived at for a 
small oscillation, and is independent of the amplitude. 

The second approximation, which is the one commonly 
adopted when the lowest powers of the amplitude are taken 
into accoimt, gives 



In terms of the semi-amplitude a, this is 



( 21 ) 


in which a is taken in circular measure. 

The general equation (16) is immediately integrable in 
one case, viz., when the velocity at any point on the circle is 
that due to a fall from its highest point ; for in this case we 


have a = ir, and therefore sin ^ ° ^<luation (4) becomes 
in this ease 

cos^fi yl 

hence we get 


2^jt^ log tan |(jr + fi) + const. 


It may be observed that in this case, since log 0 = - « , 
the particle would take an infinite time to reach the highest 
point on the circle. ^ 



Integration of ^ ± nx • 


0 . 


Ill 


Examples. 


1. How is tlie value for tlie time of vibration of a pendulum to be corrected 
when the lengUi of the arc of vibration is taken into account ? 

2. Apply to the case where the amplitude of vibratiou is 120®. 

Here, since ^ 

r= , JI fi+i. + -?- + &cA 

16 1024 ^ / 


3. If a pendulum, which heats seconds for very small oscillations, be made 
to vibrate through an aio of 10° ; find, approximately, the number of seconds 
it should lose in a day. An». 41. 


108. IHoiion In a Vertical Cycloid. — a partide 
be supposed to move along a smooth y 
cycloid, having its vertex 0 at its lowest 
point, and its axis OY vertical. 

Calling OP = «, PN = y, and 
a = diameter of generating circle. 

Then {Biff. Cak., Art. 276), we have 

«* = day. 



Also, from (1), 


^ ds 2a ’ 


or 


d^s 

dP 



= 0 . 


( 22 ) 


We shall next consider the method of integrating this 
equation. 

109. Integration 9t~±px = 0. — ^As difierential equa- 

d^x 

tions of the form ■^±iiue = Q are of frequent occurrence in 
physical problems, we proceed to consider their solution. 
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Th^ are two oases, according as the upper or lower sign 
is taken. 

let. — ^Let ^ + /i* = 0. 


Multiplying bj and integrating, we get 



= const. 


To determine the constant, suppose x = a when -0, 
then the constant is, plainly, /ua’; 

.therefore =fi{a'- a?). 

Hence “ v 

v' «* - 


•U 

or sin'*- = + «> 

a 

where a denotes an arbitrary constant. 

Consequently « - « sin {t^/Ji + a), (23) 


where a, a are arbitrary constants, to be determined in each 
case by the conditions of the problem. 

It may be observed that is a simple harmonic function 
of the time (Art. 88). 

The preceding solution admits of being also written in 
the form 

a? = (7 COB # + C" sin (24) 


where Cand C' are two arbitrary constants. 

Either of the latter equations may be regarded as the 
complete integral of the dinerential equation 

tPaj 
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Piooeeding as before, we get 
in which « is an arbitrary constant ; 


dx 


or 


therefore; 




v^se*- a’ 
dx 






= log (a? + - a*), 


in whioh o is arbitrary • 

Hence ® 

where A is arbitrary. 

Again, since 

= ®*» 

we get V ^ 

Adding, we obtain 

2x = Ad^'^ + 2 ^^* 


which may he written in the form 

ie= Cd-'^+C'^^, ( 25 ) 

when C and C' are two arbitrary constats, to bedete^ed, 
as before, by the conditions of the problem in each particular 


oase. 
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. 110. The equation 

ig immediatelj MdudUe to ll» pMoedlng, tor it mojr 1» 
written 


*■ rJ 


If we substitute « for « + -, this becomes ^ = 0 ; 

M 

consequently we have 

ic = - “ + (7 cos < -v/m ^ 


In like manner the solution of 


18 


d^x ^ ^ 

_-^ + v = 0 
a, = - + + C'e-*^. 

ft 


111. TlmeorOscUIattonln Cycloid.— Eetuming to 
equation(22), Art. 108, andsubstituting* fortr, and£ for ^ in 
equation (24), we find for its integral 

..ooo6<Ji-r.tm(J|. (26) 

In order to determine the constants e and d, suppose the 
particle to start from rest, at the dishmce « from the ver- 
teVO (measured along the curve) ; then we have « = « 

and ^ = 0, when t - 0. Making these substitutions in (26), 

as weU as in the equation derived from it by differentiation, 

0 = /. and c'-O; 


^erefore 


«-8'cOB<J£- 


(27) 
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Again, when S'® 0, we get 




this gives the time of descent to the lowest point. If 2* de> 
note the time of an oscillation, we have 



(28) 


Since this result is independent of the length of the are of 
vibration, it follows that the time of vibration is the same for 
all arcs of the cycloid; accordingly the property of tautochro- 
nism^ which in the circle holds only for very small arcs, holds 
in all cases for the cycloid (compare Art. 88). 

The foregoing value of T is the same as that for a small 
oscillation in a vertical circle of radius 2a. Moreaver, as 2a 
is the radius of curvature at the vertex of the cycloid [Diff. 
Cak.y Art. 276), the duration of an oscillation in a vertical 
cycloid is the same as that of a small oscillation in the circle 
which osculates it at its lowest point ; as is manifest also from 
other considerations. 

It is readily seen that the time of an indefinitely small 
oscillation about the lowest point in any plane vertical curve is 
the same as that in the osculating circle at the lowest point ; 


and its duration is accordingly represented by tt where p 

d.enotes the radius of curvature at the point. 

112. Conical Pendulnm. — Suppose the pendulum, in- 
stead of moving in a vertical plane, to describe 
a right cone around a vertical axis; and let 
P be the position of the revolving particle at 
any instant; 0 the point of suspension ; PiV the 
perpendicular let fall on the vertical axis. 

Also let 0P = /, iPON^e. 

Then the motion of P maybe considered as 
taking place in a horizontal circle, whose centre 
is and radius PN or*/sin 0. 

i2 
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Now, in order that this motion ahonld take place, it is 
necessary that the resultant of the tension of the string and 
the weight of the particle should act along PN, and be equal 
and opposite to the centrifugal force ; i.e. mat the resultant of 

the weight W, and the centrifugal force, — Bhould^ act 

in the line OP. This gives 

W 1? 

W'.—-r^a=ON:PN, 
g Ismv 


or 


, . sin’d 


therefore 




(29) 


This ^ves the velocity in terms of 6 and 1. 

Again, if T he the time of revolution, we have 


V/cosd 


2irPN' 2^ IIoobS 
V y g 


(30) 


This determines the time of revolution when the angle 0, 
which the pendulum makes during the motion with the ver> 
tioid, is known. It is evidently the same as that of a double 
oscillation in a simple pendulum of length I cob 9 or ON. 
The tension 'of the string is represented by WbooO. The 
preceding is a particular case of the motion of a particle on 
a smooth sphere, a problem which will be considered in 
Chapter VIII.. 

113. 'Waites Covernor. — The principal of the conical 
pendulum was employed by Watt, in the instrument called a 
governor, for the purpose of regulating the supply of steam 
so as to maintain, approximately, a steady motion in a steam- 
engine. Its constru^ion, under a form which is commonly 
employed, is as follows 
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114. Revolution In a ITerticiri CIrele. — ^We now re- 
turn to the question of the revolution of a particle in a vertical 
circle under the action of gravity. 

Suppose DR to he the horizontal line 
to the distance below which the velocity 
atanypointis due, andlet AD-h’, then, 
by Art. 99, the velocity at any point P 
is given by the equation 

» 2g{h - AN) - 2g{h - 2« tin’l 0), 
where PCA = 9. 


B 

D R 

Q 

■ 



Hence, denoting y by k\ and 


we get 




fort)*, 
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therefore 

in which 1 is less than unity. 

It ^ = I PBA = i9, the time of describing any arc of the 
circle is represented by the definite integral 

where a and /3 are the values of ^ corresponding to the ex< 
tremities of the arc. 

Comparing the result here given with Art. 107, we see 
that the time of describing any arc of a cirole is in this case 
in a constant ratio to the time of describing a corresponding 
arc of a second circle, in which the motion is oscillatory. 

The time of describing any arc of the circle is, in genera^ 
an elliptic function. There is one case, however, in which it 
admits of a simple expression, viz., where BJt is a tangent to 
the cirdle, as in Art. 107. 

In this case we have ^ = 1, and the definite integral be- 
comes 



The time of motion from any point to the highest point 
in the rircle becomes infinite in this case, as already observed 
in Art. 107 ; accordingly the particle would continually ap- 
proach the highest point without ever reaching it. 

115. Preaanre on Curve. — If m denote the mass of the 
particle, then the normal pressure B on the circle consists of 
two parts— one arising from the centrifugal pressure, the other 
from the weight — Whence 'we pt 

= — +»»<ircos0 

a 

■ mj! + 3 cos (32) 

#1iere CD = d. 
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At lowest point this becomes mg(^ 

f2d \ V* ^ 

highest point, - 3j; and when the string is horizontal, 


+ 3^ at the 


mg- 


If the particle, instead of moving in a tube, is attached by 
a string, of length a, to a fixed point C, and thus oonstrainsd 
to move in a vertical circle, the preceding expression gives 
the tension of the string for any position. As long as the 
tension is positive the string remains stretched. At the point 
where A = 0 the tension vanishes, and the particle will leave 
the oiiole and proceed to describe a parabola. It is immediately 
seen that the distance of tins point from the line DB is one- 
third of CD (see fig. of last Article). , 

These results vrill be illustrated by the following ex- 
amples : — 


Examples. 

1. A pa^cle slides down the convex side of a vertical circle ; determine the 
point at which it will leave the curve. 

Here, since the velocity at the highest point on the circle is zero, we have 
<7=0; accordingly the point at which JS = 0 is given by the equation 
cos 0 = — f . The geometrical construction is evident. 

2. A particle is projected from the lowest point along the inside of a smooth 

vertical circle ; find the least velocity of projection in order that the particle 
should make a complete revolution in the circle. , \/bag. 

In this case the pressure at the highest point is zero, and at every other point 
is positive. 

3. If the initial velocity he less than that in the preceding example, find 
the point P at which the particle will leave the circle, and where it will strike 
it ag^. 

The construction for the point P in question has been given above. After 
leaving the circle the particle describes a parabola, and the point Q in which 
it again meets the circle is found bv drawing Pd, making with the vertical 
cUrection an angle equal to that which the tangent at P makes with the vertical. 
This result follows immediately from the principle that the vertical circle 
osculates the parabolic trajectory at P. 

4 . In the same case find the direction of motion of the particle at the instant 
it returns to the circle. 

Am, tan jS = ^ tan a, where jS is the angle which the required direction of 
motion makes with the vertical ; and a is the corresponding angle 
at the point P, where the particle leaves the circle. 
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6. Find the velocity of projection from the lowest point on the circle, is 
order that the particle after leaving the circle should mMt it again at i ts low eat 

Am, J Vl4ya. 

6. Show that the solution of the general problem of finding the initial velo- 
city, in order that the particle after leaving the circle shall meet it again at a 
given point, depends on the tiisection of an arc. 

7. A material particle moves in a circular groove on a smooth inclined plans ; 
if it be projected from its point of rest with a velocity just sufficient to cany it 
to the highest point in the groove, find the time of its motion. 

116. Iiemma on Coaxal Circles. — chord PQ of a 
oiiole touches a second circle at 0; 
and P£, QM are drawn perpen- 
dicular to the radical axis of the 
two circles : to prove that 
PO^iQO^^PLiQM. 

Let R be the point of intersec- 
tion of PQ with the radical axis ; 
then, since the tangents from R to 
the circles are of equal length, we 
have RQ = RP . RQ ; 

therefore RQ : RO = RO : RP. 

Consequently QO : OP =RQ ; RO, 

or QO’:Oi«=i?Q»:PQ.PP 

= PQ:PP= QifrPL. (33) 

If now we suppose a particle to describe the outer circle 
with a velocity due to the level LM, and P'Q' be drawn 
indefinitely near to PQ, touching the inner circle, these 
tangents may be regarded as intersecting in 0, and we 
accordingly have 

PP' : QQ' - PO : QO = .V 

Again, let «, «/ be the velocities of the particle when at P 
and Q respectively ; then = 2gPL, o'* = 2g QM ; 

therefore PL : y / QM = PP' : QQ'. 
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Hence the time of describing PF is the same as that of 
describing QQ' ; consequently &e time of motion from P to 
Q is the same as that from P' to O', and hence we readily 
infer that the time is the same for the description of all arcs 
out ofi by tangents drawn to the inner circle. 

Examples. 

1. A particle is movinp; in a smootli vertical circle under the action of 
.gravity : the time of descnption of a variable arc of the circle being supposed 
constant, show that the envelope of its chord is another circle. 

2. Show that if the time of motion from P to Q be the same as that from 
the highest to the lowest point on the circle, the line PQ always passes through 
a fixed point. 

3. Two particles are projected from the same point, in the same directiony 
and with the same velocity, but at different instants, in a smooth circular tube, 
•of small bore, whose plane is vertical. Prove that the line joining them always 
touches a circle. 

4. In the same case, if the particles be projected in opposite directions, the 
other circumstances being unaltered, prove that the line joining their positions 
always touches a circle ; and find when the circle becomes a fixed point. 

6. A particle is moving in a vertical circle under the action of gravity.* If 
three points X, Jf, J^be taken on the circle, find a fourth point P, such that the 
time of motion from to P shall be equal to that from X to iif. 

6. In the same case find P, so that the time of describing i^TP shall be double, 
or any given multiple of that of describing LM. 

7. AB is the vertical diameter of a fine circular tube in which move three 
equal particles P, Q, Q (modulus of restitution = 1 for any pair) ; P starts from 
A^ and Q, Q\ in opposite senses from B with such velocities that at the first 
impact all three have equal velocities ; prove that throughout the motion the 
line joining any pair is either horizontal or passes through one of two fixed 
points, and that the intervals of time between successive impacts are all equal. 

Camb, Trip,^ 1874. 

117. Application to Sllllptic Functions. — Since the 
time of description, under the action of gravity, of any arc of a 
vertical circle, is expressible by a definite integral of the form 

J.yi-A’sin’/ 

the results of the last Article have important applications in 
the theory of elliptic functions. For example, they furnish 
us with simple methods for the addition, subtraction, and 
multiplication of such functions, depending on elementary 
properties of coaxal circles. This connexion was first pointed 
out by Jacobi (Creiy^ Journal^ 1828 ; Lioumlh^B Journal^ 
1845). 
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Exauplxs. 

1 . Prove that the time of descending any small arc terminated at the lowest 
point of a vertical circle is to the time down its chord as ir : 4. 

2 . If the length of a seconds pendulum be 39*14 inclies ; find the corre-^ 
spending value of y to two places of decimals. 

3. A clock loses 4 minutes in a day ; find how much its pendulum should 
he shortened in order that it may keep correct time. Am. Its Ti?rth part. 

4. Assuming the length X in inches of a seconds pendulum at the latitude \ 
to be given by uie f ormma 

X = 39*118 - -^jcos 2 a; 


find the ratio of the difference between the values of polar and equatorial mvity 
to equatorial gravity. Am. 

6 . Find the correction in the time of vibration of a circular pendulum when 
the amplitude of the vibration is 30°. 

6 . If two particles be connected by an inextensible string, and if one bo 
made to move as if under the action of a constant force ; prove that the relative 
motion of the other is that of a simple pendulum. 

7. A series of smooth circles in a vertical plane have a common highest 
point ; a particle starting at this point slides down the convex side of each circle 
md the locus of the point where the particles leave the circles. 

8 . A mass m, after sliding down the inner silrface of a smooth hemispherical 
bowl, strikes a mass m* placed at the lowest point of the bowl. If both bodies 
be perfectly elastic, find the heights to which they respectively ascend after 
collision. 

9. If the length of a conical pendulum be 1 foot, and the weight attached 
to its extremity be 1 lb. ; find approximately the tension of tho connecting wire 
when the time of its revolution is one second. Find also approximately the 
angle which the revolving wire makes with the vertical spindle. 

4ir^ ff 

Am. Tensions: — lb.; cos 9 = 3 ^. 

ff 4»* 

10 . Investigate the motion of a cycloidal pendulum when acted on by a 
constant force /, always in a direction opposite to that of its motion, in additioa 
to the force of gravity. 

^jlJL 
dfi 2a' 


Here the equation of motion is ^ ^ * “ft 


nnd we get, by Art. 110 , s=?^+ecos^^f + ^sin^^f. 



m 


If, when ^ 0, # ss e and = 0, we get 

w» 



This Tanishes when^~« = »; accordingly the time of an oscillation is ; 


the same as when unresisted. 


11. A heavy particle is connected h^ an inextensible string, 3 feet long, 
to a fixed point, and describes a circle in a vertical plane about that point,! 
making 600 revolutions per minute ; find, approximately, the ratios of the ten- 
sions of the string when the particle is at the highest and lowest points, and 
when the string is horizontal. 

12. A body hangs freely from a fixed point by an inextensible string 2 feet 

in length. It is projected in a horizontal direction with a velocity of 20 feet 
per second. Compare the tensions at the highest and lowest points of the circle 
which is described, assuming y = 32. Ana, 29 : 6. 


13. Show that the time of a small oscillation of a pendulum which vihratea 
in the air is unaffected by its resistance. 

The resistance is usumly assumed to vary as the square of the velocity. It 

can accordingly be expressed by a term of the form /i where ft is a very 

small fraction; hence in this case the equation of motion may be written 


[atj 


dB I'o 

Since ft is small, as also we get as a first approximation 6 s a cos ^ j t, 

as before. If this value be substituted in ft , in accordance with tho 
method of successive approximations, the differential equation becomes 

§ + "“'f Wf) = Jf) ’ 

dB , 

The integral of this, subject to the condition that 6 » a, and 
f B 0, is 

6= Jfia’+ (a - }fia*) cos • 
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Also ^=-^j8in<^|^a-f|»a* + 4#«*cos<^j . 

^0 

HencOi since ~ = 0 at the end of one vibration, if T be the coxresponding 

ut 

value of we have sin = 0, or r= Accordingly, the duration of 

the oscillation is not affected by the resistance. Also, since we have in this 

case, cos == - 1, the corresponding value of d is - (a - f/xa*) ; accordingly 

the resistance of the air reduces the amplitude of the oscillation by The 
successive angles of oscillation diminish according to the same law, but the time 
of oscillation remaius the same for each. 
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CHAPTER VI. 

WORK AKD ENERGY. 

118. Work. — In all oases where force is employed in over- 
coming resistance so as to produce motion, work is said to be 
performed. Hence the conception of work involves both 
motion and resistance ; and therefore a corresponding effort 
or force to overcome the resistance. In general, work may 
be defined as the act of producing a change in the configu- 
ration of a system in opposition to forces which resist that 
change. We proceed to consider how the amount of work 
performed in any case is to be estimated. 

119. Measure of Work. — The simplest idea of work 
is derived from raising a weight through a vertical height ; 
in which case the attracting force of the Earth is the resistance 
overcome. The amount of work in such cases evidently in- 
creases in proportion to the weight of the body raised and to 
the height to which it is raised. For example, the work done 
in raising one ton through a height of 10 feet is ten times 
that of raising it one foot, or twenty times that of raising one 
cwt. through 10 feet ; and so on in all cases. Hence it is 
readily seen that the work performed in such cases is measured 
by product of the weight into the height^ i.e. by Wh^ where 
ir represents the number of units in the weight, and h that 
in the height. 

In general, if we confine our attention to a single point 
which is moved in direct opposition to a constant resisting 
force, the work done is estimated by the product of the force 
and the distance through which the point is moved, i.e. by Pjj, 
where P represents the force, which overcomes the equal and 
opposite resisting force, and p the distance passed over. 

120. C^ravitatlon Unit of Work. — From the ordi- 
nary units adopted in this country we derive the unit of 
work called a foot-pound^ i.e. the work performed in raising 
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one jmund through one foot in height. This is the unit 
usuallj adopted in praotioal local appuoation of work, and is 
oaUed the Gravitation Unit of Work ^Art. 65). The oorre- 
eponding unit in the metric system is called the kilogram- 
metre, or kgm. That is the work of raising a kilogramme 
through the height of a metre. A kilogrammetre is 7'233 
' foot-pounds. The unit of work in this system varies slightly 
from place to place with the value of g, and this should be 
remembered if numerical or scientifio accuracy were required 
<Ait. 39). 

121. Abaolate Unit of Work. — In the absolute sys- 
tem the unit of resistance is that already adopted (Art. 64) 
as the unit of force. Thus, if we take a poundal as the unit 
of force, the corresponding unit of work is that done by a 
poundal acting through a foot. This is sometimes called the 
foot-poundal. It is obvious that a foot-pound is g times a 
foot-poundal : accordingly, any result in the former system is 
reducible to the latter at any place by multiplying by the 
corresponding value of g. 

Again, adopting the definition of a dyne given in Art. 64, 
the mrk done by a dyne in working through a centimetre, ia 
called an erg ; and a foot-poundal is 421,394 ergs. 

In such measurements as are required in electrical and 
magnetic investigations, the absolute \mit of work is always 
adopted, and the erg is the unit usually employed. 

122. Horse-power. — ^Although in our definition of 
work we have taken no account of the time occupied in its 
performance, yet time becomes a necessary element when we 
come to compare the efficiency of different agents. For in- 
stance, if one agent working uniformly performs an amount 
of work in one hour which it requires another 5 hours to 
accomplish, the former is said to be five times as efficient. 
In comparing the work done by a steam-engine or other 
agent we usually adopt as our unit the horse-power defined 
by Watt. • 

Thus an engine is said to be of one-horse-power when it 
is capable of performing 33,000 foot-pounds of work in one 
minute of time, or 550 foot-pounds in one second, and so on 
in proportion. 
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Oontinental writers employ horse-power as 76 kgm., that 
is^ 642*475 foot-pounds, per second. 

123. Again, the work performed in raising a body of 
weight W to any height h is the same whether the body 
he raised vertically up or brought up by any other course. 
The whole work is still represented by Wh^ where h is the space 
through which the weight has been moved, estimated in the 
vertical direction, i, e. in that in which the resistance of 
gravity acts. And, generally, the work done by any uniform 
effort or force, acting in a constant direction against an equal 
and opposite Wee P, is measured by the product of the force 
into the space through which its point of application is moved, 
estimated in the direction in which the force acts. 

Thus, if a force P be supposed to act at Aj and to move its 
point of application to JB ; then if BM be 
drawn perpendicular to -4P, the work 
done is estimated by Pjo, or by PAs . cos 0, 
where p = AMj As « AB^ and 0 = /L BAM. 

The work done is, therefore, regarded as positive or 
negative according as the angle 0, which the direction of the 
force makes with that of the motion, is acute or obtuse. 

If 0 = Jtt, the direction of the motion is perpendicular to 
that of the force, and the work done is zero. 

If two or more forces act on a system, the whole work 
done is the sum of the works done by each force separately. 

If any number of forces be in equilibrium, it can be readily 
seen that the total work done by them for any small dis- 
placement is zero : from this the statical principle of virtual 
velocities can be immediately deduced. 

Examples. 

1. Prove that the whole work done in raising a system of heavy bodies, each 
through a different height, is the same as that of raising their entire weight 
through a height equal to that through which their centre of inertia is raised. 

2. Find the work performed in moving a ton along 100 yards on a uniformly 
rough horizontal road, the coefBcient of friction being 

Am. 67,200 foot-pounds. 

3. Show that the same work is expended in drawing a body up an inclined 
plane, subject to friction, as would bo expended upon drawing it first along 
base of the plane (supposing the coefficient of friction the same), and then raising 
it up the height of &e plane. 
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4. What time will 10 men take to pump the hold of a ship which oontaina 
80,000 cubic feet of water; the centre of inertia of the water being 14 feet 
below the point of discharge, and each man being supposed to perform 1600 foot- 
pounds per minute ; assuming the weight of a cubic foot of water to be 62^ lbs. ? 

Ana, 29 brs. 10 mins. 

124. Work done by a Warlable Force. — If the force 
be not constant, we may suppose the path described by its 
point of application divided into portions so small that for 
each the force may be considered constant. Hence, for the 
displacement efo of its point of application, P<h is the corre- 
sponding element ofwork^ and the total work in moving through 

any space a is represented by the definite integralj Pda, 

If the direction of P makes an angle d with da, the cor- 
responding element of work is P cos Oda, and the total work 
is represented by 

I P cos Ods. 

Again, let op, y, %, be at any instant the coordinates of the 
point of application of the force P, referred to a system of 
rectangular axes ; and let X, JT, Z, be the components of P 
parallel to the coordinate axes respectively ; then we have 

Pcos 0 rfd = Xdx + Tdy + Zd%. 


Hence the total work done by P in moving its point of 
application from one point to another is represented by 

\^{Xdx + Tdy + Zdz) 

taken between the two points. 

If the expression Xdx + Tdy + Zdz be an exact diffe- 
rential, ue. if 

Xdx + Tdy + Zdz = du, 

where is a function of x, y, z, then the integral 
j(Xi& + Ydy + Ztfe), 

taken between any two points, is a function of the coordinates 
of those points ; and the work done is accordingly a function 
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of the extreme coordinates solely. When this is so, the 
mutual forces between the parts of a system always perform 
or always consume the same amount of work during any 
motion whatever by which it can pass from the one. particular 
configuration to the other ; hence such a system is called a 
conservative system of forces. In general, for any system of 
forces acting at different points, the total work W done for 
any finite displacements is represented by 

W = s|p^^ = + Ydy + Zrfs), (1) 

where the summation extends to all the forces of the system. 
125. Forces directed to Fixed Centres. Potential. 

— If the force jP be directed to a fixed centre, and if r be the 
distance of its point of application from the centre, then the 
corresponding element of work is represented by Fdr ; and 
the total work, when the point is moved from a distance r* to 

a distance is represented by ^ Fdr, 

If P be a function of r represented by fX(p\r)y then the 
value of this integral will be 

In the law of attraction which holds in nature we have 
and the expression - -4^ represents the corre- 
sponding work in moving a unit of mass from the distance 
r to the distance r". Hence the work done in the motion 
of a unit mass from an infinite distance to the distance r is 

represented by 

m 

The function S — in the case of the ordinary law of gravi- 
tation is called the potential of the system of attracting 
masses. This potential function is usually represented by 
V ; and if dm be the element of attracting mass, and r its 
distance from a point P, then V, the potential at P, is 
denoted hj „ dm 

F= S — (2) 

extended through all points in the attracting system. 
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Again, if a number of forces F\ &o., be directed 
to fix^ centres, and if r, &o,, be the corresponding 
distances, then the total work is represented bj 
fFdr + JFdf^ + fF^dr^^ + &c., 
taken between the limiting positions. 

If the forces be each a known function of the distance 
from the corresponding centre of force, the result can, in ge- 
neral, be immediately integrated, and the work is a functwn 
of the initial and final positions of the points of application 
solely. Consequently such a system of forces is always a 
conservatiye system. 

Example. 

If m, m' be the masses of tvro particles attracting each other with a force 
ft -jy, where r is their distance apart, show that the work done when they have 

moyed from an infinite distance apart to the distance r is /a 

126. Potential of an Attracting Spherical mass. — 

If each element of the surface of a sphere be divided by its 
distance from an external point, and the sum taken over the 
entire surface, this sum is readily shown by elementary 
integration to be equal to 

8 


where 8 is the whole surface of the sphere, and R the distance 
from its centre to the external point. 

Hence, if a mass m be uniformly spread over the surface 
of the sphere 8j we have 




( 3 ) 


From this it follows at once that in a solid sphere of mass 
for which the density is constant through each concentric 
couche^ we have 


r R 


That is, the potential is the same as if the whole «»»» 
were concentrated at the centre of the sphere. 

Consequently the work done by an attracting sphere Jf, 
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in moving a unit of mass firom the distaaoe i2' to the dintanoe 

meaeuxed from the centre, is 

It may be remarked that it can be readily seen from (4) 
that a homogeneous sphere attracts an external mass as if 
the whole mass of the sphere were concentrated at its centre. 

127. 'Work done by a Stress. — If two equal and oppo- 
site forces, each represented 

by jP, act respectively at the ^ b" 

points A and along the ^-rv —71. 

line connecting these points, F M A B N F 

to find the element of work 

for a small displacement. Suppose A' and .S' to be the new 
positions for an indefinitely small displacement, and let fall 
the perpendiculars A'M and .B'iV on the line AB; then the 
elements of work are represented by F. AM and F. BN. 
Hence their sum is Fi^AM + BN) = F{A'N - AB), or FAa, 
where As denotes the indefinitely small change in the distance 
between the points of application of the forces. 

Hence, if the points A and B be rigidly connected, as the 
distance AB is invariable, the total work done by the forces 
for any displacement is zero. 

Also the point of application of a force may be transferred 
from any one point to any other on its line of action without 
altering the work done, provided the distance between the 
two points is invariable. 

The pair of equal and opposite forces that two bodies 
exert on one another in accordance with the general prin- 
ciple of action and reaction is called in modern treatises a 
stress. When the forces act away from each other, as in the 
figure, the stress is called a when they act towards 

each other it is called, a pressure. 

Hence the work done by a stress is positive or negative 
according as the change of distance between the points of 
application is in the direction of the mutual action of the 
forces or in the opposite direction. 

Also in the ^ of a rigid body it follows that the total 
work done by the internal forces of stress is always zero. 

• k2 
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128. Body with a Fixed Axis. — ^To find the work 
done by a force acting on a rigid body which is capable of 
turning round a fixed axis. 

Suppose the force R resolved into two components — one 
arallel, the other perpendicular to the 
xed axis. The former does no work, 
since it is perpendicular to the direction 
of motion of every point in the body. 

Let the latter component be repre- 
sented by P, and suppose it to act in the 
plane of the paper ; the fixed axis being 
perpendicular to that plane, and meeting it in the point 0. 
Let N be the foot of the perpendicular dra^vn from 0 to the 
line of action of P ; then by the last Article we may take iVas 
the point of application of P. 

Suppose now the body to receive a small angular displace- 
ment A0 round the fixed axis in the direction of the arrow; 
then, if ON = jo, the displacement of iV' will be and the 
corresponding element of work is P/)A0, or A® multiplied 
by the moment of the force R with respect to the fixed axis. 

Again, if we suppose a pair of equal, parallel, and opposite 
forces to act on the rigid body ; then, provided the plane of 
the pair is perpendicular to the fixed axis, the work done by 
the pair is evidently, from what precedes, represented by the 
moment of the pair multiplied by the small angle of rotation. 
And if the pair continue to act on the body, the work done by 
it during any rotation is represented by the product of the 
moment of the pair by the angle, in circular measure, through 
which the body has rotated. 



Example. 

A pivot or screw turns round a central axis and presses against a rough 
plane ; find an expression for the work expended on the friction which acts on 
the circular end of the pivot in one revolution round its axis. 

Let Q denote the entire normal pressure between the pivot and the plane, 
H the coefiicient of friction, supposed constant, a the radius of the end of the 
pivot. This end may he regarded as consisting of an indefinitely great number 
of concentric circular rings. If r be the radius of one of the rings, dr its 
breadth, then the area of the ring is 29 rrdr, and the corresponding friction, 

taken over the entire ring, is represented by-~^rdr. Hence the corresponding 
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work for one revolution is r^dr. Integrating, we get iirfkQa for the en- 
tire work expended. In this investigation the normal pressure Q has been sup- 
posed to be uniformly distributed over the end of the pivot. 

129. Energy. — Energy is the capacity of doing work. 
For instance, a spring when bent by pressure contains a cer- 
tain amount of energy stored up in it ; thus the mainspring 
of a watch, by the energy which it possesses, maintains the 
motions of the works until that energy has been expended. 
Again, a quantity of air, when compressed into a smaller 
volume, possesses energy, and can perform work when 
occasion requires ; for example, in projecting a bullet from 
an air-gun. Also a raised weight is capable of doing work, 
and is therefore said to possess energy. For instance, the 
motion of a clock is maintained by the energy of its descend- 
ing weights. The energy of a weight JF raised to a height h 
above the ground is measured by that is, by the work it 
is capable of performing by its descent to the ground/ In 
general, when the configuration of a system is altered, it has 
a tendency to return to its former state, and in effecting this 
return is capable of doing a certain amount of work. This 
capacity of doing work, arising from change of configuration 
or of relative position in a system, is called potential energy ; 
tlie work employed in producing this change being in a sense 
accumulated. For example, if two bodies which attract one 
another are separated, they have a tendency to rush together, 
and in so doing are capable of overcoming a certain amount 
of resistance. 

Again, a body in motion possesses a certain amount of 
energy which is measured by the work it is capable of per- 
forming before being brought to rest. This latter is called 
the Kinetic energy of the body. We proceed to consider how 
its amount is measured. 

130. Measure of Kinetic Energy. — The measure of 

the kinetic energy of the mass m moving, without rotation, 
with the velocity t?, is easily found. For, suppose the mass 
acted on by a uniform resistance R in the direction of its 
motion, and let R = mf\ then, if v be the initial velocity 
and B the space described before coming to rest, we have, by 
Art. 37, 1 ?® = ; hence* 
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Aooordinglj, the work which a mass m moTUig with the 
Telocity v is cwahle of performing before being brought to 
rest is | me*. Hence its Mnetie energy is eqml in half its vis 
viva, and is represented by ^me*. 


Ezaufles. 

^ 1. A train of 60 tons, moving^at the rate of 16 miles an hour on a horizontal 
railway, runs, when the steam is shut off and the breaks applied, through a 
quarter of a mile before stopping. Find in lbs. the mean resistance, and its 
time pf action. Ana, 770 lbs.; 2 minutes. 

2. ' The breadth of a river at a certain place is 100 yards, its mean depth is 
8 feet, and its mean velocity 3 miles an hour. Calculate its horse-power, as- 
suming a cubic foot of water to weigh 62^ lbs. 

Here the quantity of water which passes per minute is 633,600 cubic feet ; 
and the required answer is easily seen to be 363 horse-power. 

3. A shot of 1000 lbs., moving at 1600 feet per second, strikes a fixed target. 

How far will the shot penetrate, the target exerting on it an average pressure 
equal to the weight of 12,000 tons? Ana. 1} ft., approximately. 

4. Determine in ergs the kinetic energy of a mass of one hundred pounds 

moving with a velocity of one foot per minute. Ana. 6863. 

6. A heavy particle resting on a rough inclined plane, and attached by a 
string to a fixed point on the plane, is projected from the lowest point of the 
circle in which it moves in the direction of the tangent, (a) Find the velocity 
necessai^y to carry the string to a horizontal position; (6) If the particle 
descending from this position reach the lowest point and remain there, deter- 
mine the coefficient of friction. 

6. A ball moving with a velocity of 1000 feet per second has its velocity 
reduced by 100 feet in passing through a plank. Through how many suen 
planks would it pass before being stopped ; assuming the same amount of work 
to be performed m overcoming the resistance of each plank ? Ana, 6-fy. 


131. Energy doe to a Yariable Force. — If a ra- 

riable force JF act at the centre of inertia of a mass m, in 
the direction of its motion, we have, by Art. 68, 


dv dv 


or 


Fds = mvdv ; 


accordingly, if F*, and Ft be the initial and final velooitiea 
of m, we haTe 


Fds. 
Jo • 


( 6 ) 
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Erom this we infer that if a variable foroe Eaot on a 
mass m, in the direction of its motion, the work done bj it is 
measured by half the corresponding change in the vie viva of 
the moving body, or by the change in its kinetic energy. 

In ^neral, let X, F, Z, as before, denote the components, 
paraUel to the axes of x, y, s, of the foroe acting on the mass 
m ; then, by Art. 68, we have 


T- -wr 

X.M^, T. 


m 




■■ m 


d‘z 

d^' 


Multiply the first by dx, the second by dy, and the third 
by ds, and add ; then 

Xdx+ Tdy + Zds - ^ 


= ^md(v^). 

Hence, if V„ and Fi be the initial and final velocities, 

i»» (Fi* - F,’) ^^{Xdx + Tdy + Zdz), (7) 

the integral being taken from the initial to the final position 
of the centre of inertia of m. Hence we infer that in this case 
also the work done by the forces during any motion is measured 
by half the change in the kinetic energy of the moving mass. 

If after the lapse of any time the velocity of m become 
equal to its original value, the work done in that interval by 
the forces which accelerate the motion is equal to that done 
by the forces which retard it. 

In the case of a central force, represented, as in Art. 125, 
by we readily obtain the equation 

=ju{^(r) -^(rO), (8) 

where rf denotes the velocity at the distance / from the centre 
of force. For the law of nature, this becomes 

im(v*-v'^)=n{V-r), ( 9 ) 

where F and V' are the potentials of the attraction at the 
distances r and /, respectively. 
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Again, in any oonserrative system of forces the change in 
the kinetic energy of the motion under the action of the forces, 
from any one point to any other, is a function of the coordi- 
nates of the points, and is independent of the path described. 

132. Equation of Energy. — In general, if we suppose 
any free rigid body acted on by external forces, then the 
total work done by the external forces during any time is 
equal to the corresponding change of the kinetic energy of 
the body. 

For each particle of the body moves in the same manner 
as if it were free and acted on by forces equal to those 
which result from its connexion with the other particles. 
Hence, by what precedes, the change in the kinetic energy 
of the particle is equal to the work done on it by the external 
forces, together with the work due to the stresses which arise 
from the action of the other particles of the body on it. 
Accordingly, the total change in the kinetic energy of the 
rigid body in any time is measured by the work done by the 
external forces in that time ; since, by Art. 127, the internal 
stresses in this case do no work, and equation (7) may be 
written in the generalized form 

I S/w - Vo^) = s|(X(fo + Ydy + Zdz)j (10) 

taken between proper limits, in which the sign of summation, 
2, is extended to each element in the body. 

Examples. 

1. A locomotive of 10 tons, setting out from rest, acquires a velocity of 

20 miles an hour on a horizont^ railway, after running through a mile under 
the action of a constant pressure. Calculato in pounds the difference between 
the moving and retarding forces, approximately. A ns. 67. 

2. A 60 lb. ball, aft^. traversing the barrel of a gun of 6 feet length, leaves 

it with a velocity of 600 feet per second. Find approximately the difference 
between the mean explosive force of the powder and mean resistance which acts 
on it. Ana. 39062*6 lbs. 

3. A uniform block of given dimensions stands, with one face peipendicular 
to the direction of motion, on a railway truck, which is suddenly stopped. If 
the block be prevented sliding upon the truck, determine the speed of the train 
so that the blodrshall be just overturned. 

Here the kinetic energy of the block is expended in raising its centre of 
pavitjr until it is vertically over the edge round which the block turns. Accord - 
wgly, if a be the height of the block, and 6 the len^h of its edge which lies in 
the direction of motion, the required velocity v is given by the equation 

e* = y (v^ a* + 6* — «»). 
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4. A catapult is formed by fixing tbe ends of an elastic string (natural length 
2/) at points A and A\ at a shoii; distance apart on a horizontal plane. A bullet 
placed at the middle point of the string is drawn back at right angles to AA* 
^tretched length = 2V)f and let go when the string is on the point of breaking. 
Prove that the velocity V of the bullet when it leaves the string is independent 
of the distance /I and is to the velocity V it would have acquired in falling 
•through the vertical space / in the sub-duplicate ratio of the greatest strain 
W' the string can bear to the weight W of the bullet. Mr. Whitworth, Edue. 
Tiinea, 

Let t; be the velocity of the bullet, and 2 r the length of the string at any 
instant during the motion; then adopting Hooke’s law, that the tension of 
the string varies directly as its extension, the equation of work becomes 

or wr* = 2g{e-l) W'= W V’K 

6 . The following extension of the last question is given by Mr. Townsend. 
If in place of a single cord there be n uniform cords, of the common unextended 
length 2 /, attached to as many pair's of diametrically opposite points on the cir- 
•cui^erence of a fixed circle, and all drawing the bullet along the axis of the cone 
of which the circle is the base, and the bullet at the vertex ; then we shall have 

TFV^ = 2nff IT' (r - 0 = r ' F'*, 
where V' is the velocity due to the height n {V - /). 

133. Cinergy of Rotation. — To find the kinetic energy 
of a rigid body revolving round a fixed axis with an angular 
velocity oi. 

Let p be the distance from the fixed axis of any element 
dm of the body ; then pio will be the velocity of dm^ and 
accordingly the entire vis viva of the body 

"StV^dm = ia^'lp^dm =» ( 11 ) 

where I represents the moment of inertia of the rigid body 
relative to the fixed axis (Int, Calc,^ Art. 196). Thus the 
kinetic energy required is 

Examples. 

1 . The rim of a fiy- wheel, sp. gr. 7' 25, performing 6 revolutions per 
minute, is 6 inches thick, and its inner and outer radii are 4 and 6 feet respec- 
tively ; calculate its kinetie energy in foot-pounds. 

Here 0 = 7 , and if, the mass of tho fiy-wheel = 7*25 x } x 62} . w . lbs. 
o 

Also {Int. Cale,f Art. 201 ), J s if (V^) ; hence the required answer is 806 foot- 
pounds, approximately. , 
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2. A rod of uniform density can turn freely round one end ; it is let fall 
from a horizontal position ; find its angular yeloOity when it is passing through 

the vertical poeition. .dm. when a is the length of the rod. 

3. Two masses if and if' are connected as in Atwood’s machine (Art 78) ; 
find the acceleration when the mass /i of the revolving pulley is taken intOi 
account. If e be the common velocity of if and M* at any instant, and the 
moment of inertia of the pulley; then the entire via viva of the system is repre-^ 
sented by {M+ if') 

Hence, if z be the distance fallen through from rest, we have 


Also v = aw; 


(if + if') e* + fik^w^ = 2y (if- if') z. 
v^ {(if + if') = 2yoa (if - if') s. 


Again, the acceleration 



V 


dv ^ 


therefore 


ya» (if- if') 
‘(if+i/')a* + AtA^‘ 


If the pulley be supposed a homogeneous cylinder, = and/becomea 

a 

y (if-if') 

if+if'+ J m’ 

4. Find in the same case the tensions of the strings. 

2if ' a* 4 2ifg» + M^» 


Ana. Mg : 


(M 4- if') ^ (if 4- if ') a» 4 

For a homogeneous pulley these become 

Mg — and if'y - 

•"y o / ar I %r»\ i .. » ^ y f 


2(if4if') + A*’ 


^2(if + if')4A4 


6. A homogeneous cylinder, of weight JF, is rotating round its ws, sup- 
posed horizontal, with an angular velocity w ; find to what height it is capable 
of raising a given weight P, before coming to rest. 


Ana. where r is the radius of the cylinder. 


134. Tls Ylva of any System. — ^If ap, i be the co- 
ordinates of the centre of gravity of any moving system of 
masses at any instant, or, y, z the coordinates of the element 
dm at the same instant ; also, if C, ti, Z be the coordinates 
of dm relative to a system of parallel axes drawn through the 
centre of gravity ; then, as in Art. 14, we have, adopting 
Newton’s notation. 
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ooDBequently, 

2f^(i»i = 2rfw{(* + Q* + (y + i)* + (i+Q*). 

Again, if Fbe the Telooily of the centre of ^vity, and 
if the velocity of dm relative to the centre of gravity, we have 

also 

2|d»» = 0, 2qdm = 0, 2tdm ^ 0. 

Hence we get 

2t)* dm = F*2 dm + 2i>'’ dm. (12) 

Accordingly, the via vim of the system at any instant con- 
sists of two parts, one of which is the via viva of the entire maw 
supposed concentrated at the centre of ^vity ; the other is 
the via vim of the system relative to the centre of gravity 
regarded as a fixed point. This result obviously holds good 
also for the kinetic energy of the motion. 


Examples. 


1. A Homogeneous cylinder rolls, without slipping, down a rough inclined 
plane, under the action of gravity ; investigate the motion. 

Since the motion is one of pure rolling, the line of contact of the cylinder 
and plane at any instant may be regarded as fixed ; accordingly the iriction 
acting along the plane does no work. Also, by Art. 133, the kinetic energy at 
any instant is represented by J i, where I is the moment of inertia of the 
cylinder with respect to the edge in contact with the plane. But / = if (a® + A;*), 
where a is the radius of the cylinder, and its moment of inertia relative to 
the axis through its centre. Hence the equation of work gives 

if«® (a* + W) =s 2^if« sin i, 


where s is the space down the plane described from rest. Consequently, 




2g8 sin i 



hence 


/ds\ 2ga^8 sin i 
\dt) “ + Ai» * 


therefore, by differentiation, 

d *1- __ aV 8?n * 
^ + A* 
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This [^ows that the acceleration down the plane is constant. Hence the 
velocity acquired^ and the space described in any time, can at once be determined. 
If the cylinder be homogeneous, we have (Int» Calc,, Art. 201), and 

tiie acceleration / in this case is Jy sin i. This shows that the velocity of the 
eentre of gravity of the cylinder is f that acquired by a particle, in the same 
time, in sliding down a smooth inclined plane of the same inclination. If the 
cylinder be hollow, k = a, and accordingly /== iff sin t. 

2. A mass if draws up another, on the wheel and axle; find the motion. 

Let a be the radius of the wheel, a’ that of the axle ; then, as in £x. 3, 
Art. 133, it is easily seen that we get 

+ Jf'afl + M**) = ig{Xa - M’a’)e + const. 

Hence, by diffetentiation, 

d^e g{Ma - M'a') 


Accordingly, if 0 = 0, and ^ = 0, when t = 0, nre get for the angle turned 
at 


through in the time 


e=yt^ 


Ma - V 


3. Find the tensions of the strings in the same case. 
Ans, 


Wa^a + a*) + 


^ Ma^ + if 'a'2 + ^ ifaH if'a'*+ 

4. Find the velocity acquired by the centre of a hoop in rolling down an in- 
clined plane of height h. Am, 


135. Work done by an Impnlse. — If a mass M 
moving with a velocity V receives an impulse in the direction 
of its motion, and if V' be its velocity after the impulse, then 
the change in its kinetic energy is 

= r).i(r+ v). 

But M[ V' - V) measures the impulse. Hence the work 
4one by the impulse is measured by the product of the 
momentum, which measures the impulse, by half the sum of 
the velocities before and after the impulse. 

For example, a bullet m in passing through a plank expe- 
riences a definite amount of resistance, measured by the 
thickness and by the resisting force ; but this equals hsdf the 
loss of via viva of the bullet, or. 

«?'*) = m{v - v')mi{v + e?'}, 
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where v and t/ are the yelooities with whioh it meets and 
leaves the plank. Hence the momentum m{v- v') commu- 
nicated to the plank varies inversely as «? + «?' : consequently 
the greater the velocity of impact the less the momentum 
impeded. This explains how a bullet with a high velocity 
can pass through a door without moving it on its hinges. 

136. Compound Pendulum. — A solid body oscillating 
under the action of gravity, around 
a fixed horizontal axis, is called a i 
compound pendulum. The motion of 
such a body is readily reduced to 
that of the corresponding simple 
pendulum, as follows: 

Let the plane of the paper re- 
present that in whioh the motion of 
6r, the centre of inertia of the body, 
takes place, and let 0 be the point 
in which the fixed axis intersects 
that plane. Draw OY vertically 
downwards, and let QO = M ^ mass of the body. Also 
let z<?Or=0. 

Suppose the pendulum to start from rest, when 0 « a ; 
then, in the time ty the point G will have descended through 
the vertical height a (cos 0 - cos a). Also the vk viva of tho 
body at the same instant (Art. 133) is represented by 





Hence, by the principle of work, Art, 132, we have 

j(^) = 2Mga (cos B - cos a). 

If the moment of inertia /be represented by ME*, the 
latter equation becomes 

= 'iga (cos B - cos o), 

where /Tis the radius of gyration of the body [Int. Calc., 
Art. 197), relative to the axis of suspension. 
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Hence, by difierentiation, 


d^e 


■ -f ^ sin 0 0. 
dt* 


(13) 


Comparing this with the corresponding equation for the 
motion of a simple pendulum (Art. 101), we see that the 
motion is the some as that of a simple pendulum of length 



a 


Again, if Ml^ be the moment of inertia relative to an avia 
through the centre of inertia parallel to the axis of suspension, 
we have {Int. Calc., Art, 196), 

, K* k* ..... 

hence 1 = — = a + — . (14) 

a a ' ' 


The point 0 is called the centre of suspension. If 00 be 
produced until 00 = I, since the body moves as if its entire 
mass were concentrated at the point C, that point is called 
the centre of oscillation. Again, if through C a right line be 
drawn parallel to the axis of suspension, all the points of this 
line move like the point C, i. e. as if they were freely sus- 
pended frocS the axis of rotation. This line is called the axis 
of oscillation. 

Again, since 00 . OC = k\ the axes of suspension and 
oscillation are interchangeable, i. e. the time T of an oscilla- 


la^ + k^ 

■ n- / . 


tion is the seime for both, viz., T < 

By varying the axis of suspension, the time of a small 
oscillation will also, in general, vary. 

For parallel axes, 1' obviously is a minimum when a = A, 

1 2k 

and the corresponding time of a small oscillation = tt / — • 

\ ff 

In order that this should be the smallest possible, the 
axis of suspension must be parallel to that axis round which 
the moment of inertia is least (Int. Calc., Art. 217). 



Determination of the Force <if Oravity. 143 

If fhe axis of suspendon of a compound pendulum be 
inclined at an angle a to the vertical, it is reamlj seen that 
the preceding investigation holds good, provided ^ sin a be 
substituted for g throughout. 

Again, as in Art. 101, the time of any motion of a com- 
pound pendulum is represented by an elliptic integral. 

Also, if a solid body make a complete revolution round a 
horizontal axis, the time of revolving through any angle can 
be reduced to that for the corresponding oscillatory motion 
of a particle. 


Ezahplss. 


1 . A uniform circular plate, of radius makes small oscillations about a bori- 
ssontal tangent ; find the length of the equivalent simple pendulum. Ans. ^a, 

2. Find the position of the axis with respect to which a uniform circular 
plate will oscillate in the shortest time. 

Ans, The axis is at a distance of half the radius from the centre. Length of 
the equivalent pendulum = a» 

3. Find the centre of oscillation of a homogeneous sphere, of radius a, Oscil- 
lating round a horizontal tangent to its surface. 

Ans, At a point \a below the centre. 

4. Find the ratio of the times of oscillation of a homogeneous solid sphere, 

and of a spherical shell of equal diameter, each being taken with reference to a 
horizontal tangent. : 6. 


5. A sphere of radius a is suspended by a fine wire from a fixed point, at a 
distance I from i ts cent re ; prove that the lime of a small oscillation is repre- 
sented by IT 
vibration. 




hlg 


(1+1 sin^ ^a), where a represents the amplitude of the 


6. If the semiaxes of a uniform elliptic disc bo 2 feet and 1 foot, and it be 
suspended from an axis perpendicular to its plane through one of its fo^ find 
the time of a complete oscillation under gravity. 


Ana. 


2V3 


- /II. 

3\ g 


137. Determination of the Force of Gravity. — We 

have already seen (Art. 103) that the value of g at any place 
can be determined from the length of the seconds pendulum 
at the place. To apply this it is necessary to know the nu- 
merical value of • 
a 

Two methods have been devised for this purpose-one 
employed by Borda, Arago, Biot, and others ; the other first 
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used by Bobnenberger, and afterwards brought to great per- 
feotion by Captain Kater. 

In the first method the compound pendulum, supposed 
made of a material of uniform density, has such a shape that 
its radius of gyration can be calculated mathematically, as 
also the distance of its centre of inertia from the fixed axis. 

The second method depends on the reciprocity of the 
centres of suspension and oscillation. 

Eater’s compound pendulum consisted of a heavy bar 
having two apertures at opposite sides of the centre of inertia, 
through which knife edges passed, on either of which the 
body could be supported. On the bar was placed a ring 
capable of being moved up or down by means of a screw. 
Eater moved the ring until the times of oscillation round the 
two axes were equal ; in which case, by the preceding, the 
distance between the axes is equal to the length of the equi- 
valent simple pendulum. The distance, /, between the axes 
having been accurately measured, the value of g was calcu- 

lated from the formula g = where T denotes the time of 

an oscillation. 

Eater published an account of his observations in the 
Philosophical Tramactiom^ 1818, 1819. For a more detailed 
account of this method the reader is referred to Eouth^s Rigid 
Dynamics^ Arts. 100-108. 

138. Motion of a Rigid Body round a Fixed Axis. 

— In general, let a force P, in a direction which is at right 
angles to the fixed axis, act on a body ; then for a small 
ongul^ motion ^^O'the work done by P is, by Art. 128, re- 
presented by Pjorffl. Again, as this work is equal to the 
corresponding change in the kinetic energy of the body, we 
have 

Hence we get 

d‘d _ Pp _ Moment of impressed force 
Ml^ Moment of. inertia 


( 16 ) 
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Ezahfi^. 


1. A uniform circular plate of I foot radius and 1 cwt. revolves round its 
axis 6 times per second ; c^culate its kinetic energy in foot pounds. 

Ant, 863, approximately. 

2. A bent hisexACB rests in equilibrium when ^(7 is inclined at the angle a 
to the horizontal line ; show that when this arm is raised to the horizontal posi* 
tion it will fall through the angle 2a, C being supposed fixed. 

3. A homogeneous cylinder, of mass Jf, and radius a, turns round a hori- 
zontal axis ; a fine thread is wrapped round it, and has a mass M' attached to its 
extremity. Find the angular velocity of the cylinder when M' has descended 
through the height h. 

An, u' 

4. A right cone oscillates round a horizontal axis, passing through its vertex 
and perpendicular to the axis of the cone ; find the length of the equivalent 
simple pendulum. 

4A* + A* 

Ant, — rr — , where A is the height of the cone, and b the radius of its base. 
on 

6, If in the last example the cone be let fall from the position in which its 
axis is horizontal, find its angular velocity when in the lowest position. > 

An,. = 

4A* + i» 

6. In the same case find the pressure on the fixed axis, at the lowest position 
of the body, arising from centrifugal force (Art. 98). 


. 15 A* 

2 ®^*A* + i* 


, where JF represents the weight of the cone. 


7. A thin beam, whose mass is M and length 2a, moves freely about one ex- 
tremity attached to a fixed point whose distance from a smooth plane is b, (b < 2a) : 
the other extremity rests on the piano, the inclination of which is a. If the 
beam be slightly displaced from its position of equilibrium determine the time 
of its small oscillations. 

Indian Civil Service Bxam,^ 1860. 

In this case the beam may be regarded as turning round the perpendicular 
on the plane. 

8. A bullet weighing 50 grammes is fired into the centre of a target with a 
velocity of 600 metres a second. The target is supposed to weigh a kilogramme, 
and to be free to move. Find, in kilogrammetres, the loss of energy in the 
impact. 

Land, Univ,^ 1880. Ant, 635'6. 


9. When the weight P of the pulley is taken into account, show that equa- 
tion (9), Art. 76, becomes 

' jr+iP\ 


jr fi, . rr+iP \ 
w'~g\ w- /’ 


in whidi ihe pulley is supposed to be of uniform density and thickness. 
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10 . If the motion of a solid body acted on by attracting forces be a pure ro- 
tation, the Telocity 0 of rotation at any instant will be given by the equation 

JIfA* = 2 To). 

where V represents the potential of the attracting forces. 


11. A hollow cylinder rolls down a j^rfectly rough inclined plane in 10 mi- 
nutes ; find the time a uniform solid cylinder would take to roll down the same 

Ana, 6 ^/3 minutes. 

t'l 12.*Th6 particles composing a homogeneous sphere of mass M and radius M 
were originally at an infinite distance from each other : find the work done by 
their mutual attraction. 

Suppose the sphere in question to have been formed by the condensation of 
an indefinitely diffused nebula ; and imagine the sphere divided into a number 
of concentric spheres. Let M* be the mass contained in the sphere whose radius 
is r ; then we have 

Jf» 


Also, if dM' bo the mass bounded by the spheres r and r + dr, then 

r^dr 






Accordingly the work done in condensing dM\ in consequence of the attraction 
of the interior tnaas is, by (6) Art. 126 , 

ic — dM = 3 tt -7- r^dr. 


Hence the whole work done in the condensation of if is 



3 Jin 

V-R- 
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CHAPTER VII. 

CENTRAL FORCES. 

Section I. — Rectilinear Motion. 

139. Centre of Force. — ^We next proceed to consider 
motion under the action of a force whose direction always 
passes through a fixed point, and whose intensity is a func- 
tion of the distance from that point. The fixed point is 
called the Centre of Force; and the force is said to be attrac- 
tive or repulsive according as it is directed towards or from 
the centre. 

If we assume that two particles of equal mass, placed at 
the same distance from a centre of attractive force, are equally 
attracted towards the centre, when they are conceived placed 
together j the whole force acting on them — considered as one 
mass — will be double that which acts on one of the particles. 
Similarly, if any number (w) of equal particles be placed 
together, the whole force will be n times that which acts on 
a single particle. Hence it follows that in such cases the 
whole attracting force is proportional to the number of par- 
ticles, i. e. to the mass of the attracted body — provided the 
attracted mass be of such small dimensions that the lines 
drawn from its several points to the centre of force may be 
regarded as equal and parallel. Accordingly the force, in 
this case, is proportional to the attracted mass ; consequently 
the acceleration produced by it is independent of the mass 
attracted, and is a function of the distance from the centre 
of force only. 

140. Attraction. — The acceleration due to an attractive 
force, at any distance, is called the attraction of the force, 
and is, as we have seen, independent of the mass of the 
attracted particle. Consequently the measure of an attractive 
force at any distance is the velocity per second which the 

L 2 
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central force could generate in one second, in its own direc* 
tion, if it were conceived to act uniformlj during that time. 
For instance, g, i. e. the velooity acquired in one second by 
a falling body (Art. 38), measures the attractive force of the 
Earth, at any place, and is, as already stated, the same for 
all bodies at that place. 

141. Rectilinear Motion. — ^If the particle acted on be 
originally at rest, or be projected in the line joining its posi- 
tion to the centre of force, its motion will take place in that 
right line. 

Taking this line for the axis of r, and the fixed centre as 
origin, we have for the equation of motion (Art. 21), 


d'x 

de 


-F, 


( 1 ) 


where F represents the attraction at the distance «, which is 
taken with the negative sign because it tends to diminish the 
velocity. 

We shall illustrate equation (1) by applying it to a few 
elementary cases. 

142. Force Varying as the Distance. — If the force 
be proportional to the distance from the fixed centre, we 
may assume F- jur; then, for attractive forces, the equation 
of motion becomes 


d^x d*x - 


( 2 ) 


This equation has been already considered in Art. 109, 
and accordingly we hare 

x = 0 coat v^JT + C" sin < (3) 

The constants C and O'' are determined from the initial 
droumstanoes of the motion. 

For example, if the particle start from rest, at the distance 
a from the centre of force ; then, when ^ » 0, we have x = a 

and ^ - 0 : this gies 
at 

O'" a, and 0; 
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and consequently ar = a oos ^ v^. This determines the posi- 
tion of the pai^ole at any instant, and shows that the motion 
consists of a simple harmonic vibration. 


Again, if (^ - ^) - 2^, it is evident that the values of x 

dx 

and of are the same at the end of the time ^ as at the 
at 

time t : this diows that the motion is oscillatory, and that the 

2jr 

time of a complete vibration is -y=. (Compare Art. 111.) 

•/ft 

For a repulsive force the equation of motion is 




( 4 ) 


Accordingly (Art. 109), we have 

To determine the constants : snppose, as in the former 
case, the particle starts from rest, at the distance a ; then 

a= C7+ O', and 0- (7'=0. 

Hence » = Ja («*''»* + (6) 


143. Inverse Square of Distance. — In the case of 
the law of nature, in which the attractive force varies as the 

inverse square of the distance, we have -P=» ~ : and the dif- 

ar 

ferential equation of motion is 


u 


= 0 . 


Multiplying by 2dx, and integrating, we get 
W 2u 
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Hence, if the particle be supposed to start from rest, at 
the distance a, 

/J^\2 /t IN 

( 6 ) 


\dt J \x a/ 


This equation determines the velocity at any distance 
from the centre of force. 

Again, extracting the square root, and transforming, we 
get 




J--- 

a 


( 7 ) 


The negative sign is taken since, in the motion towards 
the centre of force, x diminishes as t increases. 

To integrate this equation, assume x = a cos’O; then 


IL ^ and = - 2a sin 0 cos OdO; 

« y/a 

consequently ^^dt = 2a* cos* 9d9 ; 

hence t = (0 + ^ sin 20) + constant. 

Again, the constant vanishes, since t and 0 vanish when 
x = a; 

i^i 

( 8 ) 


.*. ^ (0 + i sin 20). 


Hence the time of motion from the distance a to the 
distance x is 




Also the time of motion to the centre of force is 


( 9 ) 
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Again, if the body be supposed to start from an indefi- 
nitely great distance we have, making a ~ oo in (6), 




( 10 ). 


144. Application to the CSarth. — We have seen, in 
Art. 126, that the attraction of a homogeneous sphere is the 
same as if its mass were concentrated at its centre. Hence, 
the results of the last Article can be readily applied to the 
approximate determination of the motion of a body falling 
from any height above the Earth’s surface, all resistance of 
the atmosphere being neglected. 

In this case g measures the Earth’s attraction at its sur- 
face ; hence, if R denote the Earth’s radius, we have g. = gR^j 
and if this value be substituted for ju, we can readily deter- 
mine the velocity and time of motion in any particular case. 

For instance, the velocity V with which a body falling 
from the height h would reach the surface of the Earth is 
given by the equation 

( 11 ) 


Also, by (9), the time of motion in seconds is 


/i2 + A ( JK + A / A 

( ~ir 4'R+h 


where R and h are expressed in feet. 
If i2 = n4, this becomes 



n i /IT 


+ 1 


When n is a large number this becomes, approximately, 



(12) 
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If the hod^ be sapposedto start from an infini te distance, 
the relooify mth whion it vould reach the Earth is given by 
the equation 

^ -MgB. (13) 

145. Comparlaon of Attractton of DlflRerent Spbe- 
■ieal Bodies. — ^Let M, W denote the masses of two spheres ; 
S, ^ their mean densities ; r, r' their radii ; /,/' their attrao* 
tions at their surfaces, respeotiyely : then we have 




For example, if D be the mean density of the Earth, and 
i2 its radius, then/, the attraction at the surface of a planet 
of radius r and mean density S, is given by the equation 

If the mean densities be the same for both, we have 



If we assume the mean density of the Sun to be one- 
fourth that of the Earth, and its radius 104 times that of the 
Earth, then the velocity acquired in one second by a falling 
body at the Sun’s surface is approximately represented by 26^. 

In the case of the mutual attraction of two spheres, it is 
often convenient to assume the origin at their common centre 
of gravity, which remains a fixed point during the motion. 
For instance, if two equal spheres, each of radius r, be placed 
at a given distance apart, and left to their mutual attraction, 
this method may be employed to find the time they would 
take to come together. 

Let 2a be the initial distance between their centres, wd 
assume the origin 0 at the middle point of the line joining 
the centres. If x be the distance of the centre of either 

q)here from 0 at any time ; then,^ represents the oorre- 
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gponding attraction, and the time required is, by (9), repre* 
eented by the expression 

Jj oor‘ + v/»- (« - »•)) . (15) 

'erhere fi can determined by the equation 


Exaupixs. 

1. If A be the height due to the Telocity V at the Earth’s surface, supfiosing 
its attraction constant, and if the corresponding height when the variation (S 
gravity is taken into account, pro^e that 

A 

2. If a man weigh 10 stone on the Earth’s surface, calculate, approximately! 
his weight if he were transferred to the surface of the Sun. 

jins, 1 ton, 13 cwt. 

3. Calculate, approximately, the velocity with which a body falling from an 
indefinitely great distance would reach the surface of the Earth, neglecting all 
forces besides the Earth’s attraction, and assuming £ = 4000 miles. 

jins, 7 miles per second. 

4. Calculate, in like manner, the velocity with which a body falling firom an 
indefinitely great distance would reach the surface of the Sun. 

Ans, 364 miles per second. 

6. In a work erroneously attributed to Sir Isaac Newton, it is stated, that if 
two spheres, each one foot m diameter, and of a like nature to the Earth, were 
•distant by but the fourth part of an inch, they would not, even in spaces void of 
resistance, come together by the force of their mutual attraction in less than a 
month’s time. 

Investigate the truth of this statement. 1883. 

Equation (15) gives in this case for the time, in seconds, 

700>/n(gdn-.(A)+^j. 

This gives about 6 minutes and 38 seconds. 

If the question bo solved on the assumption that the attrauition is constant 
during the motion, and equal to that when the spheres are touching, the time 
required is readily found to be, approximately, = 100 VU = 6 m. 32 secs. 

It may be observed that the former result follows from this immediately by 
•application of formula (12). • 
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6. Show that if a spherOi of the same density as the Earth, attract a particle 
placed at the part of its radius from its surface, the time of motion to the 
surface is the same as that of a particle moving to the Earth &om a distance 
equal to the part of its radius. 

7. What is meant hy the Astronomical Unit of Mass ? 

The astronomical unit of mass is that mass which attracts a particle placed at 
the unit of distance so as to produce in it the unit of acceleration in the unit of 
time. 

8. If a foot and a second be taken as the units of length and time, calculate,, 
approximately, the number of pounds in the astronomical unit of mass. 

Let M denote the mass of the Earth, and m that of the astronomical unit ; 
then we have 

M , M 

- : : 1, or «» = — , 

where r is the radius of the Earth in feet. Now assuming i), the mean density 
of the Earth, to be 5} that of water, the mass of a mean cubic foot of the Earth 
is 344 lbs. approximately. If we assume the radius of the Earth to be 4000 miles, 
we get 

~ ^ ^ X 344 = 961,000,000 lbs., approximately. 

9. Taking the value of gravity as 981 in centimetres and seconds, and the- 

Earth’s radius as 6*37 x 10^ centimetres : find the Earth’s ‘mass in astrono- 
micol units. Ans. 398 x 10^^ 


146. Force any Function of Distance. — If the force 
be attractive, and vary inversely as the power of the dis- 
twee, the equation of motion becomes 


d^x III 


= 0 . 


Multiply, as before, by 2dXj and integrate ; then 

fdxV 2/i 1 , 

+ const., 

\dtj w - 1 

or + const. 

n-1 

If the attracted particle start from rest at the distance 
we have 


n - 1 a”-/, 
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This determines the velocity at any distance from the 
centre. 

In general, if we have 

// X 

, ^ + A‘«(*)=0; 

and, proceeding as before, we get 

+ 2ju / ^'{as) dx = const. 

If V denote the velocity at the distance a, this gives 
t>’-F» = 2;u{^(«)-,^(ar)}. (17) 

If the body start from rest at the distance a, its velocity 
at any distance x is given by the equation 

»’ = 2/i{0(fl)-0(r)). (i8) 

The results in this Article follow also immediately from 
Art. 131. 

147. Elastic Strings. — We next proceed to consider 
a few simple cases of rectilinear motion for heavy bodies 
attached to elastic strings. 

We assume that in all cases Hooke’s law, that the tension 
of the string is proportional to its extension beyond its natural 
lengthy is applicable throughout the motion ; and we neglect 
the weight of the string. 

Let us commence with the following example : — 

One end of an elastic string is attached to a fixed point on 
a smooth horizontal table, and the other end to a particle, of 
mass m, on the table. If the string be extended beyond its 
natural length, and then let go, to find the subsequent motion 
of the particle. 

Let a be the natural length of the string, x its length at 
any instant during the motion ; then x - a represents its 
extension at that instant. 

Again, let h represent the extension when we suppose the 
string to hang freely supporting the given particle ; then, by 
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Hooke’s law, tHe tension T of the sixing for the extension 
- a is represented by 

(19) 

Accordingly, the equation of motion of the particle, is 

^ + |(*_a)=0. (90) 

Integrating, we have 

* = a + C7 cos t+ t/'sin J~ t. 

To determine the constants, let a' denote the initial length 
of the string ; then 

<*'-« + O’, Le. (^- a 

dti/ 

also, since ^ when ^ = 0, we have 

a'-o. 


Consequently, tr = a + (a' - a) cos 



( 21 ) 


This gives the position of the particle so long as the string 
is stretched, i. e. so long as a; is greater than a. 

The velocity at any instant is given by the equation 



The length x b'Ccomes equal to a, or the string regains its 
natural length, and the tension ceases to act at the end of 

the time ^ 



Meanwhile the velocity has increased from zero, and 
attained its maximum value 



at the same instant. 
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The particle will now continue to move uniformly along 
the table with this velocity until it arrives at the same dis- 
tance a on the opposite side of the fixed extremity of the 
string, when it becomes again acted on by the retarding 
tension of the string ; and the same motion will be repeated. 

148. Weight Suspended by an Klastlc String. — 
We shall next consider the vertical oscillations of a body, of 
weight Wi attached to the end of an elastic string, which 
hangs freely from a fixed point. Suppose the body de- 
pressed below the position of equilibrium, and then set at 
liberty, to investigate the subsequent motion. 

As before, let b be the extension of the string due to the 
weight W; c its extension at the commencement of the 
motion ; x its extension at any instant ; T the corresponding 
tension of the string : then, by Hooke’s law, we have 

( 22 ) 


and the differential equation of motion is obviously 

d^'J^ TIT' 'T 




The integral of this is _ 

= b + a oos Jj-t + C' Bin 

To determine the constants, we have, when 


therefore, 


< = 0, « = c, and ® » 
C ^e-b, and C' = 0. 


Consequently, « = J + (c - J) cos i. 


There are two oases to be oonudered, according as c is 
less or ^ater than 2b. 

(1). Let e < 2b. In this case the extension and con- 
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sfiquently the tension can never vanish ; and the body will 
oscillate up and down through the distance c-h, on both 
sides of the position of equilibrium ; the time of an osoilla> 
tion being represented by 



(2). Next, let c > 2b. In this case x vanishes, and oonse- 
qnenUy T also, when 

6 + (c - J) cos 

The corresponding velocity is easily found to be 
ge (c - 2b) 
b 

As the tension of the string vanishes at this instant, the 
body may be regarded as projected upwards with the fore- 
going velocity. The height, h, to which it would ascend is 
given by the equation 

A=^(c-26). (25) 

The body will afterwards fall to the origin, and the subse- 
quent motion will be as before. 

149. Weight Dropped from a Height. — Next sup- 
pose the weight attached to the string, and dropped from a 
height A, vertically above the lower extremity of the string 
when hanging freely and unstretched. The solution is con- 
tained in the preceding investigation : for the maximum ex- 
tension c of the string is given by (25), and is represented by 

c^b^yV(r-^h). (26) 

In practice it is found that Hooke’s law does not hold 
beyond certain limits which are attained long before the 
string is broken. It is interesting to consider whether in 
any particular case the string will be broken or not by the 
faU, assuming Hooke’s law still to hold. 

A given string is capable of supporting only a certain 
weight, called its breaking weight. Denote tms weight by B ; 




Weight Dropped frm a Height. 169 


then e, the corresponding extension of the string, is found, 
by Hooke’s law, from 


5=-j-e, 


and the string will break or not according as the maximum 
extension, given by the preceding analy sis, is greater or less 
than e ; that is, according as 6 + -v/6 (6 + 2A) is greater or 
less than e. 


Again, if 6 and e be both given, the least height of fall, A, 
in order that the string should break, is got by substituting e 
for c in (25), and is 

, e(e-26) 


Suppose the weight W to be the part of 5, i. e. let 
e = and we have e[^n - 1). 

Thus, for instance, a weight ^ of the breaking weight, 
dropped from the height should suffice to break the string. 

The preceding analysis applies also to the vertical oscilla- 
tions of rods supporting heavy weights ; and many interesting 
practical questions are explained thereby — for instance, the 
danger to the stability of a suspension bridge arising from 
the steady march of troops over it. — See Poncelet, Mecanique 
Lulustnelley Arts. 332-345. 


Examples. 

1. A heavy particle attached to a fixed point by an elastic string is allowed 
to fall freely from this point. Show that the clastic force at the lowest point is 
given by the equation 

_ _ _ total fall 

J?=s — 7 : — , 

extension of string 

where W is the W'eight of the particle. 

2. A heavy particle attached to a fixed point by an elastic string han^s 
fi*oely, stretching the string by a quantity e. It is drawn down by an addi- 
tional distance /; determine the height to which it will rise if /* - ^ = 

a being the unstretched length of the string. Ans, 2a. 

3. A heavy body is attached to a fixed point by an elastic string, which 
passes through a fixed ring, the natural length of the string being equal to the 
distance between the ring and the fixed point. 

(a) If the body receive an impulse, it will describe an ellipse round the place 
it would occupy if suspended freely. 

(h) When does this ellipse become a right line ? 
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4. A ppticle is attached by a straight elastic string to a centre of repulsive* 
force, the intensity of which varies as the distance ; the string is at first at its 
natural length. Find the greatest distance from the centre of force to which 
the particle will proceed, and the time the string takes to return to its natural 
len^. 

5. Two bodies, JT and hang at rest, being attached to the lower end of 
a fine elastic string, whose upper end is fixed : supposing one of them, JT, to drop- 
off, find the subsequent motion of the other. 

Let a be the natural length of the string; b its extension of length for the 
weight W ; e that for the weight IF'; then, at the end of any time t, from the 
commencement of the motion Xj the depth of JF below the fixed point is given 

by the equation x^a + b + e coat 

6. Two particles, connected by a fine elastic string, are moving in the direc- 
tion of the line joining them with equal velocities, their distance being the 
natural length of the string ; if ^e hinder particle be suddenly stopped, find 
how far the other will move before it begins to return. 



Section II. — Central Orbits. 

150. Plane of Orbit. — If we suppose a particle acted 
on by a force directed to a fixed centre to be projected in any 
direction, it is easily seen that its subsequent path will lie in 
the plane passing through the centre of force and the direc- 
tion of its projection. For, since the force acts towards the 
fixed centre, it has no tendency to withdraw the particle from 
that plane at the first instant, nor at any subsequent instant 
during the motion ; because the motion of the particle at each 
instant is got by compounding its previous motion with that 
due to the central force. 

We shall accordingly take this plane, called the plane of 
the orbit^ as the plane of rectangular coordinate axes ; the 
fixed centre of force being the origin 0. 

151. Differential Equations of Dotlon. — Suppose 
the force attractive, and P the y 

position of the attracted particle 
at the end of any time t. 

Let ^ 

Oi^=r, PN=^yf OP^r, lXOP= 0. ^ 

Suppose F to represent the o' 
acceleration due to the attractive force ; then, hy Art. 68, we 
have 
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^.-F^e^-F^- 

dr r f 

The complete determination of the motion for any law of 
force depends on the solution of these simultaneous equations. 

In the case of a repubive force it is necessary to change 
the sign of F. 

The path described is** evidently always concave to the 
centre of force for attractive forces, and convex for repubive. 

152. liaw of Direct Distance. — There is one case 
in which the differential equp,tions can be immediately inte- 
pated, viz., when the force varies directly as the distance 
&om the fixed centre. 

Let fir ; then, for attractive forces, we have 




= 0 







( 2 ) 


The integralB of these equations, by Art. 109, may be 
\mtten 


x = n + .Bsin^v^ju 

y=A'ooB ty n + .B'sin^v ^ (i 


( 3 ) 


The arbitrary constants in this, as in all other oases, can 
be found from knoudng the position, velocity, and direction 
of motion at the first instant. 

153. Equation of Orbit, and Periodic Time. — ^If 

we solve the preceding equations for cos < ^/ju and sin ^ a//u, 
and add the squares of the results, we get 

(Ay - A'xY + (By - B'xf = (AB' - BAJ (4) 

<This equation represents an ellipse, whose centre is at the 
centre of force. 

a 

M 
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Again, if 27r + ^\//i be substituted for fi in equa- 
tions (3), the values of x and y remain unaltered ; hence, if 
{f - Oa/ac = 27r, the body will occupy the same position at the 
end of the time f which it occupied at the time t. Accord- 
ingly, if T be the time of a complete revolution in the orbit, 
we have 



T is called the periodic time, and is the same for all 
orbits round the same centre of force, since it depends only 
on /u, the intensity of the central force, Le. the acceleration 
at the unit of distance, and not on the initial conditions of 
the motion. 


154. Determlnatloii of the Arbitrary Constants. — 

Let a, b be the coordinates of the particle at the instant 
from which the time is reckoned, V the initial velocity, and 
a the angle which the initial direction of motion makes with 
the axis oix\ then, making < = 0 in equations (3), we get 
A ^ tty A' - b. 

Again, by differentiation, we have 


= A^ painty 

lit 


Hence 


^ = sy (xcoatyfi- A'y namt 
Vcosa = B y/i, Fsin a = B'y ft ; 


y— V cos a 

consequently, x = acost'y p + siii I 

. Fsin a ^ 
y=bdOBtx/p + ~ sin t ^/p 


( 5 ) 


thus the position of the particle at any instant is determined. 

155. Repulsive Force. — ^Next, if the force be repulsive 
the equations of motion are 
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Ae^'i ^ \ 

Hence, as before, | • (6) 

y =s A!^^ + / 

If we solve for and and multiply the resulting 
values, we get 

{A'x - Ay) {By - ffx) = {A'B - SA)\ (7) 
This represents a hyperbola, having the lines 
A'x - Ay = 0, By - B'x = 0 

for its asymptotes. The constants -4, -B, -4', JS' can be easily 
determined, as in the former case, whenever the initial posi- 
tion, velocity, and direction of motion are given. 

Conversely to the preceding Articles, it can be readily 
shown that if a particle describe a conic under the action of 
a force directed to its centre, the force varies directly as the 
distance ; and is attractive for an ellipse, and repulsive for a 
hyperbola. 

156. Several Centres of Foree. — The results arrived 
at above hold for the motion of a body acted on by any 
number of centres of force, each varying directly as the dis- 
tance. For it is readily seen that, in this case, the forces are 
equivalent to a single force, directed to the centre of mean 
position of the different centres of force, whose intensity or 
absolute force is equal to the sum of the intensities of the diffe- 
rent centres of force (see Minchin’s Statics, Art. 23). 

In like manner, if we suppose each pai*ticle of a body to 
attract according to the law of direct distance, its total at- 
traction is the same as if its entire mass were concentrated 
at its centre of inertia. 

Hence it follows that if two bodies mutually attract, accord- 
ing to this law, their centres of inertia will describe ellipses, in 
the same periodic time, round their common centre of inertia. 
This result holds good for any number of mutually attract- 
ing bodies. In all cases the path described by the centre of 
inertia of a body is called the orbit of the body. 

Examples. 

1. Prove that the velocity at any point in a central elliptic orbit varies di- 
rectly as the ^ameter drawn parallel to tbo tangent at the point. 
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2. In the case of a repulsiye force, Tarying as the distance, find the arbi- 
trary constants, the initial conditions being supposed the same as in Art. 164. 
Malting ^ s 0 in equations (6), we get a = A i-B, bss A* + 

Again, by differentiation, on making t=sO, we get 


Hence, 


F coBa^ {A ~ B) VJI, Fainas (A* — B') 



(a + 




V COB a\ 

3 = 1 

/ V cos a' 
I a := — 

Vp r 

2 

\ Vfi t 

Fsin a\ 

1 

(i- 

v? r 

2 * 

1 v^: - 


3. Find the condition that the orbit in the preceding should bo an equilateral 

hyperbola. Ans. T® = (a® + 6*) /a. 

4. A body is acted on by four equal masses, attracting directly as the 
distance : find its orbit, and show that its periodic time is ono-half of that of a 
body acted on by one of the masses alone. 

6. A body is attracted to one fixed centre, and repelled by another, of equal 
intensity, each varying directly as the distance. Find its path. 

Am. A parabola. 

6. In the ellipse described freely by a body, under the action of a central 
force varying directly as the distance, determine the relation connecting the 
eccentric angle of position with the time of passage through any point on the 
curve. 

7. A number of bodies, which describe ellipses about the centre of force as 
centre in the same periodic time, are projected from a given point with a given 
velocity in different directions in a plane. Prove that their paths will all touch 
a fixed ellipse with the given point as focus. Cafnb, Math, Trip., 1875. 

8. Being given the centre of force, a point in the orbit, and the velocity and 
direction of motion at that point ; give a geometrical construction for tiio lengths 
and positions of the axes major and minor of the orbit. 


We now return to the general equations of motion under 


Central Forces. 


157. Equable Deaeriptlon of Areas. — ^In equations (1) 
if the first be multiplied by y, and the second by x, we get by 
subtraction 


rf'y d( dy dx\ . 

si,** 


Hence 


dy dx , 
— V — » A. 
dt ^ dt ' 


|where A is a constant independent of the time. 
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Again (Art. 105, IHff. Cak.), we have 

dy dx ,dB 
dt ^dt dt* 

therefore r* — = 6. (8) 

dt 

Hence, if A denote the area described in the time t by the 
radius vector r drawn to the particle, we have 



therefore A = i(ht). (9) 

No constant is added since we suppose A and t to vanidi 
together. 

If we suppose ^ = 1, we infer that h is dotdk the area 
described by the radius vector in the unit of time. 

Conversely, if a particle move in a plane, and describe 
equal areas in equal times around a fixed point in the plane, 
then the entire force acting on it at each instant passes through 
the fixed point (compare Art. 28). 

158. Yelocity at any Point. — ^Again (Art. 183, Diff. 
Oak.), we have 

ds .dO 


where ds denotes the element of the path described in the 
time dt, and p is the length of the perpendicular from the 
centre of force on the tangent at the point. Hence 





= V, 


where v denotes the velocity at the instant ; therefore 

h 

V--. 
p 

Accordingly the velocity varies inversely as the perpen- 
dicularj?. • 
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The constant h can be determine from (10) whenever the 
velocity V, the distance JR, and the direction of motion at any 
point of the path of the particle, are known. 

For, let 0 denote the angle which the direction of motion, 
at the instant, makes with the radius vector Jt ; then the per- 
pendicular on the tangent = i2sin 0, and hence 

/<=Fi2sin^. (11) 

Equation (10) admits of another form ; for, squaring, it 
becomes 

. A’ 


.,S’ 


therefore 


= /**!«• + 




where - Calc.j Art. 183). 


( 12 ) 


159. nrewton’s Proof. — On account of the importance 
of the preceding results we shall give the method by which 
the equable description of areas was originally established by 
Newton. 

Let the whole time be divided into a number of equal in- 
tervals. Then, supposing 
no force to act on the body 
during the- first interval, 
it would describe a right 
line ABy uniformly, in 
that interval. Likewise 
during the next interval, 
if no force act on it, it 
would describe the '‘right 
line Bcy in the direction of, 
and equal to, AB, But when the body arrives at By suppose 
a force directed to 8 to act on it, with a single sudden and 
great impulsey so as to cause the body to deviate from the right 
line Bcy and to proceed along the line BO. To find the 
position of the body at the end of the second interval, we 
draw from c the line cO parallel to B8 (the direction of the 
force), and meeting BO in. C; then the body will be found at 
C at the end of this interval. JoinsSG and Sc; then, since 


e 
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SB and Cc are parallel, the triangle SBC is equal to SBc^ and 
therefore equal to the triangle SAB. In like manner D, J?, &o. 
the positions at the end of the next intervals, can be deter- 
mined. Also it is obvious that the right lines ABy BCy CDy &o., 
aJl lie in the same plane, and the triangles SCDy SDEy &o., 
will be each equal to SAB. 

Therefore equal areas round S are described in equal 
intervals of time; and, componendoy the sum of the areas 
described are proportional to the time of their description. 

If now we suppose the number of intervals of time in- 
creased, and their length diminished indefinitely, the path 
described becomes a curved line; the centripetal force by 
which the body is perpetually defiected from the tangent 
to the curve will act continuously ; and the areas described 
round S, being always proportional to the time of their de- 
scription, will be so in this case also. 

The other results of the preceding Article follow likewise 
(Newton, Lib. I., Sec. ii., Prop, i., Frincipia). 

160. ITeloelty at any Distance. — In equations (1) 
if we multiply the first by 2dxy and the second by 2rfy, 
and add, we get 

2g* + 3 . - 2 ». 

ar r 

Integrating, we get 

or «)* = - 2/J?yr + const. (13) 

By aid of this equation, when the law of force is given, 
the velocity at any point in the orbit can be determined. 

Thus, let the acceleration F be any function of the dis- 
tance represented by fi<p'{r), then 

dr + const. = - 2/u^(r) + const. 

Again, let Fbe the velocity at the distance B, and we 
get 

F* = - 2n^{B) + const. ; 
therefore 2/u{0(i2) - ^ (>•)). 


( 14 ) 
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For iiutaaoe, for the law of nature, we have 

^-^.2^(1-*) (15) 

Henoe we see that the velocity at any distance from the 
centre of forro is independent of the path described, and is 
the same as if the body had been projected, with the initial 
velocity, directly towards the centre of force (compare Art. 
131). 

Again, if /= ^, we have 


If F = 0, when JB = oo , ue, if the velocity at any point in 
the path is that which the body would acquire in moving from 
rest from an infinitely great distance towards the centre of 
force, we have 


2m 1 
w - 1 


(17) 


For instance, if the force vary as the inverse square of the 
distance, we have in this case 

(18) 

r 

Again, if the fo^ce be repulsive, and vary directly as the 
n'* power of the disliance, we have F=- jur®, and (14) be- 
comes 

- P = i (r"« - (19) 

»+l' ' 

li V=0 when 22 •» 0, i.e. if lAe velocity at any point be the 
same as that acquired in moviny/rom the centre offeree, 

e* = 

« + 1 


( 20 ) 



To prove the ReUxHon jP- ^ 

p* dr 

161. Itaw of Inverae Sqoare. — If J*- equations (1) 


Tieoome 


ux „ y 

Also from (8), we have, ^ ^ » 

henoe, equations (21) become 

oos'fi.fl. 

hr h 

e--^sinfl6. 

hr h 


( 21 ) 


Integrating, we get, 


i ~ sin 0 + o 
n 

y = ^ cos 0 + P 


( 22 ) 


in which a and P are constants, whose values can be found by 
the aid of the initial circumstances of the motion. 

Again, substituting these values of x and y in the equa- 
tion xy-yx- A, we get 


^ r + px- ay - A = 0. 


(23) 


From this it follows that the orbit is a conic section having 
the centre of force at its focus. 

Further discussion of this law of force is postponed to 
Art. 166, in which will be given another demonstration that 
the orbit is a focal conic. 

162. To prove the Relation F= 

dr 

Equation (13) gives, by differentiation. 


dr • 



( 24 ) 
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This result admits of a useful transformation ; for, if y 
denote the semiohord of curvature drawn through the centre 
of force, we have 



{Bif. C'«fe,Art.235.) 


Hence the previous equation becomes 



(25) 


This result can also be readily deduced from the conside* 

m 

ration that the centrifugal acceleration, — , at any point in the 

orbit, must be equal and opposite to the component of the cen- 
tral acceleration taken in the normal direction (Arts. 25, 90). 


Examples. 


1. Provo that the velocity at any point in a central orbit is the same as that 
acquired in moving from rest along one-fourth the chord of curvature at the 
point, under the action of a constant force, equal in intensity to that of the 
central force at the point. 

2. A particle describes a circle freely under the action of a force whoso 
direction is constant; determine the law of force. 

Taking the centre of the circle as origin of rectangular axes, the axis of ^ 
being parallel to the constant direction of the force, wo have 


dt'^ 



0, ic* + y* = a* ; 


dx 

di 


dx 


dt 


hence. 


hence, 


dt “y’ 

r=^=- — . 


3. Apply equation (24) to find the law of force directed to a focus in an 
ellipse. 

In this case we have 






To prove the Equation 


d*u 


• + u 


F 
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I dp a 1 , ^ ah^ 

TT“ = 15’“T> nence, ^F= TT-x. 
dr d* r* 

4. Find the law of force in the curye 

r*» = fl*» cos m«. 

Here we have (Dif. Cale,, Art. 190) = a«»p. 


Hence, 


^ _ (w + 1) A® a®»» 


6. Prove that the force under whose action a body P revolves in any orbit, 
about a centre of force S, is to the force under whose action the same body P 
can revolve in the same orbit, in the same time, round another centre of force 72, 
as 8P. RP^ : SCP, whero SG is the straight line drawn from S parallel to 72 P, 
meeting in Cr the tangent at P to the orbit. Principia, Sect, ii., Prop.vii., Cor. 3. 

163 . To prove the Equation -7755 + ^ = 77-^. 

dO^ 


In the equation 


dr 


^-2F, 


if we regard r as a fimotion of 0, we have 


— 21'’= -iilL = — ^ dfy) 
du dd 

d9 


dO 

dr 

~W 


Moreover, from (12), we have 

d{v‘) 


dB 


ni.duf d^u\ 


Substituting in the preceding, we get 


d^u 


F 


“ h‘u^ 


(26) 


This important result can also be proved as follows : — 
Substituting - Jf* for P, in equation (11), Art. 28, we get 
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^ ~de * \dt)' 

but 


also 

dr dr dO i . 

• 

• • 

dV ,d/ dwN , dB d*u 

If"~^It\de)~~'^diW" 

consequently 

F.ivfg.u). 


-A*«» 


d*u 

W' 


The discussion of central orbits comprises two distinct 
classes of questions. In the one it is required to find the 
equation of the orbit when the law of force is known ; in the 
otner the orbit described is given, and the law of force, 
directed to a fixed point, is required. 

In the latter case, if the origin be taken at the fixed 
centre of force, the equation of the orbit can, in general, be 

expressed in terms of w and d, from which the value of ^ 

can be determined. If this be substituted in the equation 


the resulting value of F determines the required law of 
force. 

164. Application to Bllipse. — For example, to find 
the law of force which will cause a particle to describe an 
ellipse round a centre of force situated in one of its fod. 

Here the equation of the orbit is 

1 + e cos 0 


where L is the semi latus-reotum. • 
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Law of Inverse Square. 
d*u « oos 0 , 

rf0* ” " ~ir ’ 


therefore 


tt + 




1 . 

V 


and consequently 


A»«* 

L 


A* 


a(l-^) r* 


(27) 


Accordingly the force varies inversely as the square of the 
distance from the centre of force. 


Examples. 


Find tlie law of force, directed to the origin, in the following curves : — 
1. rasfli®®, 2. • « =s as®® + 3. r =sfl0®® + 5s*®®. 


^ns. 


1. and 2. 


r» 




165. Case where the Iiaw of Force Is given. — 

When the law of force is given, the determination of the 
orbit depends on the solution of a differential equation ; for, 
if F=/i^(u), equation (26) becomes 


u 6(u) 

4- M = — ■ - ■ • 

d0* A* «» 


(28) 


This equation admits of being completely integrated for a few 
laws of force only. We shall commence with the most im- 
portant case, namely, the law of nature, for which the attrac- 
tion varies as the inverse square of the distance. 

166. l^aw of Inverse Square. — ^Let F=-^ = then 

the equation becomes 

(ft( iU 
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The integral of this, by Art. 109, is 


« = ^ + .<4 cos (6 - a). (29) 

This is the equation of a focal conic (see Art. 161). 

The orbit is an ellipse, parabola, or h 3 rperbola, according 
to the values of the constants A and a. These constants are, 
as in all other oases, determined from the initial circumstances 
of the motion. 

We commence with the case in which the orbit is an 
ellipse. 

The equation of an ellipse referred to a focus as origin, 
and to any line drawn through it as prime vector, may be 
written 

1 1 + c cos (9 - a) 

““r" “«(!-«=) • 

Comparing with (29) we get 

IX 1 a 

or A® = ju — = jui. (30) 

Henoe, in different orbits round the same centre of force, h 
varies as the square root of the latus rectum. 

Again, let T denote the 'periodic time^ i.e. the time in 
which the body makes a complete revolution in the orbit ; 
then since h represents double the area described in the 
unit of time, we have 

^ _ double area of ellipse %Trah 

h = y . 

Hence, from (30), 




( 31 ) 
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If a second particle be supposed to describe an ellipse 
round the centre of force, and if the absolute force ft be the 
same in both cases, tre hare 

where a\ T' are the semi-axis and the periodic time in its orbit. 
Hence, eliminating /i, we get 



That is, the squares of the periodic times are to one another in 
the same ratio as the cubes of the semi-axes major. 

167. The preceding results have been deduced for the 
motion of a material particle, but they also hold good, 
approximately, for the motion of the centre of inertia of a 
body of finite dimensions, each of whose elements is attracted 
towards a fixed centre, provided the dimensions of the body 
are small in comparison with its distance from the centre 
of force. For in this case the attractions on the several 
elementary particles of the body may be, approximately, re- 
garded as a system of equal and parallel accelerations ; and, 
consequently, the motion of the body will (Art. 34) be the 
same as if it were concentrated at its centre of inertia. Also, 
as already shown in Art. 126, if a sphere consist of homo- 
geneous spherical strata, its entire attraction is the same as if 
its entire mass were concentrated at its centre. Accordingly, 
if one such sphere be attracted by another supposed at rest, 
its centre will describe an ellipse, having the centre of the 
attracted sphere for a focus. 

168. Kepler’s — By comparing the results of a 

large series of observations of the planets, chiefly of Mars, 
made by Tycho Brahe, Kepler arrived at the following laws 
concerning the planetary orbits : — 

(1) That the right line drawn from the Sun to any planet 
describes equal areas in equal times. 
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(2) That the orbits are ellipses^ having the Sun in a foous. 

(Sj That the squares of the periodic times for any two 
planets are to each other in the same proportion as the cubes 
o|^ their mean distances from the Sun. 

Prom the first of these laws Newton deduced (Art. 167) 
that each of the planets is kept in its orbit by the action of a 
central force directed to the Sun. 

From the second he proved that the attractive force for 
each planet, in its different positions, varies as the inverse 
square of the distance from the Sun (Art. 164). 

Prom the third law he deduced that the absolute force 
(/Lt) is the same for all the planets (Art. 166) ; and hence that 
it is one and the same force, directed to the Sun, by which 
all the planets are retained in their orbits. These laws are 
only approximate when we take account of the mutual actions 
of the planets on each other and on the Sun. 

For Newton’s demonstrations the student is referred to 
the Principiaj Lib. I., Sect, iii.. Prop. xi. 

From the foregoing we infer that the results arrived at 
for, the motion of a particle, for the law of inverse square of 
the distance, are applicable, approximately, to the planetary 
motions. It has also been verified by observation that a satel- 
lite belonging to any planet revolves round it according to 
the same laws that the planets revolve round the Sun. 

169. liaw of CfraYllatlon. — We have in the last Ar- 
ticle given a brief outline of the process by which Newton 
established the great fundamental law of attraction of matter, 
which we refer to as the law of nature, and which may be 
stated as follows Every particle of matter in the solar system^ 
consisting of the 8tin, the planets^ comets^ 4rc., exercises on every 
other particle an attractive force^ which varies directly as the 
product of the masses of the particles^ and inversely as the square 
of their mutual distance. 

We assume that this is a general property of matter, and 
applies to all matter wherever existing in the universe. This 
assumption has been verified by observations on the motion of 
the double stars. 
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170. Expresston fl»r ¥eloclty at any Point In a 
Focal Orbit. — We commenoe with an elliptic orbit. 

In this ease we have 


where p = SiV, 

the centre of force being 8. 

Again, let H be the second 
focus of the orbit, SN, HN' per- 
pendiculars on the tangent at P, the position of the particle. 

Suppose HN' =i?, HP = r'; then, from well-known 
elementary properties of the ellipse, we have 



Hence 


/ 

r + / = 2«, pp' = b\ — = — . 

p V 

2 ^ ^ ^ ^ ju / 2a - r \ ^ 

a p^ ap ar a\ r J* 


therefore 



a 


In the parabola a becomes infinite, and we have 



( 3 | 

(M, 


a result which can be readily established independently. 

In the case of a hyperbolic path we have r' = 2a + r, and 
the formula becomes 

(36) 

r a ' ' 

Hence we infer that if a body be projected with a velocity F, 
at a distance JR from the centre of force, the orbit described 
will be an ellipse, parabola, or hyperbola, according as 

is< = or>^. 

This result may bo exhibited in another form by aid of 
equation (18), as follows : — 

The velocity at any point in an ellipse is less, in a para- 
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-The preceding equation 

T 



bola equal to, and in a hyperbola greater than, the velocity 
'which the body would acquire in moving to the point from 
an infinitely great distance, under the action of the central 
force. 

171. Construction of Orbit. 

shows how to construct the orbit 
when we are given the absolute 
force, the initial velocity, position, 
and direction of motion. For, 
suppose P the initial position, PT 
the direction of motion, and 8 the 
centre of force ; let velocity of 
projection, SP = R ; then — 

(1) if ^ the orbit is an ellipse whose semi-axis a 
is given by the equation 

1 = A Y1 

a R ii 

Again, draw PiT, making the angle TPH « z SPP, 
then the second focus JI lies on this line, and its position H 
is found by taking PH = 2a - R, Consequently, as the two 
foci and the axis major are known, the ellipse is completely 
determined. 

(2) When ^ the orbit is a parabola, which can be 

easily determined by drawing SN perpendicular to the direc- 
tion of motion at P, inflecting 
8T= SP, and dropping HA per- 
pendicular to ST. ^ 

The parabola described with 8 Ni- 

for focus, arid A for vertex, will 
be the required orbit. 

(3) When the orbit is 

a hyperbola, 'whose semi-axis a is given hy the equation 

1 r* 2 
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The second focus, ZT, can be easily constructed, as in the 
first case, but lies on the opposite side of the direction of 
motion from the centre of force S. 

Again, as the value of the semi-axis a is independent of 
the direction of projection, we infer that if a number of 
bodies be projected from a point with the same velocity, in 
different directions, and be attracted by a common centre of 
force, the mean distances, and consequently the periodic 
times, will be the same for all the orbits. 

It may be remarked that the orbit will bo a circle, pro- 
vided the angle SPTis right, and ^ (compare Art. 91). 

The formulae in this and the preceding Article are of 
importance in the discussion of focal orbits. We add a few 
elementary applications. 


Examples. 

1. Calculate, approximately, the periodic time of a planet if its meiin dis- 
tance from the Sun is double that of the Earth. Ana, 1033 days. 

2. If a body bo projected with a given velocjity about a centre of force 
which varies as the inverse square of distance, lind the locus of the centre of 
the orbit desciibed. 

Here, since the locus of the empty focus is a circle, the locus of the centre 
is also a circle. 

3. In the same case, show that tho length of the axis-minor varies directly 
as the perpendicular drawn from tho centre of force to the direction of pro- 
jection. 

Since r and r' are each constant, p is to p' in a constant ratio ; consquently 
b varies as p, 

4. Show that there are two directions in which a body may be projected 
from a given point A, with a given velocity V, so as to pass through another 
given point If, 

Since the axis-major 2a is given, the position of the second focus is deter- 
mined by the intersection of two circles, with A and B for centres. Hence there 
are two solutions— one for each point of intersection of tho circles. 

5. Prove that the time of describing an arc of a parabolic orbit, bounded by 
a focal chord of length e, varies as 


172. fiflTect of a l^udden Change In Absolute 
Force. — A body is revolving in a focal orbit ; if when it 
arrives at any position the absolute force fi be suddenly 
altered, to determine the subsequent path. 

N2 
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Let B and V represent the distance and velooity at the 
instant in question, and let fi he the new value of the 
absolute force, and o' the semi-axis major of the new orbit ; 
then, as the velocity receives no sudden or instantaneous 
change, we have, by (33), 

2iu _ M ^ 2 m m' 

B a B a'' 

The value of tf', and consequently the position of the new 
orbit, can be immediately determined from this equation. 

For example, suppose the original orbit a parabola, and 
the central force suddenly doubled in intensity. 

Here m' = 2/*, and our equation becomes 

2^_^ _2m. 

B~ B a" 

hence o' = i2 ; and, consequently, the new orbit is an ellipse 
having the extremity of its axis major at the point. 

If the change in ju be very small, and represented by A/u, 
and the corresponding change in a by da, it is plain that we 
have 

Hence, if the central force (or the attracting mass) be in- 
creased slightly, the axis major will be 'diminished; also, if 
the force be diminished the axis major is increased. 

The corresponding cliange in the periodic time is readily 
found; for, by (31^, we have 

2 log r + log ju = 2 log 27r + 3 log a ; 

^ 2M 3Aa ^fi 

hence 7 » “ y, > 

1 a fx 

therefore ’ ^ ~ ^ ~ 

Again, if the centre of force be supposed suddenly trans- 
ferred to a new position, the subsequent path can be readily 
constructed, as in Art. 171. 
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Examples# 


1. A number of bodies are projected from a point with the same Telocity, but 
in different directions ; prove that the centres of their orbits are situated on the 
surface of a sphere. 

2. A body is describing a circle under a central force in its centre ; if the 
force be suddenly reduced to one -half, find the subsequent path of the body. 

Am, a parabola. 

3. In the same case, if the central force be suddenly increased in the ratio of 

fn ; 1, find the eccentricity of the subsequent path. w - 1 

m 

4. Two equal perfectly elastic particles describe the same ellipse in the same 
period, in opposite directions, one about each focus ; prove that the major axis 
of the orbit is a harmonic mean between those of the orbits they will describe 
after impact. 

This result follows immediately, since the vis viva is the same after collision 
as before {see Art. 81). 


5. Provo that there are two initial directions for the projection of a particle 
with a given velocity, so that the axis major of its orbit may coincide in direc- 
tion with a given line. 


6. If, when the Earth is at an end of tho minor axis of its elliptic orbit, a 
meteor were to fall into tho Sun, whose mass is the part of that of the Sun ; 
find the resulting change in the Earth’s mean distance, and also in tho length of 
the year. . a 2T 

Ans. Aa = , At = . 

m m 


173. Application of method of Hodograph.— The 

method of the hodrograph (Art. 

26) furnishes a simple mode of 
determining the law of force 
in a focal ellipse. For, since 
the velocity at any point P 
varies inversely as the perpen- 
dicular 8Ly it varies directly 
as the perpendicular HN drawn 
from the second focus ; since 8L x HN = 6®. 

Consequently the hodograph is similar to the locus of -ST, 
when turned through a right angle. But the semicircle de- 
scribed on the axis major as diameter passes through A, con- 
sequently the hodograph is a circle. 

Again, to find the law of force, let Pi denote the position 
of the movable at the ebd of an indefinitely small time 
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and N’t the oorrespondiug position of N ; then (Art. 26) 

is proportional to the central attractive force. 

Join the centre C to AT and to JVi ; then, by an elementary 
property of the ellipse, ON is parallel to 8P, and CATi to 
SP,. 

Let -SP = r, lCSP’^B, SL=p, ATAT^p'; 


then 


lNGNx = 


Also (by 8), 


NN,_ A6 


ah 
U ' 


Hence the force varies inversely as the square of the dis- 
tance. 

h h 

Again, since ® = ~ = ^ we have 


P 


hNIfx 
b* At 


'7 


Consequently, if ft represent the absolute force, i. e. the 
force at unit of distance, we get 

h^a 

as in (30). 

Again, since the velocity at P is proportional and per- 
pendicular to jETJV'; and CA", CH are constants, it follows 
that the velocity at P can bo resolved into two constant veto* 
cities — one perpendicular to the radius vector y the other to the aock 
major. 

Also, since the velocity at P is represented by ^ HNy the 
component velocity perpendicular to SP is represented by 
and that perpendicular to the axis major by : i.e. by 

^ and j e, or by and e, respectively. 

That the hodograph is a circle in this case appears also at 
oaoe from (2:^). For if jr', y' bd the coordinates of the 
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point in the hodograph which corresponds to the point »y in 
the orbit, we have 

hence, substituting in (22), and eliminating 6, we get for the 
equation of the hodograph 

(«/-«)*+ 

which is the equation of a circle. 

We may here observe that in any case of the motion of a 
particle, if we can find an equation connecting the velocities 
y, z of the motion, with constants, that equation may be 
regarded as that of the hodograph, in which £, s are the 
current coordinates. (See Art. 26.) 

Example. 

A particle moving in an ellipse under the action of a force directed to a focus 
has a small velocity n ^ impressed on it in the direction of the focus ; find the 
corresponding changes in the eccentricity, and in the position of the apse. 

174. liamberi’a Tlieorcm. — In Art. 140, Int. Calc., it 
has been shown that the area 
of the elliptic sector FSQ is 
represented by 

^ab (0-0'-(sin^-sin0')j, ^ 
where ^ and 0 ' are given by the equations 

• 1 1 -If if + ^2 - c\^ 

8mi0 = i( — - — j, - j ; 

in which 8P = ri, 8Q = 1 % and PQ = c. 

Accordingly, if t represent the time of descrihing the arc 
PQ, we have 

. 2areaPfi^Q 

^ = ^-j -(sin^-sin^)). (39) 

This shows that the time of moving from any point P to 
any point Q can be expressed in terms of the sides of the tri- 
angle SPQ and of the a&is major of the orbit. 
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Again, it ve regard a as becoming infinitely great in (39^, 
we get for f, the time of moving from P to Q in a parabolio 
orbit, 

<= r-^= {(n + ra + c)^-(n + »',-c)*|. (40) 

oVfi 


For in this case we may substitute ^ ^ for 

. , 1 M + rj - c\f , . . . 

^ - sm^, and ^ I j for ^ - sin ^ . 


Exaupleb. 

1. A comet, describing a parabolic orbit, being supposed to cross the path^of 
the Earth ; determine the points of ingress and egress for which the time the 
comet continues M'ithin the Earth’s orbit is a maximum. 

Jns, The extremities of the axis major. 

2. Find an expression for the time in the preceding question. 

2E 

Ans, — , where M represents the length of the year. 

3. Two planets, describing elliptic orbits in a common period round the Sun, 
being supposed to pass in every revolution through two common points : prove 
that the intervals between the times of their passage through the points are 
equal. 

175. modification when mutual Attraction In 
taken account of. — The preceding investigations are based 
on the assumption that the centre of force is fixed ; accord- 
ingly they can be applied to the planetary motions only on 
that hypothesis. However, from the principle of the equality 
of action and reaction, each of the planets exerts on the Sun 
an equal and opposite attractive force to that which the Sun 
exerts on it. We proceed to consider how far our results 
must be modified when this is taken into account. 

We have seen, in Art. 13, that the relative motion of two 
bodies is unaltered if equal and parallel velocities be given to 
both. We accordingly suppose an acceleration applied at 
each instant to the Sun, equal and opposite to that which the 
planet exerts on it; and an equal and parallel acceleration 
applied to the planet. This assumption will not alter their 
relative positions, while it reduces the position of the Sun to 
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one of relative rest. Consequently the relative motion of the 

K ' )t takes, place in the same mtoner as if the Sun were a 
centre of force, and the planet at each instant were 
acted on by the sum of the accelerations that the Sun exerts 
on it, and that it exerts on the Sun ; since these accelerations 
take place in opposite directions along the same right line. 

* Again, let 8 and P denote the masses of the Sun and 
planet respectively : then their attractions (being proportional 

S P 

to their masses) may be represented by /— and/^, where r 

represents their mutual distance. 

Accordingly the total acceleration on the planet towards 
the Sun, considered as a fixed centre, is represented by 

(^). 

Consequently in our preceding investigations we must 
regard the absolute force, /u, as proportional to S + P instead 
of 8 ; and we may, by proper assumption of units, take 

)u=/(S + P). 


176. Modification in Kepler’s Third l^aw. — From 
what has been just established it follows that Kepler^s third 
law is only approximate. To determine a more exact result 
we must substitute f{8 + P) instead of /u, in (31), for one 
planet, and/(/8 + P') in the corresponding formula for the 
other planet, when we have, by division. 


S + P (a\(Ty 

S + P'" UJ 

As observation shows that Kepler’s third law is very 
nearly exact for all the planets, we conclude that the mass of 
the Sun is very great in comparison with that of any of the 
planets. In fact the mass of Jupiter, which is the largest of 
them, is less than a thousandth part of that of the Sun. 

This conclusion will appear more clearly from the follow- 
ing method of comparing the mass of the Sun with that of a 
planet where the planet has a satellite : — 
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177 . Comparison of BEasses of Son and Planet. — 

Let S denote the mass of the satellite, 8 its distance £rom the 
planet, t its periodic time ; then, since the satellite revolves 
round the planet we have, as in last Article, 


p + s^/sy/rv 

s+p \aj\t)' 


( 42 ) 


When the calculations are made, it is found that in all 

/SV /jTX* p 

“1 ( “T 1 is a very small fraction : and hence also 77 . 
\(tj\tj o 

If 2 he supposed very small in comparison with P, as P is 
in comparison with 8, we can, by (42), obtain the ratio of the 
planet’s mass to that of the Sun, approximately. 

Again, for two planets, P and P', if the masses of the 
satellites be neglected, we have 



178. Mass of Sun. — When applied to the Earth and 
its satellite the Moon, the preceding formula gives a means 
of comparing the mass of the Sun with that of the Earth. 

Let JE and M represent the masses of the Earth and the 
Moon, r their distance, then equation (42) becomes 


P + M AjnVPV 
8 JE j \ O 


T 1 

Now, as a rough approximation, we assume - = » 

i. e. that the Sun’s distance from us is 400 times that of the 
T 

Moon. Also we take — = 13'4, or that the year is, approxi- 
mately, 13’4 times the periodic time of the Moon. 

. 8 + E 64,000,000 ... 

This gives 17^56 ' “ 356,420 approximately. 

E 

Moreover, as determined by tidal calculations, M ^ ; 
hence we get 8 
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This result represents very closely the ratio of the Sun’s 
and Earth’s mass as determined by more exact investiga- 
tions. 

The foregoing calculation shows the enormous mass of the 
Sun in comparison with that of the Earth. In like manner 
the^ relative masses of Jupiter, Saturn, and other planets 
which have satellites can be found, approximately. 


Examples. 

1. Prove that the mass of Jupiter is nearly 270 times the mass of the Earth 
from the following observations : — Jupiter’s fourth satellite is at a mean distance 
of 25 radii of Jupiter, and its periodic time is 16 days 18 hours; Jupiter’s mean 
radius is 11 times the mean radius of the Earth ; the mean distance of the Moon 
is 60 radii of the Earth, and a mean lunation is 28 days. 

2. Prove that the mean density of Jupiter is a little greater than that of 
water, and that the mean value of g on the surface of Jupiter is about 71, taking 
the mean density of the Earth as 5*67. 

179. Mean Density of Sun. — The ratio of the mean 
density of the Sun to that of the Eartli can be determined, as 
follows : — 

From (42) we have, approximately, 

8 

E 

Again, let /o, px denote the radii of the Sun and Earth, 
and (T the ratio of their mean densities ; then, assuming them 
spherical bodies, we have 



Hence 

OP 



(43) 


where a denotes the Sun’s mean apparent eemudiameterj and P 
the Moon’s mean horizontal parallax. 
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If we substitute 16' for o, and 67' for P, and take — as 

t 

before, we get cr * 0‘23, i,e. the Sun’s mean density is about 
one-fourth that of the Earth. 

It should be observed that this result does not require a 
knowledge of the Sun’s distance ; and, as the constants in 
(43) can be obtained with great accuracy, the ratio of the 
mean densities of the Sun and Earth can be determined with 
great precision. 

180, Planetary Pertorbatlons. — ^The previous deduc- 
tions respecting the planetary motions are only approximate 
for another and a more important reason, namely, that in them 
we have neglected the mutual actions of the planets on each 
other. 

However, since the Sun’s mass is very great in comparison 
with that of all of the planets, their attractions on any 
member of the solar system may be regarded as small 
disturhing forces, and the planetary orbits as approximately 
ellipses. 

The usual method of treatment, accordingly, is to regard 
each planet as moving in an ellipse, in which the elements* 
are subject to very slow changes, arising from the •perturha^ 
tions or disturbing effects of the other planets. 

In this manner the problem has been discussed by 
Lagrange, Laplace, and other great writers on Physical 
Astronomy. We shall not enter into this discussion, as it 
is beyond the limits contemplated in this treatise. There 
is, however, one mode of considering the effects of a disturb- 
ing force, which may be here introduced. This consists in sup- 
posing the disturbing force resolved into two componentsf, 


♦ The elements by which a planet’s path is determined are — (1) its meandis- 
tance from the Sun ; (2) its eccentricity; (.S) the longitude of its perihelion; (4) the 
inclination of its plane to a fixed plane; (6) the angle which the intersection of 
these planes makes with a fixed line ; (6) its epoch, or the instant of the planet’s 
being in perihelion. 

t There is in general a third component, perpendicular to the plane of the 
orbit. It is not proposed to consider the effects of this component here. This 
method of treating the disturbing forces is discussed in a masterly and lucid 
manner by Sir Jolm Herschel, in his Outlines of Astronomy ^ ch. 12 and 13. 
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m 


one along the tangent, the other along the normal to the 
orbit, and in treating their effeots separatelj. 

181. Tangential Disturbing Force. — Suppose P the 
position of a planet, moving in the ellipse PP^, in which 8 and 
H are the foci ; then, since a tan- 
gential disturbing force alters the 
velocity, but produces no effect on 
the direction of motion, it is easy 
to find the corresponding changes 
in the elements of the path. For 
the new position, of the second 
focus will still lie on the line PII. 

Again, if v denote the velocity at P, we have, as before, 

r a 



When the change in caused by the tangential disturb- 
ing force, is known, the corresponding change in a can be 
found ; and hence the position of and consequently that 
of the new axis major. 

Thus if Sv be the small change in v, due to the disturbing 
force, we have 



/. Sa = — vSv; NIT' = 28a = — tSv. (44) 

A* M 

If the tangential force act in the direction of the motion, 
and consequently increase the velocity, a will also be in- 
creased, and the perihelion -4' will consequently move 
towards P. 

Again, the eccentricity e will be increased when SJ?' is 
greater than SIT, i.e. when P is between the perihelion A 
and the extremity of the latus-rectum drawn through H. 

182. UTormal Dlstfirblng Force. — Next, if a normal 
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disturbing force act at P, inwardly, it does not alter the velo- 
city, but it changes the direo- T' 

tion of motion, through a small 
angle As the velocity is 
unchanged, the length of the 
semi-axis major a is unaltered, 
while the angle SPTis altered 
by the quantity §0 . Therefore 
the angle HPH'y between PJBT and the corresponding line 
PH' in the new orbit, is 28^ ; also PH = PH'. In this 
manner the position of H' is found when the angle 80 is 
known. Again, join S/i', and produce it at both ends, then 
the line A'H' will represent the direction of the axis major 
of the new orbit. 

Through H draw BH perpendicular to 8H. The points 
B and H are called the quadratures of the orbit. When P 
lies between B and the perihelion Ay the lino ABy called the 
line of apsides (see next Article), moves in the same direction 
as the planet, and is said to advance. The eccentricity in- 
creases at the same time. If the planet be between aphelion 
B and By the eccentricity continues to increase, and the line 
of apsides recedes. 

Again, in moving from A to B'y the disturbing force still 
acting imvardsy it is easily seen that the line of apsides 
advanceSy and the eccentricity diminishes. Hence, in the 
motion from quadrature to quadrature, through perihelion, 
the apse continually advances, in the case of a normal dis- 
turbing force acting inwards ; the eccentricity increases during 
the firsthalf of the motion, and diminishes during the second. 

The contrary effects have place for a normal disturbing 
force acting outwards. 

In like manner in the motion from quadrature to quad- 
rature through apheliouy the apse recedes; the eccentricity 
increases during the first half and diminishes during the 
second. 

183. Apsides. — A position for which the moving body 
is at a maximum or a minimum distance from the centre of 
force is called an apse. The corresponding distance from the 
centre of force is called an apsidal distance y and the line join- 
ing the centre of force to an apse is cjilled an apsidal line. 
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, Since r, and consequently Uy attains a maximum or a 
minimum value at an apse, we have at such a point 



It is easily seen that the orbit is symmetrical at both sides 
of an apse, provided the force is a function of the distance 
only. For, if a particle be supposed projected from a point 
^ in a direction perpendicular to the line OA drawn to the 
centre of force, it is obvious that for the same velocity of pro- 
jection we must have exactly similar paths, whether it be 
projected in any given direction or in that exactly opposite. 
Moreover, if the velocity were reversed at any point, the body 
would proceed to describe the same orbit, but in an opposite 
direction. From these considerations it follows that the 
central orbit must be symmetrical at both sides of an apse, 
since at that point the motion is perpendicular to the central 
radius vector. 

184. An Orbit can have but Two Apsidal DIs- 
tanccH. — For, suppose A and B to be two apsides, and the 
body to move from A to B; then after passing B it will, by 
the preceding Article, describe a curve similar to BA ; and 
so on. Hence the apsides are constantly repeated, and the 
angle between two consecutive apsidal distances is the same 
for all positions of the orbit. This angle is called the apsidal 
angle of the orbit. It is plain that a central orbit cannot be 
a closed curve unless the apsidal angle is commensurable with 
a right angle. 

185. Equation for Determination of Apsides.— 

Let F = then we have, by (13), 

where the value of C is determined by the initial conditions ; 
therefore h‘ (m* + ^ J du + C. 


( 45 ) 
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TT 

Hence, as — = 0 at an apse, the equation for determining 
the apaidal distances is 

AV=2ju|^^rf« + (7. (46) 

If we suppose F- equation (45) becomes 



and the equation for the apsides 

AV = -^ «**-• + a (48) 

w — 1 ' ' 


The form of the latter equation shows that it cannot have 
more than two positive roots, which therefore correspond to 
the two apsidal distances. 

For example, let the force consist of two parts, one vary- 
ing as the inverse square of the distance, the other as the 
inverse cube, or 

F = (49) 

then A* = 2ixu + /i V + C, 


Accordingly the apsidal distances are in this case deter- 
mined by a quadratic equation. If = 0, there is but one 
apsidal distance. 


186. Case of ¥eloclty due to an Infinite Distance* 

— The integration of equation (47) in a finite form is in 
general impossible ; there is, however, one case in which the 
equation of the orbit can be readily determined, viz., when 
the velocity at any point is that acquired in moving from an 
infinite distance under the action of the central force. 


For we have, in this case, by (17), ; 

w - 1 


therefore 


2f i 

iWj {n - 


i)/il 


(50) 
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Henoe ^ = Uv/oM’*'’-l,writiiigain8teadof — 




therefore 




du 


u v/ a»"^ - 1 


To integrate this,* let then — = — — ; 

s’ « n - 3 8 

. , ( du 2 C dz 


■= COB"'* + const. ; 
m-3 


2 w — 3 

9 + |3 = - — g coB"'s, or s = cos -y (9 + j3), 

where /3 is an arbitrary constant : 

hence .,t = 1 eos^(9 + ^). (51) 

If a denote the apsidal distance, and 0 be measured from 
the apsidal line, the preceding may be written 

11:3 n-3 ^ - 3 

r * = a 3 cos - 0, (52) 

This is the polar equation of the orbit. 

For example, when n = 2, we get the parabola 

rioosifl = ai 

Again, when n = 5, it becomes 
r = cos fl ; 

a circle having its centre, on the circumference. 

o 
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For n = 7 we get the lemnisoate 
r’ = «’ 008 29, 

and 80 on. 

Equation (52) fails when n = 3 ; in this case, however, 
(60) heoomee 

du I ft 1 

dd 

which give8 kd = log m + conat., where k = - 1, 

or w =» j3^^. 

This is the equation of a logarithmic spiral. 

187. Approximately Circular Orbits. — If the orbit 
described round a centre of force be nearly a circle, its equa- 
tion can be found approximately, as follows : — 

Assume F== then equation (26) becomes 

dSi jy/ \ 

If the orhit were an exact circle we ahould have 

« = and ^ " 0 ; 

therefore a muat satisfy the equation 

« = f*/(«)- (53) 

When the orbit is approximately circular we may assume 
u = a + Zy where z is always very small. 


Hence ^ ® ^ 

or ^ + « + «=J{/(«) + 8/(«))- 
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By (53) this becomes, neglecting and higher powers of 2 , 
dh 




+ z 




or, substituting^^ for ^ 

If A; = 1 - %-~9 this becomes 


= 0. 


/{^) 


d^z 


(64) 


When k is positive, the integral of this, by Art. 109, is 
2 = c cos {0y/ k + a), 

or u = a + c GOB {0 + a), (66) 

when c and a are arbitrary constants. 

The greatest value oiuiBa + c\ consequently, in order 
that the orbit should be approximately circular, it is necessary 
that c should be very small in comparison with a. 

Again, supposing c positive, the greatest value of ti has 
place when 0 ^//c + a = 0, and the least when 0 + a « tt ; 

consequently the apsidal angle is 


yk 


or 


h-aM' 

V /(«) 


If k be negative, i.e. if > 1, the integral of (54) is 
J W 

of the form 

s = Ae^^* + 


and therefore z would either increase or diminish indefinitely 

02 
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with d ; and accordingly the orbit cannot he approximately 
circular in that case. 

The value of k depends on the law of force : for example, if 
the force vary inversely as the power of the distance, then 

/(») = #!«"-’, and = 

Accordingly, in this case, A = 3 - 

Hence a nearly circular orbit^ hacing the centre offeree in 
the centre^ is impossible for laws offeree which vary inversely as 
a higher poicer than the cube of the distance. 

When n is less than 3, the angle between the apsides is 


IT 

- n 

For instance, if n = 2, the angle is tt ; this agrees with 
what has been already proved, as the orbit is a focal conic in 
this case. 

Again, if w = - 1, the angle is |7r, as it ought to be, since 
the omt is a central ellipse. 

188. MoTable Orbits. — If a central orbit be made to 
move in its own plane with an angular velocity propor- 
tional at each instant to that of the radius vector in the orbit, 
we can easily show — (1) that the new orbit is also a central 
orbit ; (2) that the difference between the forces in the two 
orbits varies inversely as the cube of the distance from the 
centre of force. (Newton, Principia, lib. i., sect. 9.) 

In a central orbit we have, in general, 



and 


de 



If now we make 9 = A6', where k is constant, the former 
equation gives 

..dO' h , 


This shows that the point describes equal areas in equal 
times round the origin ; accordingly the new path deserr '' 
by the point is also a central orbit. • 
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Again, the second equation may be written 

= P + ~ ^ = P' (suppose) ; 

A® - A'* . 

hence P' - P = ;; — : this shows that the difference be- 

r 2 

tween the forces in the fixed and movable orbits varies as 

Hence, from any central orbit we can get another, called 
by Newton a revolving orhit ; and the equation of the revolv- 
ing orbit, in polar coordinates, is derived from that of the 
original by substituting kO for B ; where the constant k is 
determined from the initial conditions. 

For example, when P= we get a focal conic, whose 

equation is of the form 

A 

f s: ... 1 1 .. ■— — - 1 . — , ■ • 

1 + f cos (0 - a) ’ 

hence, if P= ^ equation of the orbit is of the form 


1 + ecos(/ctt- o) 

The apsidal angle in the new orbit is equal to that in the 
original orbit divided by A, as is readily seen. Newton applied 
this method to the investigation of the apsidal angle in the 
lunar orbit. His discussion is beyond the limits proposed in 
the present treatise. Moreover, the progression of the Moon’s 
apse, thus determined by Newton, is but half its true amount. 

Examples. 

1 . Find the law of force in a circle when the centre of force is situated on 

its circumference. ^ 1 

Ans, -z. 

2. Investigate the motion of a body which is acted on by several centres of 
force varying directly as the distance ; and show how to construct the position 
of the centre of the orbit. • 
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3. In the same case, find the condition that the orbit should bo a parabola. 

4. Assuming that the law of force in a focal conic is that of the inverse 
square of the distance, show that the converse theorem can be immediately 
established, viz., that a particle attracted by a centre of force, varying accord- 
ing to that law, will describe a conic, having the centre of force in one of its 
foci. 

5. A semi-ellipse is freely described by a particle under the action of a 
force parallel to its axis of figure ; determine the requisite law of force, with 
the velocity of the particle on reaching or leaving either extremity of the semi- 
ellipse. 

6 . Prove that the law of force in an equiangular spiral is that of the inverse 
cube of the distance ; and explain why we cannot assert, conversely, that a body 
acted on by such a force will describe an equiangular spiral. 

7. If the velocity at each point in a central orbit be equal to that in the 
equidistant circle, prove that the orbit is an equiangular spiral for an attractive 
force. 

By Art. 91 the velocity in the equidistant circle = VFr. Again, by Art. 162, 

the velocity in the orbit = VaV ; therefore r = 7 = ij Hence — = — ; 

' ' ' ^ dp rp 

therefore r = kp^ and consequently the orbit is an equiangular spiral. 

If the force bo repulsive, the orbit is an equilateral hyperbola. 

8 . In general, if the velocity at each point in a central orbit bo in a constant 
ratio to that in an equidistant circle ; find the law of force and the equation of 
the orbit. 

Let the constant ratio be represented by 1 ; then, as in preceding 
example, we have 

df 

r = «??—■ ; hence p = 

* dp 


From this it is easily seen, as in Art. 162, that the equation of the orbit is 
of the form 


fw-i = «»»■* cos {n — 1) 6. 


The law of force is readily found ; for, in general, 

1 1 1 

Jr oc - ■■ QT — or 

piy p'^r 

9. In the same case, show that the velocity at each point in the orbit is that 
due to motion from an infinite distance, subject to the central force. 

Here v® = — = ; hence, by (17) Art. 160, the velocity is that duo to 

an infinite distance. 

10. When the velocity and direction of motion at any point, as well as the 
centre and intensity of tlie force, are given, show how to find the radius of cur- 
vature of the orbit at the point. 

11. A body is acted on by two attractive centres of force, of equal intensity ; 
and also by a repulsive force from another centse, of double the intensity ; the 
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forces yaryuig directly as the distance. Prove that the orbit is a parabola, and 
show how to construct its focus and directrix when the initial velocity and di- 
rection of motion are given. 

12. If a repulsive force vary as the inverse square of the distance, prove 
that the orbit is a branch of a hyperbola, having the centre of force in the focus 
external to the orbit. 

13. A particle is acted on by a central repulsive force, which varies as the 
po\Ter of the distance. If the velocity at any point be that due to motion 

from the centre of force ; find the equation of the path. 

Here, by (20), Art. 160, we have 


= or ^ _ ,1. 

" n + l’^ ’ + ’ 

There iP- - • 

^ [de) ««»«' **(«+ 1)’ 


therefore 


hence we get 


n+J 

U * du 


= a cos 


2 


14. If the velocity at each point in a central orbit varies directly as the dis- 
tance from the centre of force, prove that the orbit is an equilateral hyperbola, 
and find the law of force. 

16. Show that thcjrelocity at any point in a focal parabola is to that in the 
equidistant circle as V2 : 1. 

16. If the law of force be that of the inverse cube of distance, investigate 
the different varieties of orbit described. 

Let F = fiu\ then equation (23) becomes 



Accordingly, the equation of the orbit depends on the sign of 1 - 
therefore on the initial circumstances of the motion. ^ 

Suppose the particle projected initially at the distance 2?, with the velo- 
city V, and in a direction which makes the angle w with 22 ; then 


h= VF sin w. 

Again, if V be the velocity in the equidistant circle, we have. Art. 89, 


. ^ 
“.A* r*22*Bin®<u 



it*’ 
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Hence 1 - ^ u positive, zero, or negative, according as T sin « is greater, 
h* 

equal to, or less than the velocity in an equidistant circle. 

(1) Let Fsin <a > F'. In this case 1 - is positive— equal F, suppose— and 

the equation may be written 

d^u ,, - 

The integral of this is of the form 

u^Acob (kQ + o). 

A is plainly the maximum value of u ; and therefore corresponds to an apsidal 
distance. Let a bo this distance, and, if B bo measured from the apsidal line, 
the equation of the orbit is 

r cos Are = a. (1) ' 


(2) Let F sin 01 = F', then 1-^ = 0, and we have 


this gives u- A {0 a); and the equation of the orbit is reducible to 

r0 = constant, 

which represents the hyperbolic spiral. 

(3) Let F sin « < F'. If we multiply the equation 


d'^u u 

de^^ A* 


by 2du, and integrate, we get 


where e is constant. 
Hence 


/du \ * u 

U) + 


nee + h^e. 

Substituting the initial values, this gives 
yz _ y^z 


therefore = 


pr2_ yfZ 


The apse is determined by making -y = 0 ; consequently, since ^ > 1, the 

d0 nr 

orbit has or has not an apse according as F is less or greater than F'. 

Heiico, if the initial velocity he lees than that in an equidistant circle, the 
orbit is apsidal. 
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Suppose a to be the corresponding apsidal distance, then 

\ (ti 


-1 

A* U* V’ 


and, making ~ - 1 = A*, equation (3) becomes 


therefore 
The integral of this is 


tdu\ 2 1t^ 

du k adu . 

— = - Vo^«* - 1 ; or -= -■ s= hd9. 

dQ a _ 1 


Ad + a = log (an + - 1). 


But if 8 be measured from the apse, we have 8 = 0 when aw = 1. Conse- 
quently tt = 0, and we have 

au + *Jd^u^ - 1 = 


Hence aw = J (e^ + e ~^) . 

Here w increases with 8 ; and consequently the body, after leaving the apse, 
approaches nearer and nearer to the centre of force. 

Secondly, if the initial velocity be equal to that in the equidistant circle, 
(3) becomes 

— = **«*. or _=*»: 

this gives w = 

the equiangular spiral (Ex. 7). 

Thirdly, if F be greater than V% let 
jrz _ jr'2 


and equation (3) becomes 

fduV 


A* 


= k^$\ 


(S) “ " S = * 


This, when integrated as above, gives 

w + Vw* + iS* = Ae^, 

and the curve is represented by the equation 

2 m = Ae^ - -j- e'^, 

A 

The value of A can be readily determined from the initial conditions. 

17. In elliptic motion about a centre of force in a focus, prove that/ vds, 
taken through any arc, is proportional to the area subtended by the arc at the 
empty focus. , 
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18. Prove that the expression for the central attraction for any law of force 
may be written in the form 

If we change the sign in the expression for the acceleration along the radius 
vector in Art. 28, we get 

This assumes the proposed form on substituting for 9 its value ~ . 

19. What would bo the motion of a projectile if the force of gravity varied 
inversely as the cube of the height above a horizontal plane ? 

Hero the path evidently lies in a vertical plane. 

If the line of intersection of this plane with the horizontal plane be taken 
as the axis of x, and a vertical line as the axis of y, the equations of motion 
may be written 

— -a ^ _i5. 


therefore 


A.J 


where e and c* are constants which depend on the initial circumstances of the 
motion. Consequently 


/dyy + 

\dxl “ ^2 y* * 


ydy 

V/i + d 


Hence we get V/TT dy^ ~ ^ 

Consequently the path is an ellipse or a hyperbola according as d is negative 
or positive. The path is a parabola if d = 0. 

20. Prove by Newtonian methods that, if two bodies attract one another 
according to any law, they describe similar figures about their centre of inertia 
and about one another. 

Neglecting the obliquity of the ecliptic, and the inclination and the eccen- 
tricity of the lunar orbit, show that, if we take the Sun’s distance as 390 times 
that of the Moon, the Earth’s mass as 79 times that of the Moon, and the lunar 
synodic period as 30 mean solar days ; then the solar day is, to a near approxi- 
mation, shorter at full Moon that at new Moon by one 468,000th part of a mean 
solar day. ’ Camh. Trip.^ 1882. 

21. A material particle, moving freely in a plane, being supposed to describe 

a conic under the action of a central force emanating from any point in the 
plane ; show that the force varies directly as the distance from the point, and 
inversely as the cube of its distance from the polar of the point with respect to 
the curve. « 
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22. In free motion in a plane under the action of a central force varying 
according to any law, state and prove the effect on the trajectory (and on the 
motion in it) of an' additional force emanating from the same centre, and varying 
inversely as the cube of the distance. 

23. An ellipse of eccentricity e and a parabola have a common focus and 

latus rectum ; and equal particles describe them under the action of forces, to 
the common focus, of the same absolute intensity. If the particles moving in 
the same direction meet at one extremity of the common latus rectum and coa- 
lesce, prove that their subsequent path will be an ellipse of eccentricity J (1 +c)i 
accoMing as both foci of the ellipse do or do not lie within the parabola ; and 
find its major axis. What will the path ho, if the particles be moving in oppo- 
site directions when they meet ? Camh. Trip.f 1879. 

24. A body is revolving in an ellipse, whose eccentricity is > under the 

action of a force tending to the focus S ; and when it is at a distance SP from S 
equal to the latus rectum, a blow is given to it perpendicular to SP^ such that 
its new direction is perpendicular to the major axis. Show that the dimensions 
of the orbit are unaltered, but that the major axis is turned through an angle 
SPH^ where H is the empty focus. /^., 1882. 

26. Find the laws of attraction for which the trajectories described round a 
centre of force are closed orbits. (Bertrand, Comptea rmdm^ 1873.) 

If 2/4 1 ^ = -?'(«) + const., equation (23) gives 

where c is an arbitrary constant ; therefore 


F{u) -f c - w* 

n- 

Again, let a, iS represent the values of u which correspond to the apsidal 
distances, then a and ^ are roots of the equation 

e-«*=0. 


Accordingly we must have 
1 


J'(a) + .-«= = 0, r^J?(|8) + e- 


* = 0 ; 


and if Oo be the apsidal angle, we gut, abstraction being made of the sign, 

/.^ du 


r r . - 


Assuming mfo — tr, then, for a closed orbit, m most be a conunensilrable number 
(Art. 184). < 
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If ^ and e be eliminated by aid of the two preceding equatione, we obtain 


00= ^ 
- i-’ia) “ F(/8) - Jf'(a) ““ 


W 


an equation which should hold for all values of a and $, 

To determine the form of the function we suppose a and very nearly 
equal, in which case the orbit is approximately circular. 

Hence, from Art. 187, we got 


rr I , «^"(«) 


aJ"(a) , 


Let J'(o) = r, then ^ (I “ hence 

r(a) = r = 

where (7 is an arbitrary constant. 


(<») 


From this we get 


^(«) = 


2 -m2 


+ const. 


We may assume the latter constant to be zero, since it disappears when we 
substitute in equation (e). 

Again, since 2/i = F(n), we have </>{u) = Ci 

where Ci is arbitrary. 

We next proceed to determine m from the condition that (c) must be satis- 
fied for all values of a and 0. 

(1) Let m* < 2, and make a = 0, and 0=1 ; then 

G 


F(a) = 0, F(0) = 


2- w* 


Substituting in (c), w^e^obtain 


t 


du 




Again, if w»»»* = z, 

p _ J_ p dz _ 

• Jo i " "** j. ~ ' 


The condition gives — = — - ; therefore m = 1 , Accordingly, the force 
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(2) Let m^>2; then, if a = 0, we have i^(a) = ^(0) s - ao ; and if jS = I 
0 

we have Fifi) = J^(l) = Substitute in (c), and it becomes 


rfw » ^ 

Jo VI — «* w* * 2 w * 


w = 2, 


in which case the force varies directly as the distance. 


Hence, as M. Bertrand observes, *‘parmi les lois d’attraction qui supposent 
Faction nulle k unc distance infinie, cella de la nature cst la seule pour laquelle 
un mobile lance arbitrairement, avec une vitesse infciieure u uno certaine limite, 
et attire vers un centre fixe, deorive nccessaircment auteur de co centre une 
courbe fermee. Toutes les lois d’attraction permetUnt des orbites fermees, mais 
la loi de la nature est la seule qui les imposed 


26. Investigate the condition of stability of a circular orbit described about 
a centre of attraction in the centre of the circle. 

Prove that if the attraction varies inversely as the fourth power of the dis- 
tance, a particle describing a circle of radius a freely will be found ultimately 
describing either the curve 

cosh 6+1 cosh 6-1 

- a — or r = a — • 
cosh 6 - 2 cosh 6 + 2 
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CHAPTEE YIII. 

CONSTRAINED MOTION — MOTION IN A RESISTING MEDIUM. 

Section I . — Comtrained Motion, 

189. Motloii on a FiRed Curve. — When a particle is 
constrained to move, without friction, on a given fixed curve, 
the problem reduces to the determination of the velocity at 
any instant, as well as of the normal reaction of the curve. 
The motion may in this case be regarded as free by the 
introduction of the force of reaction of the curve, in ad^tion 
to the external forces. 

Hence, if N represents the normal reaction, the general 
equations of motion may be written, when referred to a rect- 
angular system of axes, 

w^ = X+iVco8a, m^ = r+iVco80, m 

where a, j 3, 7 are the angles the normal reaction makes with 
the axes of coordinates ; and Xj F, Z are the components of 
the external force, parallel to the axes of coordinates, respec- 
tively. If the first equation be multiplied by dx^ the second 
by rfy, and the third by efe, we get, on addition, 

mi^^dx + jjl^dy + ^dzyXdx+Ydy^Zdz, ( 2 ) 

since cos adx-^- cos jSrfy + cos 7 = 0 , as the direction of N is 

perpendicular to the tangent to the curve. 

This gives t)n integration 

*”• 1 (sj* (I) * (5)’! ' + ri,*zd,) 

f const. (3) 


( 1 ) 
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Hence the velocity is given by the same equation as in 
the case of unconstrained motion (Art. 131). 

For a conservative system of forces (Art. 125), the velo- 
city V at any point can generally be found from this equation. 
For, let Xdx + Fdy + Zdz be the exact differential of the 
function (ft (x, y, s) ; then if he the velocity at the point 

if, z', wo have 

i «» («* - «'’) = « (a’, y. 2) - ^ K, y'. 2')- (4) 

Hence the velocity at any point is independent of the path 
described; and, accordingly, if different curves be drawn 
joining any two points, a particle starting from one of these 
points with a given velocity would arrive at the other point 
with the same velocity whatever path it described ; friction 
being neglected. 

Two of the preceding equations (1) are sufficient for a 
plane curve ; for in this case N acts in the plane of the 
curve, and, by taking the axes of x and y in that plane, the. 
third equation will disappear. 

In the case of a central force, represented by /u^'(r), we 
have, as in Art. 131, 

Again, as in Art. 116, it is readily seen that the pressure 
on the curve in any case is the resultant of the centrifugal 
force and the normal component of the external forces. 

The particle will leave the curve at the point for which 
the normal reaction becomes zero. 


Examples. 


1. A particle is constrained to move in a circle under the influence of a re- 
pulsive force, acting from a point on the circunifcrenco, and varying as the 
distance : find the pressure on the curve, the initial position being at the centre 
of force, and the particle starting from a state of rest. 


Ans. 




where r is the distance from the centre of force, and a the radius 
of the circle. 


2. A particle is constrained to move in a logarithmic spiral, and is attracted 
to the pole of the spiral by a force varying inversely as the square of the dis- 
tance. If the particle start from rest at the distance a from the pole, find the 
time of describing any portion of the curve. 
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Let M denote the absolute force ; then, by (6), ure have 



$ 

Again, if r s be the equation of the spiral, we have 


da 

di 




therefore 


I /l-l. 

di''\l + Jk^\r a 


Integrating, as in Art. 140, we got for tho time of motion from the distance 
41 to the distance r, 

‘ “ >/ (“ ] I + - ")) • 


Also the whole time of motion to the centre is - 

2 

It is readily seen that the problem of constrained motion in a logarithmic 
spiral, under the action of any centnil force directed to its pole, is reducible to 
free rectilinear motion under the action of a corresponding central force in the 
line of motion. 

3. A particle under tho action of gravity moves down the inner side of a 
smooth ellipse whose axis major is vertical. Being given its initial velocity, 
find where it will leave the ellipse. 

Taking the centre as origin, and the axis major as axis of x, the value of x 
at the required point is given by the equation 

V a* 

where d is the height above the centre of tho level line to which the velocity at 
each point is due. 

4. In the same question find the least velocity at the lowest point of the 
ellipse in order that the particle should make a complete revolution in the curve. 

Ans, 

190. Tbeorem of m. Ossian Bonnet. — If masses 
m, m", ,&o., respectively subject to the action of forces, 
F\ F*\ &c., and starting all in the same direction from a 
point with velocities &c., describe the same, curve 


o® (I + A*j 
2m 
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ACB ; then the same path will also he desorihed by the mass 
M, when projected from the same point in the same direction, 
and subject to the action of all the forces, F, F', F", &o., 
provided the initial vis viva MVt is equal to 

mva + w't’o'* + »»'V* + &o., 

the sum of the vires vivce of the different masses. (Bonnet, 
Liouville's Journal, 1844.) 

For, suppose the particle M constrained to move in the 
curve ACB, and let N be the normal reaction at any point ; 
then, if the components of F, parallel to a rectangular system 
of axes, be respectively represented by X, Y, Z, those of F, 
by X', Y', Z', &o. ; from (1), we have 

<Px 

M-£ = X + X' + + &o. + JV cos «, 

at 

= r+ r + Y" + &o. + jvoos^, 

= X+ + X" + &o. + iVoosy, 

and, as in (2), we have 

d(MV^) = 2£foSX + 2(fySr + 2cfoSZ 

But if V, v', v", &c., be the velocities in the partial movements 
of m, m', m", &o., at the same point, 

d{mv‘) = 2{Xdx + Ydy + Xrfs), 

&o., &o., &o. 

Hence d (If F*) = d (»»»’ + jwV* + mV'* + &e.) ; 

therefore Jf F* = '2{mi?) + constant, 

or Jf F* = Smi)*, from our hypothesis. 

It is now easy to prove that the normal pressure N is zero 
at each point, and consequently that M would describe the 
curve ACB freely, under the combined action of all the 
forces. ■ 
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For the force N is equal^nd opposite to the resultant of 

MV* 

the centrifugal force, , and the several normal compo- 

nents of the forces, F, F', F", &o. 

MV* mv* 


Again, 


= — + + +&0.; 

P P 


( 5 ) 


mir mv 


lV2 


-, &c., are respectively equal and opposite to the 


but 

P P 

normal components of F, F', F", &o., because m, m', &o,, 
describe the path ACB freely. 

Hence there is equilibrium between the centrifugal force 
MV* 

and the total normal component of F, F', F", &o . ; and 

P 

consequently JV = 0. 

In general, if the initial velocity of M do not satisfy the 
equation MVo* = Sw»o*, the normal pressure on the path A CB 
vary directly as the curvature. For, from the preceding 


N= 


MV^-'S.m^* 


( 6 ) 


P P 

Also, if ono of the forces {F' suppose) be changed into 
its opposite, it is readily seen that the preceding theorem still 
holds, provided we change the sign of the corresponding term 
(fwV*) in the expression 


Examples. 

1. A particle constrained to move in an ellipse is acted on by an attractiyo 
force directed to one focua, and a repulsive force from the other, whose intensi- 
ties vary as the inverse square of tho distance : if the absolute intensities of the 
forces be equal, find the pressure on the ellipse at any point during tho motion. 

2. Hence show that a particle placed at equal distances from two such centres 
of force will describe a semi-ellipse, under their joint action. 

3. A particle moves under tho attraction of two forces directed to the fixed 

points A and il, each varying according to the law of nature, and a third force, 
varying directly as the distance, directed to (7, the middle point of AB ; show 
that the particle can be projected from any point so as to describe an ellipse 
having A and B as its foci. Lagiangc, Aml,^ t. 2, \ 83. 

Am, The initial velocity i^o is given by the equation 
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where fit fi't ft^** denote the absolute forces for the centres A, B, Gt respectively ; 
/,/' the initial distances from A and B ; and a the semiaxis major of the ellipse. 
The initial direction of motion must bisect the external angle formed by the 
lines joining A and B to the point of projection. 

4. In the same case, if the partitile be constrained to move in the ellipse, 
find the reaction B at any point during the motion. 

Am. = + 

where p is the radius of curvature at the point. 

6. If a material particle, moving freely under the action of gravity, be dis- 
turbed by the action of a central force varying inversely as the square of the 
distance ; determine the circumstances of its projection from a given point, in 
order that it may describe a parabola in a vertical plane having its focus at the 
centre of force. 


191. Motion on a Fixed Surface. — If a particle be 
constrained to move on a smooth surface, the general equa- 
tions of motion are plainly, as in (1), 


d^z 

= X+iV‘cosa, m — F + iV'cosjS, m 


dt^ 


dt^ 


where a, j3, y are the direction angles of the normal to the 
surface. 

It is obvious that in this case also the velocity at any 
point is determined by the equation 

Jmt?® = J (Xdo! + Ffy + Zdz) + const. (7) 

If gravity be the sole acting force, and the axis of z be 
taken in the vertical direction, our equations may be written 

— = i\rcOSa, = COS/3, ^ = J\rcOS 7 -sr. (8) 


When the surface is one of revolution round a vertical 
axis, the normal at each point intersects that axis ; and if n 
denote its length, we have 

cosa=-, cosp = -« 
n ' u 

Hence the two former equations give 

d^f/ d^x 
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Constrained Motion. 


or, on integration, 



da) 

y 


where e is a constant. 


e, 


This equation shows that the point of projection! on a 
horizontal plane descrihes equal areas in equal times round 
the point in which the axis of revolution meets the plane. 


192. Motion on a Spherical Snrfhee. — We shall 
apply what precedes to the motion of a particle under the 
action of gravity on a smooth sphere. This contains the 
general question of the motion of a simple pendulum, and is 
called the problem of the spherical pendulum. Taking the 
centre as origin, and the positive direction of the axis of z 
downwards, the equation of the sphere is 

a;* + y* + 2* = «*, 

where a is the radius. 

Also the general equations of motion may he written 


;r=iV?, z = JV'| + y, 

a a a 

adopting Newton’s notation (Art. 23). 

From the first two equations we get, as before, 

xy-yx<^c. (9) 

Also, as in (7), v 

i* + y* + 2*= F;’+2y(2-a), 

where Fo represents the velocity corresponding to z = o. 
Again, differentiating the equation of the sphere, 

*» + yy + zz = 0, or a^-ryy = - zz. 

If this be squared and added to (9), when also squared, 
we get 

(«*+y’)(«* + ^’) “C + z’S*. 
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Hence (a’-»*){Fo* + 2sr(«-a) -s’) -c’+s’s’, 

or o»8» = (a* - s’) { r.’ + 2g{z - a) ) - o’. (10) 

The subsequent iuTestigation is simplified by supposing Vo to 
correspond to the lowest point in the path of the particle ; for, 
sinoe the motion at that point is horizontal, we have i = 0 
when z = a, and consequently 

c’ = (a’-a’)Fo’ = 2pA(a’-a’), 

if A be the height to which the velocity Fo is due. 
Substituting this value for s’ in (10), we get 

fl’s’ = 2gr(a - s) (s’ + A (s + a) - a’} . 


Again, the expression s’ + A (s + o) - a’ may be written 
(s-j3)(s + 7), where 


o’-/3’ , fl* + a/3 

A = — and y ^ 


Accordingly 


a + /3’ 


o + /3 ' 


( 11 ) • 


o’s*’ = 2g(a- s) (s - /3)(s + y) ; 


therefore 



- v/ 2g(a - s) (s - /3) (s'+ f). 


( 12 ) 


The negative sign must be taken since z diminishes with 
which is reckoned from the instant the particle is in its 
lowest position. 

Also, when s = j3 we have 2=0, and the motion is again 
horizontal. It is readily seen that during the motion z must 
lie between the limits o and j3 ; and consequently the path 
of the particle is a tortuous curve lying between two horizon- 
tal lesser circles on the sphere ; we accordingly may assume 

z = a cos®0 + j3 sin®0, (13) 

and, substituting in (12), get 
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where 


Hence, since < = 0 when ^ = 0 , we hare 

t-a \ [* - - (14) 

where A* = ^ , "I'f • 

CL y rt* + 2aj3 + a 

Consequently the time of motion depends on an elliptic 
function, and is reducible to that of the description of a cor- 
responding arc in a vertical circle (Arts. 101, 114). 

Again, if T denote ^hojoeriod of a vibration^ that is, the time 
of motion from a lowest to a consecutive lowest position, we 
have 

'=2a 

^gia^ + 2alS + a=) J ^ ^ 1 _ Fsin*^ 

a* - a* 

It may be observed that when a = j3, we have A « g— -y 

and the question reduces to that of the conical pendulum, 
already considered in Art. 112 . 

Next let i// be the angle that the vertical plane, passing 
through the centre and the position of the particle at any 
instant, makes with the plane of zic, then y = tan ; and 
consequently 


.= 2« 

V^7(a’*+2a^+a’) 


Also c=v/ 2 i/A(a“-a’) = 


l(a‘-a‘)(a‘-fi‘) ,, „ 3^7 rdi^ 

a + 

and the angle \fj is represented by an elliptic function of the 
third species, thus 

V « + /3 J. («* - »*) ■/ («•- *)(s + 7 ) * 


(17) 
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In the projection of the path on the horizontal plane 
through the centre, the greatest and least distances from the 
centre correspond to the greatest and least values of z, i. e. to 
s = a and 8 = /3. These are called the apsidal distances, and 
the corresponding angle, the apsidal angle of the path. If ^ 
be the apsidal angle its value is represented hy the integral 







dz 


• ( 18 ) 


193. Small Oscillations. — If the particle make a small 
oscillatory motion round the lowest point, we may, as a first 
approximation, make o = «, /3 = a in (14). This gives 

h = 0, and t = <}> j'J. (19) 


Next, if 0 = a cos 0, a = a cos flo, /3 = fl cos 0i, the equa-. 
tion 


z = a cos*^ + fi sin®0 


gives 0® = 00 ® cos®0 + 01 ® sin®^, neglecting powers of 0, 0o, 0i 
Beyond the second. 

Also (16) gives in this ease 

c = a®0„0i 

\a 

.'. hy (15), we have 

= /y II 

dt 0® Va! 0o®cos®^ + 0i®sin’0\a" 
Consequently, by (19), 

# 0 , 0 . 

d^ 00® cos®0 + 0.® sin’^‘ 

Hence, by integration, 

0 . 
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or 

henoe ve liave 


sim^ 6iBin^ 
008 ^ 6« 008 f ‘ 


8m\p = 


9i sin ^ 

"IT'’ 


, , 0oOO8 0 

and 008 rp = — g — . 

Moreover, to the eame degree of approximation, we have 


aooordingly. 


x = aOcos\p, 2 ^ = a0sin^; 
x-a9tOO&4>, y = aQi8m^', 

00 * 01* ~ ■ 


( 20 ) 


This shows that the horizontal projeotion of the path is, 
approximately, an ellipse, whose semiaxes are a0o and adi. 

The next approximation is given in the following 
examples. 

The general problem of the spherical pendulum appears 
to have been first fully disoussed by Lagrange : see M^c. 
Anal., t. 2, sect. 8. 


Exaiifi.es. 

1. If a particle perform small oscillations about the lowest point on a sphere, 
inyestigate its motion to an approximation of the second order. 

It is hero more convenient to transfer the origin to the lowest point on the 
sphere, and to take the positive direction of z tipwards. Accordingly, we sub- 
stitute s = a-z\ a = a ~ a , = when equation (12) becomes 




(•A.t - g') ('ia - e*) 
2«-o'-j8' 




Examples, 
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Hence, fmmvig the aecente^ we get 


a/( 2- o)(i8-2) ^ 1 - — + \ 

“AP 2a^2a(2a-a-i3)/ 

where jS and a represent the distances of the highest and lowest points in the 
path from the plane of xy. 

Again, if a and fi be both so small that thcii higher powers may be neglected, 
we obtain 


^ Jaf’ ^ p M 

V(a-a)(i3-2) 8VyaJaV(s-a] 


V^Ja V(a-a)(i3-2) sVya JaV(s-a)0~«)* 

neglecting the subsequent terms, since ^ is a veiy small fraction. 

Hence, if « = a cos®^ + 0 sin*^, wo get 

t= 1 - ^ + — ^ 1 (® ^ Bin*(^>) ti4> 

\p 4V(7yJo 

_ /a ^ /i , « + 0 - a 

=>// 

Consequently, if T bo the whole time of motion from one lowest position to a 
consecutive one, we get 




Again, to find the apsidal angle to the same degree of approximation. 
Transforming the origin in equation (16) to the lowest position, we readily 
obtain 


! 'z(2a-~a-0)\ 
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Hence, since as before we may take 


we get 


2a a- fi - ^ 
{2a- a) (2a — 0) 2a* 

dz 


il^ = az V2aj3 j* 

J“aV(s- a)(;8-^; 

-t'^r — = , 

J.3V(a-a)(fl-s) 8 « J.V(a - a) (/3 - a) ’ 

neglecting the subsequent terms as before. 

Substituting a cos*^ + 0 sin*^ for wo obtain 


(2a - 2)2 z V(3 - a) (fi - z) 

±£C. 

V(a-«)(;8-a) 


yj, = tan-* tan 4') + | 


Hence, taking <p between the limits 0 and the apsidal angle is given, ap- 
proximately, by the equation 




This shows that in the approximate elliptic path the apse eontinually progresses. 

Again, if p, q denote the small apsidal distances, or the semidiameters of the 
approximate elliptic path, we get 




Accordingly, the rate 6f progression of the apse varies approximately as the 
area of the projection of the path. 

2. Prove that the pressure on the sphere is given by the equation 

3. If a particle be projected with a given velocity along the horizontal great 

circle of a smooth hollow sphere, find at what point its vertical velocity will be 
greatest. 

Va* + — h 

Ana. z — : — , h being the height due to the velocity of projection. 
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4. A particle is projected horizontally along the interior surface of a fixed 
smooth hemisphere, the axis of which is vertical, and vertex downwards. Given 
the point of projection, determine the velocity so that the particle may ascend 
exactly to the rim of the hemisphere. /2// 

Au,. 

6. If a particle movo on the interior surface of a paraboloid of revolution^ 
whose axis is vertical, prove that the velocity at the highest point in the path 
is that due to the height of the lowest point above the vertex of the paraboloid ; 
and similarly for the velocity at the lowest point. 

6. In the last question show that the pressure at any point P varies as the 
curvature of the meridian at that point; and that the resolved vertical pressure 
is to the weight of the particle as SZ x SM : SF\ whore L and are the highest 
and lowest points of the path, and S the focus. 


Section II. — Rectilinear Motion in a Resisting Medium. 

194. If a mass m be supposed to move in a straight line^ 
without rotation, in a resisting medium, the resistance is a 
function of the velocity of the body. If the resistance be 
represented by the equation of motion becomes 

where F is the external force acting along the right line. 

It is usual to assume, with Newton, that 0 (r) = 
where ]u is a constant depending on the density of the me* 
dium and on the area ()8) of the greatest section of the body 
taken perpendicular to the direction of motion. 

Hence we get 

at 

If we suppose F constant, and make 


( 1 ) 

we get (2) 

(tt 

If the initial velocity be less than F*, it is obvious that the 
velocity increases so long as it is less than V : this gives V 
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as the limit to which the yelooity approaches. For this rea- 
son V is called the terminal velocity of the body. 

Also, since 1 1(1 1 ) 

F+v ^ F-vj’ 

the preceding equation gives 



No constant is added sinoe we suppose t reckoned from 
the position of rest. 

Equation (3) shows that, while v increases with t, yet 
when « = F we should have t = co. Accordingly the body 
requires an infinite time before arriving at its terminal ve> 
locity. 

195. ¥ertical Motion. — One of the most important oases 
is that of a body falling vertically in a resisting medium. 
In this case F = mg, and equation (3) becomes 


This gives 

Hence 

Again, since 


, F'fF+v\ 


= e 


v = F- 


F+v 
F-v 

£L SL 

e^+e •' 


V = 


dx 

di' 


we get x=— log g — i 

when ic is measured from the position of rest. 


( 4 ) 


( 6 ) 



Vertical Motion. 


m 


This may he viitten in the form 


^*1 T. 

« = — log cosh -jp 


Again we may write ju = AS, where A is a constant de> 
pending on the density of the medium. 

Hence from (1) we get 




where W denotes the weight of the body. 

This shows that, W remaining the same, the value of V 
can be increased by diminishing the area of the transverse 
section. 

In the case of a homogeneous sphere of radius r, we have 
JF = ^TTf^p, where p is the weight of a unit of volume ; also 
/8 = TTf* ; therefore 


~‘Jsa' 


Hence we see that for spheres of the same density that of the 
greater radius has the greater terminal velocity, and we can 
readily compare the vemcal motions of different spheres in 
the same resisting medium. 

Next, for a body projected vertically upwards in a resist- 
ing medium the equation of motion is 




whence 


dt = - 




g v^+ V" 

Accordingly, if Vo be the initial velocity, we find 
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From this equation the velooity at any instant can be de- 
termined. 

Also, since = 0 at the highest point, the time of asoeht 

V Vb 

to that point is represented by — tan"* 


Again 


(ix = - 


F* odv 
g p’ + F* 


Hence, if a; be measured upwards from the point of projec- 
tion, we have 

V\ Fb‘+F‘ 

2j7 + F* ■ 

If A be the height of ascent, we get 


, F\ /F/+F*\ 

If the time t be reckoned from the instant at which the 
body is at its highest point, we have 

»=Ftan|^. (9) 


The downward motion is given by the former investigation. 
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Examples. 

1. Find a vertical curve such that the time of describing any arc, measured 
from a fixed point, shall be equal to that of describing the chord of the arc. 

Taking the origin at the fixed point, the time down a chord r, whose incli- 
nation to the vertical is 0, as in Art. 46, is 


Also the time of descending the arc is 


\J*ln a/** A 


Vrcosfl 

where do the value of 0 when r = 0. 

Hence, since the times are the same for all chords, we get, by differentiation, 


. dr 

r sin d + cosd--- 

de 


■MS)' 


1 dr 

This gives - -— = cot 2d ; 

® r de 

hence we get r* = a® sin 2d, 

where a is a constant. Accordingly the curve is a Lcmniscate. 

2. Investigate the corresponding problem when the acting force is propor- 
tional to the distance from a fixed point. 

Let A he the position of the fixed point, 0 the point of departure of the par- 
ticle, Pits position at any instant, 6 — L POAy OA = a; then w'e find, without 
difficulty, that the time h, of describing OPy when the aleolute force is taken as 
unity, is given by 


Also the time of describing the arc OP is 


JhB 


yi'lar cos d - r* 


Hence, since t\ = < 2 , we have 


— ^ d ( , , r — a cos d\ / „ ldr \ * 

V2«rcos9-.-5j; (8m-«^^) “V’^+U) = 
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therefore 


dr 

— + r tan$: = 
de 



from which we get sin 26. This represents a lemniscate also, as in the 

previous question. 

3. If the motion of a conical pendulum bo slightly disturbed, prove that the 

period of a vibration is and the corresponding apsidal angle 

w ^ where b is the distance from the centre to the plane of the conical 
pendulum. 

4. A particle is projected from a given point in a horizontal direction along 
the surface of a smooth sphere ; find the velocity of projection in order that the 
particle should rise to a given height on the surface before commencing to 
descend. 


6. A particle is constrained to move in a smooth circle, under the action of a 
central force which varies directly as the distance. If the time of describing 
any arc be constant, prove that its chord envelops a circle. 

Townsend, JSduc. Times, 1875. 

6. If a particle describe a curve freely under the combined action of the 
forces F, F', &c., where F, F", &c., act along r, r\ &c., prove that the 
equation 


must be satisfied at every point of the curve, whore &c., denote the forces 
respectively co-directionol with F, F\ &c., under which singly the given curve 
would be described; and y, y, &c., are the corresponding semichords of the 
circle of curvature at the point. 

Curtis, Messenger of Mathematics, 1880. 

Here, it is easily seen by equation (25), Art. 162, that 
= Jfy + F’y + &c. 


Also, by (13), Art. 160, vdv = - Fdr - F'dr' - &c. 

Hence 2 (Fdy + ydF) + 2SFdr = 0, 

or S {F(dy -H 2rfir) + ydF} = 0. 

Hence, in particular, we have 

<p {dy + 2dr) + yd<f> = 0, &c. 

• dy + 2dr — dg> . 
or ■■ — &c. ; 

y p 

= or = 

This theorem plainly contains as a particular case that given in Art. 190. 




7. Apply the preceding to the cose of a conic described under the action of 
forces, F, F', directed to its foci. 


Here 


A- ^ ^ 


therefore ^ (Fr*) + (FV^) d/ -r: 0. 

or, since dr + dr* = 0, 


This is satisfied by the equations 


^^(Fr^)=Mr)+M2a-r), 


where fi and /2 are both arbitrary functions. 

If we assign the same form (/) to /i and /}, we. obtain as a particular, 
solution 

^im=f{r)+/{2a-r), 

F=^SrHAr)+A2«-r)}dr,&c. 

If any paiiicular form be assigned to /, a corresponding form of F, as also 
of F*, will result. 

8. As an example of the preceding, show that a particle can be made to de- 
scribe an ellipse freely under the action of forces, 

Ar + -^, ArN 

r “ 

directed to its foci. 

The student is referred to Frofessor Curtis’ Paper for additional applications. 

9. A spherical particle moves within a smooth rectilinear tube, which re- 
volves about one extremity with a uniform angular velocity in a horizontal 
plane ; find the motion of the particle. 

Let <0 ho the angular velocity of the tube, and r the distance of the particle, 
at any time t, from the fixed extremity of the tube ; then, since the force acting 
on the particle is always perpendicular to r, we have (Art. 28), 



i^r = 0. 



236 ReetUinear MotUm in a Resisting Medium. 

df 

Hence r = <;««* + <?'«*«*. If r = a, and ^ when ^ = 0 , we get 


2 «r a= (^0 + i) - i) 


10. Consider the same problem if the tube be supposed to reyolye uniformly 
in a yertical plane. 

Here, if the time be reckoned from the instant that the tube was horizontal, 
the equation of motion is 


df^ 




- y sin taU 


The integral of this is 

r = sin 


and the constants can be determined from the initial conditions. 

11 . Two spheres of the same diameter, but of different weights, fall freely 

in air ; find the ratio of the maximum yelocitics they will attain, stating clearly 
what assumptions you make. Lond, Univ,, 1881. 

12 . Explain what is meant by the terminal yelocity of a body in a resisting 
medium. 

If the resistance vary as the square of the yelocity and the body moye in a 
vertical line, prove that at the time t, reckoned from the instant at which the 
body is at its highest position, its depth x below this position is given by 

;r = — log sec— , 
if w 

when ascending, and by 

x = — log cosh — , 
g w 


when descending ; ut denoting the terminal yelocity in the medium. 

Zond. Ufiiv,, 1883. 

13. If a body be projected vertically upwards in a resisting medium with its 
terminal velocity for the medium, determine the height of its ascent, and the 
time of reaching the highest point. 

Prove that, if an engine can pull a train of TT tons at a velocity F on the 
level, against resistances varying as the square of the velocity, the engine exert- 
ing a constant pull of i* tons: then up an incline a to the horizon the maximum 
yelocity will fall to V V{i - JF and that down the incline without 
steam the terminal velocity is FVC^sina / P). 

Prove that, if on a long railway journey, performed with average velocity P, 
the actual velocity v varies from its mean viilue by a periodic function of the 
time, say v—F+lTRin ni, the average horse-power and consumption of fuel is 
to that required to take the train with uniform yelocity F as 


1 + 5 IT* / F* : 1. 


Lond. Univ.f 1887. 
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CHAPTER IX. 


THE GENERAL DYNAMICAl. PRINCIPLES. 


196. D’Alembert’s Principle. — If a system of mate- 
rial points connected together in any way, and subject to any 
constraints, be in motion under the influence of any forces, 
each* point of the system has at any instant a certain accele- 
ration. If now to each point an acceleration were applied 
equal and opposite to its actual acceleration, the velocities of 
all the points of the system would become constant — in other 
words, each point would move as if free and unacted on by 
any force whatever; that is, the applied accelerations, the 
external forces, and the constraints and mutual or internal 
forces of the system, would equilibrate each other. 

Stated in algebraical language, the principle which is 
given above may be enunciated as follows : — If the coordi- 
nates of any particle m of a material system be y, s, and 
the external forces there applied X, X, Z; the system of 
forces, 

(Pxt d^yt I 


acting at the points iCiyiSi, &c., will be in equili- 

brium, in virtue of the constraints and mutual reactions of 
the system. 

The force whose components are - m - m 

^ dt^ dV 


is called the force of inertia of the mass w, and D’Alembert’s 
Principle (as stated in Article 71) simply expresses that — 
The applied forces and the forces of inertia in any system are 
in equilibrium. 

Q 2 
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In applying Alembert’s Principle, we may, as in Statics, 
consider the constraints of the system either as geometrical 
conditions, or else substitute for them unknown forces. In 
the algebraical statement just given, the former plan has 
been adopted ; but if we choose to adopt the latter, we have 
merely to make X, F, Z, &c., include not only the applied 
forces, but also the stresses arising from the constraints. 

If the Statical Principle of Virtual Velocities be employed, 
we have for D’Alembert’s Principle the concise mode of 
expression given by Lagrange in his Micanique Analytique^ 
viz. : — 

This equation may also be written 

Sw (icSoj + yhj + zlz) = S (XSoj + Yhj + F8s), (2) 

a form which is often more convenient than (1). 

If the forces X, F, X, &o., constitute a conservative 
system. Art, 124, we may write 

2 (XS.!* + FSy + ZSz) = SY, 
and (2) becomes in this case 

(.r8.r + i/Sy + zSz) = SY, (3) 

197. D’Alembert’s Prineiple for Impulses. — ^As 

has been stated already in Article 66, an Impulsive or In- 
stantaneous Force is a force which produces a finite change 
of velocity in a time s6 short that in it no sensible change 
of velocity is produced by the action of the forces which are 
not impulsive. If the constraints and connections of a system 
be regarded as giving rise to forces, these forces may be im- 
pulsive or not, according to the nature of the constraint. For 
example, a blow given to a body which is resting on an im- 
movable surface produces an impulsive reaction, provided the 
blow is not tangential to the surface ; but a sudden jerk to a 
body attached to the end of an extensible elastic string pro- 
duces no impulsive reaction. It is in^portant to observe that 



IfAUmberV^ Principkfor Impuhes. 229 

each point of the system may be regarded as occupying the 
same position in space at the end as at the beginning of the 
time during which the impulsive forces have acted. In otW 
words, the velocities of the various points may change by a 
finite amount, but the positions can only change by an infi- 
nitely small amount during the time under consideration. 

If u\ be the components of the velocity of any 
point, whose coordinates are f/, s, before the action of the 
impulsive forces; and t?, w the corresponding velocities 
after their action ; and X, Z be the components of the im- 
pulse which has acted at this point, D’Alembert’s Prineiple 
as applied to impulsive forces may be expressed in the form — 

Sm { {u - u') Sx‘^{v- v') Sy + {to - w') Ss ) = S (XSx + Frfy + ZSz)» 

‘ ( 4 ) 

The truth of the Prineiple in the present case can be 
established by reasoning similar to that employed in the 
preceding Article. 

It may also be derived from the Principle applied to 
continuous forces, by considering the impulsive forces as 
continuous forces of great magnitude acting for a very short 
time. In fact, if we multiply the equation 

by (it, and integrate between the limits t and if the interval 
t -t* be sufficiently short, the system has not sensibly altered 
its position, and therefore 8a?, &c., are the same at the end of 
the time as at the beginning, and we have 



Now, if X be the component of a continuous force, J Xdt 
is insensible ; and if X be the component of an impulsive force, 
is the component of the impulse along the axis of x. 
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which may be denoted by X ; hence, as 



we immediately obtain equation (4). 

198. Initial motion. — If a system start from rest 
under the action of given impulses, equation (4), Art. 197, 
becomes 

2m (uSiC + rSy + wSz) = 2 + Vdy + Zcfe), (5) 

where v, w are the components of the initial velocity of the 
point xyz. Now as Sa?, Sy, Sz are any arbitrary displacements 
of this point, consistent with the conditions of the system, we 
may, if the equations of condition do not involve thp time 
explicitly, substitute for Sx, S//, Sz the actual displacements of 
the point (see Art. 200). Hence, as actual displacements 
when divided by tho element of time become velocities, we 
may substitute for &, Sy, Sz tlie components t)', w?', of the 
velocity of xyz in any actual motion of the system. Thus we 
obtain 

2m (we/ + + wu}) - 2 (Ze/ + Yv' + Zw\ (6) 


Examples. 

1 . If the same system be set in motion successively by two difPerent im- 
pulses applied at the same point, each impulse is proportional to the velocity in 
the direction of the oIIk r v'hich it imparts to its point of application. 

Let these velocities be q and and let 1*, X\ Y*, Z* be tho compo- 
nents of the impulses P and (?, and «, r, w ; v\ w’ the components of the 
initial velocities of the point of application, then, 

+ Yv* + Zu/ = + vv' + wu>) = + Y*v + Z'v ) ; 

but Pp* = Xu' + Yv* + and Qq = X'u + Y'v + Z'Wy 

whence P .i Qwq : p', 

2. In any system at rest, if W'e suppose an impulse P applied at a point Ay 
and an impulse P' appHcd at a point B ; provo that 

PlP'^VlV’y 

where v is tho component, in the direction of Z*', of the velocity of the point B 
due to the impulse P ; and f/ is the siniilar component of velocity of the 
point A. ' 
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199. Energy of Initial Motion.— If T be tbe initial 
kinetic energy of a system set in motion by given impulses, 
by substituting w, t?, w for Sit, Sy, Sz (in 5) we obtain 

2T= hm == S (Xu + Tv + Zw), (7) 

Bertrand^ s Theorem .^ — If a system start from rest under 
the action of given impulses, every additional constraint 
diminishes the initial kinetic energy. 

Let v'j ic' be the initial velocities of the point xyz imder 
the action of the given impulses when the additional con- 
straints are imposed ; and w, the initial velocities when 
the system i^free from these constraints, then, u'dty v'dty w'dt 
are possible displacements in the unconstrained as well as in 
the constrained system. Hence, substituting u\ w' for 
8^ Sz in equation (5) wo obtain 

(wm' + vv' + tew') = S (Xti + Yv + Zw'), 

But, by (7), Sw (w'* + v'^ + w'^) = S {Xu' + Yv' + Zw') ; 
thus we have 

Sm { (u - u'Y + (t? - v'Y + [to - w'Y) = Sm [ti? + + u^) 

- [uu' tv' + ww') + 'Sttn [u'’^ + v'^ + w"^) 

= 2r - 4 r + 2r = 2r - 2r. ( 8 ) 

Hence, we see that the energy of the unconstrained 
exceeds that of the constrained motion by the energy of the 
motion which must be combined with either to produce the 
other. 

Thonmn^s Theorem .'^ — If impulses are applied only at 
points where the velocities are prescribed, additional con- 
straints increase the initial kinetic energy. 

Here, when additional constraints are imposed, the im- 
pulses are supposed to bo altered in such a manner as still 
to produce the prescribed velocities in the assigned points ; 
then, u'y v'y tv' being, as before, the velocities belonging to the 
comtrained motion, we liavo, since in the present case the 


* LiouvilUy tome septieme (1842), p. 166. 
t Froceedings of Boyal Society of Edinburgh, April, 1863. 
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velocity of every point at which an impulse acts is sup- 
posed to remain unaltered, 

S [Xu' + IV + Zw') = S (X« + r« + Zw) = 2T. 

Hence by (6) we obtain 

Sw I («' - «)» + (o' - o)» + (V -«;)»)= 2r - 2r, (9) 

and thereforo T' exceeds T by the energy of the additional 
motion. 

Examples. 


1. A system is set in motion by an impulse which is measured by the 

momentum of a mass of 60 lbs. moving with a velocity of 24 feet per second. 
The impulse imparts to its point of application a velocity of 8 feet per second in 
a direction inclined to that of the impulse at an angle of GO®. Find in foot 
pounds the initial kinetic energy of the system. Ans. 90. 

2. ^ If the initial velocities of certain points of a system bo given, prove that 
its initial kinetic energy is least when the system is set in motion by impulses 
passing through these points. 

200. Equation of His Viva. — A first integral of the 
equations of motion can very frequently be obtained directly 
from D’Alembert’s Principle, as follows : — 



where Sx, c/y, &c. are arbitrary displacements consistent 
with the conditions of the system. If the equations of con- 
dition do not contain tlie time explicitly, dx (the actual 
movement of the point along the axis of x during an infinitely 
short time) is always a value which may be legitimately 
assigned to Sx ; for th^ fact that it is an actual displacement 
shows that it is consistent with the equations of condition, 
and therefore possible, provided these equations do^ not alter 
with the time ; that is, do not contain the time explicitly. If 
they contain the time explicitly, dx is not in general a 
possible value of Sx. In fact, U = 0 being an equation of 
condition, if U is a function of the coordinates simply, Sx 
and dx must satisfy the same equation, viz.. 
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If, however, U contains t explicitly, Sx has to satisfy the 
equation 

~ Sx + &o. = 0, 
c/x 

where t is treated as constant; but dx has to satisfy the 
equation 

tfCT, . . 

"T— + &C. + — = 0. 

dx dt 


This is so, because dx is the interval between two successive 
positions of a point, at consecutive instants of time ; whereas 
Sx is the interval between two simultaneous infinitely near 
possible positions of the point. 

In the great majority of problems dx is a possible value 
of Sx; and the same holds for the other displacements. 
Assuming then that the transformation is legitimate, let us 
assign to Sx, St/, &o. the values dx, dy, &c. ; D^Alembert's 
equation becomes then 


dx + ^ dy ^^dzy-L {Xdx + Tdy + Zdz). 
Integrating, we have 

l(s)'" (IJ* s)l ■ ^ (l»> 

where c is an arbitrary constant. 

This equation is called the equation of vis viva. 

If we denote the vis viva at any particular time if by 
Smi?'*, the equation above may be written — 

= 2^ j {Xdx + Ydy + Zdz), (11) 

where the right-hand side is twice the work done by the 
forces in passing from the position occupied at the time if' to 
the position occupied at the time t. For a conservative 
system (11) becomes 

(i2) 

If there be no forces acting on the system its vis viva 
remains constant. 
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The equation of vis viva has been already obtained for a 
rigid body in a different manner in Article 132. 

The equation of vis viva is one of the most important in 
Dynamics, and is to a great extent the foundation of the 
Theory of Energy. It will be more fully considered in a 
future chapter. 

201. Of the Forces which enter the Fquatlon of 
Vis Viva. — From the mode in which the equation of vis viva 
has been deduced from D’Alembert’s Principle, it is plain 
that in the case of a rigid body the right-hand side contains 
only the applied forces, and that reactions by which geome- 
trical conditions may be replaced do not enter therein. The 
reactions of fixed points, fixed surfaces, &c., are thus ex- 
cluded : and further, if during the motion tlie direction of a 
force be at each instant at right angles to the lino in which 
its point of application is moving, such a force does not enter 
the equation of vis viva (Art. 122). 

When two surfaces roll on one another without slipping, 
the relative tangential displacement of the two points in con- 
tact is zero. Now, if F be the tangential force of friction 
developed between them, the element of work done by F on 
one body is Fdf\^ and that done on the other is - Ftf/a, dfi and 

being the projections on the direction of Fol the small 
motions of the two points in contact. Hence the whole work 
done by the tangential friction is F[dfx - rf/o) ; but dfx - df2 
is the relative tangential displacement of the points of the 
surfaces wliich are in contact. Hence the wliole work done 
by the tangential force of friction in pure rolling is zero, or 
this force in the case supposed has no effect on the equation 
of vis viva. If one of the surfaces be fixed, a similar result 
obviously holds good. 

When two surfaces are in permanent contact, the normal 
reaction between them never enters the equation of vis viva. 
For, if the motion be pure slipping, the relative velocity of 
the points of application of the mutual reaction is altogether 
tangential. If the motion bo either rolling and slipping, or 
pure rolling, the relative normal velocity of the points in 
contact is still zero, or at least infinitely small, and the rela- 
tive normal displacement is an infinitely small quantity of 
the second order ; that is, dri - dr 2 = (X, whore dvi and dr 2 are 
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the projections on the common normal of the small motions 
of the points in contact. Hence K {dvi - which is the 
whole work done by the mutual normal reaction, is equal to 
zero. 


The work done in the element of time by a mutual force 
between two bodies is always of the form - dr^^ where 

and are the velocities, in the direction of the joining 


line, of the points between which the force R acts. If r be 
the distance between these points, the work done by the 
mutual action is therefore R dr. 

If ^ R tends to increase the relative velocity in its own 
direction which already exists, Rdr is positive. If on the 
other hand R tends to diminish this velocity, Rdr is negative. 
This readily appears from the following considerations : — 


If the mutual action tends to increase the velocity it 

CLt 


tends to diitiiniah 


dVi 

di' 


and therefore the element of work dono 


by it is B{dt\ - dr ^ ; hut this is positive if and 

negative if ^ In tho first case the mutual action 

tends to increase the relative velocity in its own direction, 
and in the second case to diminish this velocity. Also, if 

the mutual action tends to diminish similar reasoning 

at 

applies. 


202. £ireet of Impulses on Vis Viva. — The change 
of via viva resulting from impulses may be investigated by 
means of equation (4), Art. 197. 

In general for any displacement Ss, wliose components 
are Sx, S//, Ss, we have XSx+ YSt/ ZSz = R Sr, where R is 
the impulse whose components are X, Y,Z, and Sr is the 
projection of Ss on the direction of R. Hence, if the direc- 
. tions of jB and Ss are at right angles to each other, 


JC Sir* + YSp+ Z Sz = 0. 
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Again, if two equal and opposite impulses occur at points 
whose coordinates are Zi ; ^ 2 , the corresponding 

terms in 

2 (-X SiT + 7 iy -v Z 8 s) 

are X ( 8 j*i - Sxs) + F (Syt - 8 ^ 2 ) + F ( 8 si - SS 2 ), 

or It (Sn - Srj), from which we conclude, that if the relative 
displacement of two points be perpendicular to the direction 
of the mutual impulsive reaction at those points, the corre- 
sponding terms in S (Z Sx + FS// + ZSz) vanish. 

We can now prove the following theorems : — 

If a system be acted on by external impulses, the vis viva 
is diminished by the vis viva of the additional motion when 
the impulse at each point is perpendicular to the subsequent 
velocity of that point, but increased by the same amount 
when the impulse is perpendicular to the antecedent velocity. 

Similar results hold good for internal impulsive reactions 
when each mutual impulse is perpendicular to the relative 
velocity of the points between which it acts. 

For the same notation being adopted as in Art. 197 — 
1 ® when each impulse is perpendicular to the subsequent ve- 
locity of the point at which it acts, we have 

2 (Z f/ + Ft? + Zw?) = 0 ; 

and 2 ° when it is perpendicular to the antecedent velocity, 

2 (Z «' + Y v' + Z id = 0. 

In the first case, substituting w, t?, w for 8 it?, 8 y, 8 s in equa- 
tion (4), we get 

2 m ( (u - u') u + {v -v')v+ tv) } = 0 ; 

from which we obtain 

2 m { [u - xCY + (t? - vy + {to -wy] 

= 2 m (/«'* + 1 ?'* + - 2 m (tt® + 1 ?® + tt?®). (13) 

In the second case, substituting u\ v\ vf for 8 iP, 8 y, 8 s in 
f4), we obtain in like manner 

2 m I [u - uy +{v- vy + [w- w?')®} 

= 2 m ( m® + »* + td) - 2 m(«'® + 1 ?'* + «?'®). 


(14) 
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Bertrand^s Theorem (Art. 199) is obviously included in 
the first case of the above theorems. 

The impulses resulting from the impact of inelastic bodiea 
against fixed obstacles, or against one another, as well as 
those produced by sudden pulls on inextensible strings, come 
under the first case considered above. To the second case, on 
the other hand, belong impulses due to explosions, or to the 
process of restitution which takes place in the second period 
of the impact of elastic bodies. 

As has been already stated (Art. 78), in the impact of 
such bodies there are two periods. In the first, the mutual 
aotim reduces the relative normal velocity of the colliding points 
to zero. In the second, a force of restitution is developed, 
which acts at each point in the same direction as the original 
force, and produces an impulse which bears a constant ratio 
to that belonging to the first period. This constant ratio is 
called the coeflS.oiont of restitution. 

As the special equations which determine the changes of 
velocity in terms of the corresponding impulses are obtained 
by equating to zero the coefficients of the independent varia- 
tions in equation (4), Art. 197, we see that these equations 
are always linear. Moreover, in the impact of elastic bodies 
the geometrical conditions are the same in the periods of 
compression and of restitution ; but each impulse in the latter 
period is equal to the corresponding impulse in the former 
multiplied by the coefficient of restitution. Hence we con- 
clude that this holds good likewise for the corresponding 
changes of velocity in the two periods. 


Examples. 

1. If a system be acted on by any set of impulses, prove that the increase of 

its via viva may be expressed in the form 2 { + ti') + y + v) + + «>')}, 

where E, Z are the components of the impulse acting at any point of the 
system ; and w, v, w, u\ v\ w' the components of the velocity of this point 
after and before the impulsion, respectively. 

2. If a system be acted on by a set of impulses which reduce to zero the 

velocities, in the direction of the impulses, of the points at which they act, find 
the change of via viva in terms of the impulses and the antecedent velocities of 
the points at which they act. Ana, + T v' + ?w'). 
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3. The ends of a string passing over a smooth pulley are attached to two 
masses, of which one rests on a horizontal plane, and the other is dropped 
through a height A, the masses of the string and pulley being neglected, 
•determine the loss of kinetic energy caused by the impulsive tension of the 
string. 

If tn and m* be the masses, v\. and V 2 the velocities of the dropped mass m 
before and after the chuck, and 7 the loss of kinetic energy, 

27 = m {v\ - t'a)* + m' Hence 7 = — - / 9^' 

4. If any system of smooth imperfectly clastic bodies having a common 
■coefficient of restitution collide, show that the loss of vis viva is 

am { (« - «')H {» - Vf + (to - «.')* } , 

where e is the coefficient of restitution, m the mass of any particle, and u\ v\ 
w\ «, Vf to the components of its velocity before and after the shock. 

Let CT, V, Whe the components of the velocity of m at the end of the first 
period of impact; then by equations (13) and (14), Ai-t. 202, if 7 be the total 
loss of kinetic energy, 

27 = 2 »i { ( If - uy + ( r- v')^ + ( r- fo')2} { (w - C0*+ (f^ - F)2+ (ta - IT)®} ; 

but «- I7’=e(tr- w'), &c., and therefore, = (1 +«)(Cr-«'), &c. 

Hence, 27 = {l-o^)29n{{ir-uy-i-{V'-v')^i^ (?F- 

= J a«.{(«-«7+(«'-«')H 

The theorem contained in this Example is due to Carnot. 

6. Two weights arc connected by a fine inextensible string passing over a 
smooth pulley. The lesser hangs vertically, and the other descends a smooth 
inclined plane, starting without initial velocity from a point vertically under 
the pulley ; determine how far it will descend ; and state the limit of the ratio 
of the weights within which finite descent is possible. 

If z be the height which the lesser weight W ascends, and s the distance 
along the inclined piano traversed by the greater weight we have, by the 
equation of vis viva, when the system comes to rest, fTs sin i - tT'z = 0, and 

jr 

therefore z = \s sin i, if — = Also, if A be the vertical distance of the 

pulley from the inclined plane, we have geometrically, since tho string is inex- 
tensible, 

(A + zp = A® + + 2Assin ». Hence s = — A, 

In order that finite descent should be possible, W'>W ’ sin i. 

6. Two equal spheres, A and B, starting simultaneously from rest, descend 
down two equally inclined planes; tho one plane quite smooth, the other 
perfectly rough ; find the ratio of the velocities of the centres of the spheres 
at the end of any time. 

Let t^i be the velocity of the centre of A, vz that of the centre of B, and a* 
the angvdar velocity of B at the end of any tiipp t, then vz = au (see Ex. 1, 
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7 

Art. 134), also, and- ma^ ^ = 2 ^ms 2 , where zi and z^ are the 

0 

distances through which the centres of A and JB have descended. Now, if si 
and sa he the distances which the centres have moved parallel to the inclined 
plane at any time, 




and zi = 8i sin t. 


£2=^2 sint. 


Hence, substituting and differentiating, we have 

--- -g sin t, -9 sm ♦. Hence va = 


7. A thin uniform rod, AB^ slides down between a vertical and a horizontal 
rod, to which it is attached by small smooth rings ; find the angular velocity of 
AB in any position. 

^ Take the horizontal and vertical rods as axes of x and y, their intersection 
being 0, and let $ bo the angle which AB makes with the vertical rod at any 
time ; then M, the middle point of AB, describes a circle round 0 with an 
angular velocity 0, which is likewise the angular velocity of the rod round Jf. 

rt* 

Hence (Art. 134), ma^ O^i-m 0^ = 2gma (cos a - cosd), where a is half the 
length of the rod, m its mass, and a the initial value of 0 ; then 

e‘^ = (cos a - cos 3). 

2«' 

8. A narrow smooth semicircular tube, whose radius is a, is fixed in a vertical 
plane, the vertex of the semicircle being its highest point ; a heavy flexible string 
passing through the tube hangs at rest ; if the string bo cut at one end of the 
tube, find the velocity which the longer portion will have attained when leaving 
the tube. 

Let ? bo the length of each of the portions of string which hang below the 
onds of the tube in the position of equilibrium ; then, since the distance of the 

. 2a , 

centre of inertia of a semicircular arc from the centre is — , a being the radius, 
wo have, if bo the velocity with which the string loaves the tube. 


whence 


(;+«) v^= 2^1 lira + "■*(“ + j> 
2ir?+(4 + ir»)ffl _ 


l + va 


■«< 7 . 


9. A uniform bar, of length 2a, is suspended from a fixed, parallel, and equal 
horizontal bar, by strings of equal length joining the adjacent extremities of the 
bars. An angular velocity a is imparted to the snspended bar round a vertical 
through its centre of inertia. Determine the vertical height through which 
its centre of inertia will rise. 

As each extremity of the bar moves on the surface of a sphere to which the 
attached string is radius, the tensions of the strings do not appear in the equation 
* 0)2 
«f vis viva ; hence h = — - . 
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208. The General Equations of Motion of a 
Rigid Body apply to every System. — If the forces 
acting on any system be in equilibrium, the equilibrium is 
not disturbed by rendering the mutual distances of the points 
of the system invariable — in other words, by making it rigid. 
Hence the equations of motion of a rigid body are, in their 
most general form, applicable to any system whatever. The 
special reductions which may be applied to the forces of 
inertia in the case of a rigid body cannot, however, be em- 
ployed in other cases. 

204. Equations of Motion of a Rigid Body. — 

By means of D’Alembert’s Principle we can at once write 
down the equations of motion of a rigid body. We have, in 
fact, merely to write down the six equations of equilibrium, 
taking into account, not only the applied forces, but also thn 
forces of inertia as defined in Art. 196. 

Hence the six equations of motion are — 

W 

'where Lf M, N are the moments of the applied forces round 
the axes. 

For impulses, the corresponding equations are — 
Sh»(«-«') = S:X:, 2w(e-«') = SF, 2 »j(w-w') = SF. (17) 
'2,m[y{w-w') -z{v-v')] = ^(yZ- sF) = L 
'2,nt[z[u-ti')-rx{to-w')\ = '2,{zX- xZ) = M 
'Sm\x{p-'d')-y(^-%{)\ = ^{xY- yX) = JY 

These equations hold good for^ any system which is 
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altogether free, i. e. unacted on by any constraints, and not 
subject to geometrical conditions external to itself. 

In the case of a system subject to external constraints, 
the constraints must, in general, be replaced by the stresses 
to which they give rise. 

Equations (15) and (17) may be put into a simpler shape 
as follows : — 

205. Motion of the Centre of Inertia of a Free 
System. — Let y, z be the coordinates of the centre of 
inertia, and 3W the mass of the entire system ; then, for 
continuous forces, 

^ „ d‘^x ^ 

^x = Sm I 

dr 

3Hy = Sm^ = sr 1. 

dH 

mz = sw = SZ 

df ^ 

Also, for impulses, 

SD? (w - u) = Sm(u - w') == SZ 

^01(^0 - o')=^Em(v [ 

w') = ^m[w - w') = SZ ) 

These equations give the motion of the centre of inertia 
of a free system acted on by any forces. Prom them it 
appears that — 

The centre of inertia of a free system moves as if all the forces 
were applied to the entire mass concentrated there. 

206. Constraints and Partial Freedom. — If a system 
be subject to external constraints, we may apply equations 
(19) and (20), provided we suppose the constraints replaced 
by the forces to which they give rise. 

If a system, though not entirely free, be such that equal 
and parallel displacements of arbitrary magnitude can be 
given to each of its points in a definite direction, and if the 
axis of X be taken in that direction, we have still the equation 

3n^ = sx 


(19) 


( 20 ) 
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207. Internal Forces. — Any force by which two 
parts of a system act on each other is said to be internal. 

Since action and reaction are equal and opposite, the 
components of internal forces destroy one another in the sums 
SX, SF, and SX. Hence in any system 

Internal forces^ whether continuous or impulsive^ have no effect 
on the motion of the centre of inertia. 

208. Case of no External Forces. — It follows from 
Art. 207, that if a system be acted on by no external forces, 
its centre of inertia is either at rest or moves in a straight 
line with a constant velocity. This theorem is sometimes 
termed The Principle of the Conservation of the Motion of the 
Centre of Inertia. 

Eesults similar to those of the preceding Articles hold 
good for impulses. 

209. Motion of a Free System relative to its 
Centre of Inertia. — If S, ? be the coordinates of any 
point of a system referred to axes through its centre of 
inertia parallel to fixed directions, = + y = y fij, s = 
Substituting in D’Alembert’s equation, we have 

(S/») (S«) 



Now 2w£ = Smi/ = = 0; hence, by equations (19), 

Art. 206, we obtain 



8?j-0. (21) 


It follows from this equation that — 

The motion of a free system relative tofts centre of inertia is 
the same as if this point were fixed in space^ the applied forces 
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being unaltered as regards magnitude^ direction^ and point of 
application. 

The theorem just stated holds good as well for impulsive 
as for continuous forces. This readily appears by applying 
the transformation employed above to equation (4), Art. 197, 
and making use of equations (20), Art. 205. 

210. Momeiits of Momentum. — It is readily seen that 
at any instant the expression 

- yyi) or ^m{xy - yx) 

represents the entire moment of the momenta round the axis 
of 2 of all the elements of the system at the instant : and 
similarly ^m[yz - zy) and ^m{zx - xz) represent the corre- 
sponding quantities relative to the axes of x and y, respec- 
tively. 

These moments of momenta are of fundamental impor- 
tance in the discussion of the motion of any system, and we 
shall accordingly represent them by distinct symbols. 

Thus let 


El = Sm [yz - sy), E^ = ^m{zx - xz), E^ = Sw {xy - yx), (22) 

then equations (18) may be written in the form J 

Ei-Ei'^L, E,-E: = M, E,-E/=E, (23) 

in which Ei, E 2 , Ei represent the moments of momenta of 
the system before, and Ei, E^, E^ those after, the impact. 

If the body be at rest when acted on by the impulses, these 
equations become 

Ei^L, E2 = M, E, = N. (24) 


Hence, in this case, the moments of momenta generated 
by the impulses are respectively equal to the impulsive 
moments applied. 


Next, since 


-yx = - yi). 


we have 


dEi „ / X 

= ^m{xy - yx), 



244 


The General Dynamical Principles. 


and it follows that equations (16) may be expressed in the 
following form : — 


dt 



d_H,^ 

dt 


(25) 


The quantities iTi, JSTa, S 3 admit of an important trans- 
formation, as follows : — 

If ^ 7^3 dt represent the elementary area described round the 
origin by the projection of the point irys on the plane of xy^ 
then 


xy - yx=^ /« 3 . 


Hence = SwAa, and, likewise, representing the pro- 
jections on the planes of yz and xz by a similar notation, 


Si = Swi/ii, Sa = Sw/ia. 

Accordingly equations (25) may be written 

« rfAi ^ ^ dh^ „ dh ,r 

= ^rn- = N. (26) 

The corresponding equations for impulses are 

= i, ^m1h = M^ 2 /wA 3 = S. (27) 


If the system is in motion when the impulses act, the three 
latter equations should be written 


SmAi = i + ^m]h\ ^tn/h = S+ ^m/h% (28) 


where A/, hij hi are the values of Ai, Ag, A 3 the instant before 
the impulses act. 

The quantities A„ Aa, A 3 , &c., are the areal velocities, 
relative to the origin, of the different points of the system ; 


dh 

and — ^ &o., are the areal accelerations [see Art. 29). 

dt 


In any system in motion the three moments Si, Si, S3, 
if they were regarded as moments of forces or couples 
aoting on the same rigid body, would be equivalent to a 
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single moment S round a line ^rhose direction oosines 

ff -pf 

fl-re being given by the equation 


m + - 02 * + H,\ 


This line is called the momentum axis of the system relative 
to the origin. As it is the axis of the couple which is the 
resultant of the couples corresponding to the moments of the 
momenta of the different elements of the system, it is plain 
that its direction is independent of the directions of the co- 
ordinate axes. 

If 8dt be twice the sum of the projections of the 
elementary areas described by all the points of the system 
round the origin, each multiplied by the corresponding 
element of mass, on a plane whose normal makes an angle 
0 with the momentum axis, then 

iS = jff cos 9. (29) 

This may be proved in the following manner : Let hdt 
be double the elementary area described by the element 
whose mass is m round the origin ; and let a, j3, y be the 
cosines of the angles its plane makes with the coordinate 
planes; then. A, /u, v being the direction cosines of the normal 
to the plane of S, 

S = SmA (aA + jS/x + yv) = X^mha + fi^mhfi + v^mhy 
= + + = + SoosB. 

Hence, the multiple sum of the projections of the elementary 
areas on the plane at right angles to the momentum axis is a 
maximum. 

This plane is called the Principal Plane relative to the 
origin. From what has been just proved, we see again 
that its position is independent of the directions of the axes. 

If 17 , S be a second set of rectangular axes through the 
origin parallel to directions fixed in space, and if the direc- 
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tion cosines of referred to x, y, s, be Ai, a%, a, ; of q, bj, bt ; 
of a, Cl, Cl, e , ; we have, as particular cases of what has been 
proved above, 

2m {nt - K'fi) = -ffifli + Sttti + JJia, 

- It) = Sihi + + SA 

2m - q|) = -ffic, + iTjCj + H3C3 

The preceding theorems of this Article are true for any 
system of moving 'points, and whether the origin be fixed 
or movable. 

Again, to find the moments of momentum of a system round 
axes intersecting at a point whose coordinates are a, b, c. 

Let J 7 /, JET:', Hi be the moments of momentum of the 
system round axes parallel to the coordinate axes, and inter- 
secting at the point ahe ; then, we have 

JIi' = 2 m((y -b)z- (s-c)y) 

= 2m (ys - zy) - {b2niz - c2my ) ; 

but X, y, z being the coordinates of the centre of inertia of 
the system, 

2 my = S wz = aWs ; 

hence we obtain 

Ei'=Ei-m{bi~e^) \ 

= I • (31) 

E,'=E3-m{ay-bi)) 

Again, the moment of momentum of a system round an axisy 
through any point 0 , is equal to the moment of the momentum 
relative to the centre of inertia round a parallel axis through 
that pointy together with the moment of momentum round the axis 
through 0 of the entire mass of the system supposed to be con- 
centrated at the centre of inertiay and moving with it. 
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Take the axis through 0 as the axis of x, and make use 
of the transformation employed in Art. 209, then 

Sm (ys - zy) = Sm {{y + ij )(2 + ^)-(s + + ^)} 

= aw (yz - zy) + Sot (»j^ - Si)) ; (32) 

^ce Sot») = SotS = 0, Soti) = Sot^ = 0. 

t . 

The student will observe that y, &o., denote relative, not 
absolute, velocities. If the origin 0 be the centre of inertia 
of the system, equations (23), (24), and (25) hold good whether 
0 be fixed or moving (Art. 209), the axes being parallel to 
lines fixed in space. 

In the deduction of equations (23), (24), and (25), we 
have supposed that the system is free, that is, unacted on by 
constraints external to the system itself. 

211. Constraints and Partial ^Freedom. — A system 
which is not free may be regarded as free, if the external 
constraints be replaced by the forces to which they give rise. 

In general, we can ascertain whether a given constraint 
afiects the validity of equations (23), (24), and^IS^rby con-" 
sidering its influence on the conditions of equilibrium of a 
rigid body. 

If one point of a rigid body be fixed, we know that for 
its equilibrium the moments of the applied forces round three 
rectangular axes meeting at the point must each be equal to 
zero. Hence we conclude — 

If there he one point of a system fixed,' equations (23), (24), 
and (25) hold good for this p)oint as origin. 

Again, if there be a fixed line in a rigid body, the con- 
dition of equilibrium is that the moment of the applied 
forces round this line should be zero. From this we infer — 

If there be a fixed line in a system, the rate of change relative 
to the time in the moment of momentum of the system round this 
line is equal to the moment of the applied forces. 

212. Internal Forces. — Since internal forces occur in 
pairs, each pair consisting of two equal and opposite forces 
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having a common line of direction, the moment round any 
line of the whole set of internal forces must be zero. Hence 
the moments of momentum of any system are unaffected hy forces 
internal to the system. 

213. ConserYatlon of moment of momentum. — If 

a free system be unacted on by any forces external to itself, 
its resultant moment of momentum, relative to any point 
fixed in space, is constant, and has for its axis a line whose 
direction is invariable. 

A similar result holds good for the centre of inertia even 
though this point be not fixed in space. 

If a system, otherwise free, contain a point or a line fixed 
in space, and be unacted on by external forces, the resultant 
moment of momentum of the system relative to the fix^ 
point, or the moment of momentum round the fixed line, is 
constant. 

The theorems enunciated in this Article together consti- 
tute what has been often termed The Principle of the Conser-^ 
ration of the Moment of Momentum^ or The Principle of the 
Conservation of Areas, 

As the moment of a force round an axis intersecting the 
line of direction of the force is zero, we see that — 

If the lines of direction of all the external forces which act on 
a free system he met hy the same space axis, the moment of mo- 
mentum of the system round this axis is constant. 

If the space-axis be fixed in the system, which is other- 
wise free, the theorem above still holds good. 

In a similar manner we may conclude that — 

If a system receive an impulse, the moment of momentum of 
the system round an axis fixed in space, and passing through any 
point on the line of direction of the impulse, remains the same as 
before. 

Examples. 

1. In any system in motion, show that the moments of momenta round 
three rectangular axes are equal to the moments of the impulses which would 
impart to tho system if at rest its actual motion. 

2. If f f bo the coordinates, relative to the centre of inertia, of any point 
of a free system, show directly, that if tho system start from rest. 
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and that during the motion, 

- iv) = fr), &c. 

By equation (32), Art. 210, wo have 


aw (0- zy) + - (ri) = 2m (yi- zy) = L =^{{p + n)Z--(z+ QY); 

but a)lj?=2r, and fKl = 2^; therefore, &c. 

Again, differentiating each side of the equation (32) of Art. 210, we have 

SDt {yz - zy) + 2m (i?f- C‘n) = 36m (ys - zy) = Z = 2 { (y + 1 ?) (s + f ) F} ; 

and as 3)21^ = 2F, ^z e 2F, 

we obtain the required result. 

3. A satellite of mass m is moving in a circle whose radius is r, round a 
planet whose mass is Jf, and which rotates round an axis perpendicular to the 
plane of the orbit with an angular velocity n. If 0 ho the moment of inertia 
of the planet, and fi the attraction between unit masses at the unit of distance, 
show that the moment of momentum of the system round its centre of inertia is 

4. A heavy particle moves on a smooth surface of revolution whose axis is 
vertical ; prove that the moment of momentum of the particle round the axis 
is constant. 

6. A number of mutually attracting particles are acted on by forces passing 
through the same fixed point ; prove that their resultant moment of momentum 
relative to this point is constant, and that the direction of its axis is invaiiablc. 

6. A system is acted on by no external force except gravity ; prove that its 
moments of momenta round axes parallel to fixed directions in space, and inter- 
secting at its centre of inertia, are constant. 

7. Show that the centre of inertia of the universe is either fixed in space or 
else move§ in a straight line with a constant velocity. 

8. A man walks from one end to the other of a uniform plank which is 
placed on a smooth horizontal table ; determine the displacement of the plank. 

Let a he the length of the plank, P its mass, M that of the man ; the dis- 
placement is -r- — -a. 

ia + P 

9. A uniform plank is placed on a smooth inclined plane, so as to be perpen- 
dicular to the intersection of the inclined plane with the horizon ; determine the 
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time ia which a man should go from the upper to the lower end of the plank in 
order that it should remain unmoved. 

Let t bo the time required. The displacement of the centre of inertia of the 
system in the time t in space is \gC^ sin i, and relative to the plank is 
if the plonk remain unmoved these must be equal. Hence 


10. The base of a smooth homogeneous circular semi-cylinder rests on a hori- 
zontal plane. A particle m is placed at a point on the surface of the semi- 
cylinder, situated in a vertical plane containing its centre of inci*tiu and perpen- 
dicular to its axis. Show that the particle will describe an ellipse. 

Let the axis of x be the intersection of the vertical plane, in which the 
particle moves, with the horizontal plane on which the semi-cylinder rests ; the 
axis of y being vertical. Let z, y be the coordinates of the particle, sf the co- 
ordinate of the centre of inertia of the semi-cylinder, m' its mass, and a its 
radius. 

Considering the whole system iis one body, we have (Art. 206), 


d’^x , d^x* 


Hence, since the system starts from rest, mx + is constant, or the pro- 
jection on the horizontal plane of the centre of inertia of the whole system 
remains fixed in space. Taking this point for origin, we have mx + m'x' = 0. 

) Agaipj, since the semi-cylinder is homogeneous, we have, from the geometri- 
^<dSt conditions, 

’ , (z - z')* + y* = «®. 

^ Bubititutmg for x', we obtain 

(«i + m')^ + m'* y* = m'* 


11. Two particles, connected by a rigid rod whose weight is negligible, are 
projected along a smooth horizontal plane ; determine their motion. 

The position of the centre of inertia at any time is given by the equations 

X = tnt + «, y = + b, 

and the inclination of the rod to the axis of x by the equation 0 = at + where 
m, n, a, b, and c are constants. 

12. Two equal particles are connected together by a fine inextensible string ; 
one of them is placed on a smooth table, the other just over the edge, the string 
being at full stretch at right angles to tho edge ; find the interval of time from 
the instant at which the particle originally on the table leaves it to tho instant 
at which the string first becomes horizontal. 

Tho acceleration of tho particle moving on tho table is Jy. Hence, if c be 
the length of the string, the particle leaves the table with a horizontal velo- 
city V, where ~gc. At this instant the middle point of the string has a 
horizontal velocity ^ v, and the lower particle hasmo horizontal velocity. Hence 
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the moment of momentum of the system round a horizontal axis through the 
centre of inertia is ^mcv. This remains constant (Ex. 6), and therefore twice 
the area described round the centre of inertia in any time t is \mcvt. If t be the 
interval of time during which the string passes from a vertical to a horizontal 
position, wo have, therefore, = ievt, and substituting for v its value, we 
obtain 



13. A sphere is projected with a velocity v along a uniform smooth tube 
within which it fits exactly. The tube rests on a smooth horizontal plane, and 
its axis forms a circle ; determine the motion. 

Let m be the mass of the sphere, m' that of the tube, and a the radius of 
the circle formed by its axis. The common centre of inertia 0 of the tube 
and sphere moves paralhd to the direction of projection of the sphere with 

a velocity — and the centres of the tube and sphere describe circles round 
tn + til 


0 with an angular velocity 


14. A spherical shell rests upon a smooth horizontal plane; a particle is 
placed at the lowest point of the internal surface of the shell, which is then 
projected with a horizontiil velocity F. The internal surface of the shell being 
smooth, determine to what height the particlo will ascend. 

Let X and y he the coordinates of tho particle, m its mass, and v its velocity ; 
X* and y' the coordinates, and v the velocity of the centre of tho shell, m* being 
its mass. Take as axis of x the intersection of the smooth horizontal plane with 
the vortical plane of motion ; then, Art. 200, 


and, by Art. 206, 


wv* + = m'F* - 2»iyy, 

tnx + m*a^ = w' F. 


Also, as the particle remains on the sphere whoso radius is a, we have 

(x - xy + (y - yy = a*; 

whence, differentiating, and rcmcmbciing that y' = 0, we have i: - = 0 when 

y = 0. Hence, substituting, we obtain 


^ ~ 2 {m + m') g 

This result may not hold good if the value of y given above exceed a, 

16. A smooth tube, movable in a horizontal plane about a vertical axis, is 
charged with a number of halls at given intervals ; an angular velocity A is 
communicated to the tube ; determine tho velocities of the tube and of the 
balls at any assigned distances of the latter from tho axis. 

Let mi, m 2 , &c. bo the musges of the balls, ai, a 2 &c. their initial distances 
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from the axis, ri, r 2 , &o. their distances at any instant, u the angular velocity, 
and the moment of inertia of the tube about the axis ; then (Arts. 213, 200), 

{tni + #W 2 1 * 2 ^ + &c. 4- Mk"^) 01 = (»ii Oi® +• wi 2 + &c. + Mk^) fi, 

mi ri® 4- 1»2 ^ 2 * + &c. + (wi t'l® + m 2 + &c. + Jffc®) «® = (»»i + W 2 a 2 * 

+ &C. +A«:®)n®. 


Again (Art. 28), 


2 n 2 


and integrating, 


Hence we have 


r 2 ~ — ri ^ = constant = 0. 
di 


— = constant = — , 

ri 02 


and therefore also ^ Mrith similar equations for the other distances and 
r2 a2 

velocities. Substituting in the equations of momentum and vis viva, and putting 


we obtain 


m\ + mz + &c. = /, ifF = I\ 


(Jn® + J'a^) » = (/+ /') n, (//-i® + r »1®) n® - (/+ /') (n® - «i®) n®, &c. 

16. An indefinitely great number of thin cylindrical shells are revolving 
in the same direction about their common axis, the angular velocity of each shell 
being proportional to a positive power of its radius. If the system of sheila be 
suddenly united into a solid cylinder, find the angular velocity of the cylinder 
about its axis. 

Let &) be the angular velocity of any shell, r its radius, fl and R being those 
of the outermost shell, then m - xr**, and before the shells arc united, the moment 
of momentum of the system is 


rR 

i j dr. 


If 0 be the angular velocity of the united system, its moment of momentum is 

viz* 

/i — - v. Equating these two, wo obtain 
2 


17. A uniform horizontal stick falling to the ground strikes at one end 
against a stone ; compare the blow it receives with what it would have received 
b^ both ends struck simultaneously against two stones, the blows boing sup- 
posed to be perpendicular to the stick. • 
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Let v' and v be the velocities of the middle point C of the stick, before and 
after it receives the single blow at the extremity A ; let 2a be the length of 
the stick, m its mass, and P the impulse of the blow. The moment of momentum 
of the stick round a horizontal space axis through A remains unaltered by the 
blow. Before the blow the whole moment of momentum is duo ( (32), Art. 210) 
to the motion of the centre of inertia, the stick having no motion relative to it. 
After the blow the stick is rotating round A (since this point is reduced to rest) 
with an angular velocity w. Hence ^ md^ <a = mav'\ but v = and therefore, 
substituting, we have 

V = !l-v\ and d—v-id. 

Again, from the motion of the centre of inertia C, we obtain 
P = m (v — v') = — i md. 

In the second case, when the stick receives two blows each equal to Q, it is 
reduced to rest, and therefore 


2Q = - md, or Q = — J 
Therefore finally P = 1 Q. 

If the stick be clastic, the above investigation holds good for the impulses 
received during the first period of each impact ; and as tho total impulses are in 
a constant ratio to tho former, the result is unaffected by the elasticity of the 
stick. 
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CHAPTER X. 

MOTION OF A RIGID HODY PARALLEL TO A FIXED PLANE. 

Section I. — Kinematics. 

214. Rigid Body, Determination of its Position. — 

A body is said to be rigid when its constitution is such that 
the relative position of its points with respect to each other is 
unalterable. 

The position of a point in space is usually determined by 
means of three rectangular coor^nates, and depends therefore 
upon three independent quantities. It is easy to see that the 
position of a rigid body is determined by six independent 
variables. For, the position in space of a definite point A of 
the body is determined by three independent variables ; two 
more are required to determine the plane in space in which a 
definite plane a of the body passing through A should lie ; 
and finally, one more is necessary to fix in this plane a definite 
line of the body passing through -4, and lying in the plane a. 
When the position in space of every point of the plane a is 
determined, it is obvious that the positions of all points of 
the rigid body are completely determined, since perpendiculars 
from them on the plane a are invariable in magnitude. 

215. Degrees of Freedom. — As six independent 
quantities are required to determine the position of a rigid 
body, such a body, if subject to no restraint, is said to have 
six degrees of freedom. 

It is plain, from what has been said, that if the positions 
of three points of a rigid body not lying on the same straight 
line are fixed, the position of every point of the body is de- 
termined. 

216. motion of Translation. — When a body moves 
so that the elements of the paths described by its different 
points are equal and parallel straight lines, the motion is said 
to be one of translation. 
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The path descmbed by any one point of a body is, in 
general, a curve, and it appears from the above definition 
that the curves described by the different points during any 
motion of translation are equal and similar. Hence — 

In a motion of translation^ the line joining any two definite 
points of the body remains parallel to its initial position. 

As the distances traversed by each point of the body are 
the same both in magnitude and direction, we may speak of 
the motion of translation of the body^ and may compound any 
number of elementary motions in the same manner as for a 
point. 

217. Motion of Rotation. — ^As already stated in Art. 
95, when a body is moving in such a manner that each point 
is desccibing the arc of a circle having its centre on a fixed 
straight line, to which its plane is perpendicular, the motion 
is said to be a rotation^ and the fixed straight line passing 
through the centres of all the circles is called the axis of 
rotafim. 

In a motion of this kind every point of the body lying 
on the axis of rotation remains fixed during the motion. 

All lines in the body perpendicular to the axis of ro- 
tation turn through the same angle, which is called the 
angular rotation^ or simply the rotation of the body. 

Any line AB of the body which lies in a plane at nght angles 
to the axis of rotation makes, at the end of the motion, an angle 
with its initial position, tvhich is equal to the angular rotation of 
the body. 

This readily appears as follows : — Join A to the point 0 
in which the axis meets the plane in which AB lies ; then, 
A' and M being the new positions taken by A and B, since 
OA makes the same angle with AB which OA' makes with 
A'M, the quadrilateral formed by OA, OA', AB and A'M 
can be inscribed in a circle, and therefore the angle between 
A'M and AB is equal to that between OA' and OA. 

It is easy to see, that if two positions of a body have a 
straight line of particles in common, the body can be moved 
from one of these positions to the other by a rotation round 
this line. 
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218. notion Parallel to a Fixed Plane. — When 
the paths described by the several points of a body during its 
motion are made up of elements, each of which is parallel to 
the same fixed plane, the motion of the body is said to be 
parallel to this plane. 

If we consider any definite plane section of the body, 
which at the beginning of the motion is parallel to the fixed 
plane, this section must continue in the same plane through- 
out the motion, and its position at each instant determines 
the position of every point of the body. In order, therefore, 
to study the motion of a body moving parallel to a fixed 
plane, we have merely to investigate the motion of a plane 
figure in its own plane. 

219. Motion of a Plane Figure in its own Plane. ' 

— A plane figure can bo moved from any one position in its i 
own plane to any other by giving it first a motion of trans- f| 
lation, whereby any arbitrary point A of the figure is moved ( 
from its first position Ai in space to its second position -^ 2 , i 
and then a motion of rotation round a perpendicular axis ; 
passing through -^ 2 , whereby a definite line AB of the figure 
is moved into its final position in space A^Bi. As the point 
A is perfectly arbitrary, the motion may bo effected in an 
infinite variety of waj'^s. The motion of translation to be 
given to the figure differs in general according as different 
points of the figure are chosen for A^ but the motion of rotation 
is in all cases the same. 

This readily appears from Art. 217, as the initial and final 
positions of any definite lino of the figure are given, and the 
angle between them is in all cases the rotation of the body. 

The results arrived at above depend upon the fact that 
the position of a plane figure in its own plane is completely 
determined by the position of one definite straight line of the 
figure. Hence also it appears that by properly selecting the 
point -4, the motion of translation may in general be dis- 
pensed with altogether, or, in other words differential Gal- 
culiis^ Axi. 2Q*6 ) — 

A plane figure can be moved from any one position into ‘ 
any other in its otvn plane by a rotation round a point fixed 
in the plane. 
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In fact, 5(7 being the original position of any definite line 
of the figure, and ffC' its new position; if we join 5 jB', 
bisect it, and erect a perpendicular, and do. the same with 
(7(7', these two perpendiculars will, in general, determine 
by their intersection a point 0, a rotation round which effects 
the given change of position. 

If be parallel to CC' this construction fails. Two 
cases then arise, according as Bff is equal to (7(7' or not. 
In the latter case, the intersection of BO and B'G' is the 
centre of rotation. In the former the motion is one of pure 
translation, and the point 0 is at infinity. 

As a particular case, it follows that — 

Two rotations effected successively round two parallel axes 
bring a body into the same position as a single rotation round an 
axis parallel to the tico former^ the single rotation being equal in 
magnitude to the sum of the two to which it is equivalent. 

We see also that— 

A rotation round any given axis brings a body into the same 
position as an equal rotation round a parallel axis through any 
arbitrary pointy together with a motion of translation. 

Hence it appears that — 

Equal and opposite rotations effected successively round two 
parallel axes A and B are equivalent to a single motion of trans- 
lation. 

For, a rotation round A is equivalent to an equal rotation 
round 5, together with a translation ; therefore equal and 
opposite rotations round A and B are equivalent to equal 
and opposite rotations round 5, together with a translation ; 
but equal and opposite rotations round B destroy each other ; 
therefore, &c. 

220. Composition of Velocities. — Hitherto we have 
been considering displacements having a finite magnitude. 
In regard to such displacements the order in which the several 
motions are effected is of importance, and in order to arrive 
at definite results it is necessary to specify whether the 
successive axes of rotation are fixed in space or in the body. 
In Kinetics, we are for the most part concerned not only with 
the initial and final positions of a body, but also with the 
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mode in which it passes from the one position to the other. 
It becomes then necessary to consider the infinitely smalt 
motions through which the body assumes its successive posi- 
tions. Displacements efFected in the same element of time 
divided by that element then become velocities, and the com- 
position and equivalence of infinitely small displacements is 
tantamount to the composition and equivalence of velocities. 

If the displacements received by a body be infinitely small^ it 
is indifferent in what order rotations are effected round different 
axes fixed in space. 

For, the changes produced in the coordinates of any point 
of the body by such a rotation are functions of its amplitude, 
and of the initial values of those coordinates. In the present 
case these changes are infinitely small, and therefore altera- 
tions in them, due to a previous displacement which is itself 
infinitely small, are infinitely small quantities of the second 
order. 

Again, from similar considerations, it appears that it is 
indifferent whether the axes be fixed in space or axes fixed in the 
body^ whose positions at the commencement of the infinitely small 
motion coincide with those of the axes fixed in space. 

When the order of two displacements is indifferent they 
may be regarded as simultaneous, and if the resultant dis- 
placement be such as to move the body from one position into 
the next successive position, it is the actual motion of the body. 

221. Motion of a Rigid Body. — The theorems of 
Article 219, when applied to infinitely small motions of a 
rigid body parallel to a fixed plane, give the following 
results : — ^ 

(1) . The motion of a body parallel to a fixed plane con- 

sists at any instant of a velocity of rotation ci> round an axis, 
passing through any arbitrary point A of the body, at right 
angles to the plane, and a velocity of translation v parallel to 
the plane. . ; i 

(2) . At each instant there is an axis, called the instan-^; 
taneous axis of rotation, which is such that a velocity of | ^ 
rotation w round it represents the whole motion of the body. 

If r be the distance from A to this axis, and t? the velocity 
of translation which the body must be considered to possess ' 
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when the axis of rotation is regarded as passing through 
•then, in order that the axis should be at rest at the instant, the 
direction of v must be at right angles to r, and we must have 
V = rai. We thus see, that in a rigid body a motion of rota- 
tion together with a motion of translation, in a direction 
perpendicular to the axis of rotation, can be compounded into 
a motion which is one of rotation solely. Also, such motions 
cannot be compounded into a single rotation unless the 
direction of the translation is perpendicular to the axis of 
rotation. 

(3) . Two coexisting velocities of rotation round parallel 
axes are equivalent to a single velocity of rotation, equal to 
their sum, round an axis parallel to the two former, and di- 
viding the distance between them inversely as the component 
velocities. 

(4) . Two equal and opposite velocities of rotation whose 
common magnitude is oi, round parallel axes, are equivalent 
to a velocity of translation, perpendicular to the plane of 
the axes, whose magnitude is aw, where a is the distance be- 
tween the axes. 

We see from what is stated above that velocities of rota- 
tion round parallel axes are compounded like parallel forces. 

In considering rotations round parallel axes it is necessary 
to take into account not only the magnitudes of the rotations, 
but also their algebraical signs, or directions. The axis of rota- 
tion is supposed to be drawn from the feet of the spectator to 
his head, so that in estimating rotations the axis points towards 
the spectator. If two rotations round parallel axes, viewed 
from the same side of the plane perpendicular to the axes, are 
both in the same direction, they have like algebraical signs. 
The positive direction of rotation is of course arbitrary ; but in 
the application of Analytic Geometry to rotational displace- 
ments it is usual to regard rotations as positive which bring 
a point — from the axis of X positive to the axis of Y positive, 
from Y positive to Z positive, and from ^positive to X posi- 
tive. It follows from this, that if the axes of X and JTbe 
drawn in the usual manner, a rotation opposite in direction 
to that of the hands of a watch is to be regarded as positive 
(Art. 87). Such a rotation is termed counter-clockwise. 
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222. Analytical Treatment of the Motion of a 
Plane Figure In Its own Plane. — When a point moves* 
in a circle whose centre is the origin, we may assume 


whence 


dx 

Jt '' 




and putting 




^ = y, we have 


i - v/ai, y = xu)y (1) 

for the rotation of the point xy round the origin. 

Now let Xj y* be the coordinates of a definite point of a 
plane figure referred to axes fixed in space ; x^ y those of any 
point of the figure referred to the same axes ; S, those of 
the same point of the figure referred to fixed in the body 
and meeting at the point x^i/: moreover, let the axis of £ 
make the angle \[/ with the axis of x ; then 


Or, 


iP = a?' + £ cos sin y = //' + ^ sin ip + yi cos i/», 
i - (5 sin ^ + ij cos \p) (u 

y = y + (5 cos \p - n sin ip) to 

x^x - {y - y')M, y=-y+{x- x) w. (3) 



These equations show that the velocity of the point xy is 
made up of two parts^one a velocity of translation, the other 
a velocity of rotation, as in (1), round an axis through x'y'. 

For any other definite point, x"y" of the figure wo have, 
in like manner, 

^ - {y ' y") co", y = f i- {x - a?") 0>". 

Equating these values of i and y to the former, and compar- 
ing thjB results with the equations 


:/ 4 ."- 1 :/ „"\ " 

X = x -(!/-!/)(», 
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we see that w" =» Wy or the velocity of rotation to he attributed 
to the body, is the same whatever be the point through which 
the axis of rotation is supposed to pass. 

223. Instantaneous Centre, Body Centrode, itpaee 
Centrode. — If we put £p = 0, y = 0 in equations (2), we get 
the coordinates of the imtantaneom centre of rotntmiy referred 
to axes fixed in the body. In like manner equations (3) give 
the coordinates of the same point referred to axes fixed in 
space. If we call the coordinates of the instantaneous centre 
E()> m yo, respectively, we have 

go = - sin xfj -if cos \p)y ijo = - («' cos + f sin \p)y (4) 

W Cl) 

Xo^x'-- if, IJa = y' + - i'. (5) 

(ll (i) 

If x\ ijy w, and are known functions of the time ty 
we can find from equations (4), by eliminating ty the path 
described in the body by the instantaneous centre. 

From equations (5) we can find in the same manner the 
path described by the instantaneous centre in space. 

The former of these curves is called the body centrodcy the 
latter the space centrode. 

The student must carefully distinguish between the in- 
stantaneous centre and the point of the body which coincides 
with it at any instant. The latter has no velocity at the 
instant either in space or in the body; the former (the 
instantaneous centre) lias in general a velocity both in space 
and in the body. 

224. Pure Rolling. — In pure rolling the points of one 
curve or surface come into contact successively with those of 
another, the relative tangential velocity of the points of con- 
tact being zero. If one curve or surface bo fixed in space, 
the motion of the other consists of a series of rotations round 
axes through the successive points of contact [Differential 
Calculusy Art. 295). In the case of one plane curve rolling 
on another, this appears as follows : — 
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Let QQ' be the curve fixed in space, and PF the one 
which rolls on it, P, P' being 
two consecutive points on the 
latter. By hypothesis, P has 
no velocity along the tangent at 
Q, and at the end of an infi- 
nitely short time P' coincides 
with Q", and the distance between P and Q is then an infi- 
nitely small quantity of the second order. Hence, while 
other points of the body have received infinitely small dis- 
placements of the first order, P has received one of the 
second order, and has, therefore, no velocity in any direc- 
tion. Hence, during the instant under consideration, the 
body must be rotating round an hxis through P (Art. 217). 
It is obvious that the acceleration of P in the direction of the 
tangent at Q is zero ; and it can be easily seen that its acce- 
leration in the direction of the normal is in general finite, 
and equal in magnitude to Pcu, where w is the angular velo- 
city of the body, and IT is the velocity of the instantaneous 
centre of rotation, this point having moved during the instant 
from Q to Q' in space, and from P to P' in the body. 

225. Geometrical Representation of the motion 
of a Body moving Parallel to a Fixed Plane. — When 
a body is moving parallel to a fixed plane, if we can deter- 
mine the space centrode and the body centrode, the motion of 
the body is completely determined, as it consists of the 
rolling, without slipping, of the body centrode on the space 
centrode. 

The geometrical applications of the principles laid down 
in the present and preceding Articles are numerous and im- 
portant ; but as they do not fall within the scope of the 
present treatise, the reader is referred for them to Chap. xix. 
of the Differential Calculnsy and to Minchin’s Uniplanar Kim- 
matieSy Chap. iii. 

226. Velocity of any Given Point of a Body. — ^In 

Kinetics the motion of a body is usually regarded as made up 
of a motion of translation z?, and a motion of rotation w, round 
an axis through the centre of inertia O. It is sometimes 
important to detenhine the velocity of ,a given point A of the 
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body. In the ease of motion parallel to a fixed plane this is 
readily done analytically by equations (3). 

Otherwise, geometrically: — ^letj» be the distance from A to 
the axis of rotation through then, owing to the rotation, 
A has a velocity pu perpendicular to the plane passing 
through A and the axis of rotation, and this, combined with 
the velocity of translation t?, gives the velocity of A. 

Examples. 

1. Show directly that if a body liave two equal and opposite velocities of 
rotation round two parallel axes, the velocity of any point is at right angles to 
the plane containing the parallel axes, and is equal to the distance between the 
axes multiplied by the angular velocity. 

Draw a plane through the point at right angles to the two parallel axes. 
Describe round the axes circles passing through the point. The component 
velocities of the point are perpendicular and proportional to the radii of these 
circles, and the resultant velocity is, therefore, in the direction of the common 
chord, and proportional to the line joining the centres. 

2. Prove that a velocity of rotation round any axis is equivalent to an equal 
velocity of rotation <a round a parallel axis, together with a velocity of transla- 
tion taa along a lino at right angles to the plane containing the axes, the distance 
between which is a. 

3. A body receives, in a given order, finite rotations round two parallel 
axes fixed in space. Dctei'mino the magnitude of the equivalent rotation, and 
the position of its axis. 

4. If the parallel axes round which the body receives successive rotations be 
fixed not in space but in the body, determine the single rotation which would 
bring the body into the same position. 

If Af Ji are the intersections of the axes fixed in space, with a plana at right 



angles, R that of the resultant axis, and a, /3, Xi magnitudes of the rotations 
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round them, then BAR = — J a, ABR a ^ i9, and the resultant rotation x ~ a + 
or, (a ~ i9), according as a and /Sare in the same or opposite directions. In the 
latter case its direction is the same as the greater of the two. If A and B* are 
the positions of the axes fixed in the body, B*AR = ^ a, AB'R = - 

5. Two equal and opposite finite rotations round parallel axos.bring a body 
into the same position as a single motion of translation. Detennine the direc- 
tion and magnitude of this translation. 

The direction of translation is at right angles to a line which makes with 
AB or AB’ an angle equal to — ^ a, or -|a, and the magnitude of the translation 
as 2AB sin | a, or, 2AB' sin | a. 

6. If the direction of the motion of each point of a body be always parallel 
to a fixed plane, the motion is equivalent to a succession of rotations round tho 
generating lines of a cylinder fixed in space, which is at right angles to the fixed 
plane. 

7. A piano area receives a motion of translation in its own plane whose com- 
ponents, parallel to the axes, are a and b ; and a rotation 0 round the point in the 
body which, at the beginning of the motion, coincides with the fixed origin. 
Determine the coordinates of the point, a rotation round which would bring the 
body into the same position. 


Ans, X - 


a sin Jd — i cos Jd 
2 sin 1 0 * 


bBm '}0 + a cos 
2 sin j d 


8. Show from these expressions that tho amplitudo of the rotation is the 
same as before. 

ft® 

If ^ bo the amplitude, sin J ^ J ^ = sinj^- 0; <p = 0. 


9. ABCD is a frame composed of three bars connected by joints at B and 
C, It is capable of moving in one plane, the points A and J) being fixed. 
Determine the relation between the angular velocities of AB and DC, 



At any instant B is moving in a circle round vf , or at right angles to AB ; 
and C at right angles to DC. Hence the instantaneous centre of rotation of BC 
is 0, tho point of intersection ofAB and CJ) ; w'hercfore AB .afi = OB.fa, and 

I)O.Qf2 = OC,af ; hence -- = (Thomson andTait). 

6^ AB GO 

10. A hSiT A B moves in one plane with given angular velocity round A^ 
while at B it is freely jointed to another bar BC, whose extremity t7i8 con- 
strained to move along a fixed straight groove passing through A ; find the 
velocity of C in any position. 
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Draw a peipendicular to AC at and let it meet AB in 0 ; then 0 is the 
instantaneous centre of rotation of BG, If t; he the velocity of Cy and » the 

O.G 

angular velocity of ABy v = AB • AF. w, where AF is drawn at right 

OB 

angles to AC,to meet BC in F. For tho further discussion of this question the 
reader is referred to Minchin, Uniplanar Einematiesy p. 47, or Goodeve, 
Elements of Mechanismy Chap. i. The arrangement of machinery mentioned in 
this example is called the crank and connecting rod. 

11. A bar moves in a horizontal plane with uniform angular velocity round 
one extremity. To tho other extremity a horizontal circle is attached. If the 
circle be regarded as rotating round its centre, what additional motion must it be 
considered to have ? 

A velocity of translation at right angles to the bar, and equal to aw, whore a 
is the distance of the centre of the circle from the fixed end of tho bar, and w the 
angular velocity. 

12. If two definite points of a plane figure are constrained to move along 
two straight lines in its plane, which are fixed in space, the space centrodc and 
tho body centrode are circles, the former being double the latter [Lifferential 
Calculusy Art. 295). 

13. In Peaucellier’s arrangement find the relation between the velocity of 
the point describing tho straight line and that of one of the adjacent corners of 
the parallelogram. 

M. Pcuucellicr, in 1864, first succeeded in transfoiming circular into recti- 
linear motion by the following arrangement : — A and Ji are fixed points ; AF 
and AQ are two equal bars wliich can turn freely round A ; BR is another bar 
turning freely round B, and equal in length to AB ; QRPX is a jointed 
parallelogram composed of four cciual bars turning freely round their points of 
intersection. If a motion be imparted to the system, the points F, Q, R describe 
circles. That tho point X describes a straight line may be shown as follows : — 

In any position of the system, since L FRX = L QRX, an^ L FRA = L QRA, 
XR and RA arc in one straight line ; then XFR being an isos(;c1cs triangle, and 



FA a line draw'n from the vertex to tho base, AR . AX=AF^~-RF^ = co^t. ; 
wherefore X describes a curv<? which is the inverse, with respect to A as origin. 
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of that described by R. Now the point R describes a circle which passes through 
A ; hence X describes a straight line, perpendicular to at the point S, where 

AS.AB^AI^-RI^. 

We proceed to find the relation between the velocities of P and X. Draw 
XO at right angles to 8X ; then 0 is the instantaneous centre of rotation of the 
barPX. 



Let -4P= rt, PX = b, BR (in former figure) = c ; then » being the angular 
velocity of Al\ to that of PX, and v the velocity of X ; we have, since 0 is the 
instantaneous centre, 

f) s= OX . and OP . ta = AP, u ; 

therefore 

OX 

Again, if 

PAT— B, PTA = we have AT — a^inB (cot B + cot 0) ; 

therefore 

v = a sin 0 (cot B + cot w, 
where ^ is given by the equation 

a* - 

a cos 0 + d cos A = — ; — . 

2c 


14. A plane area is moving in its own plane ; determine the accelerations of 
any point in it parallel to t;ho tangent and the normal to the space centrodo at 
the instantaneous centre of rotation. 

Let a;o, yo be the coordinates of a point fixed in the lamina, those of 
any point in it referred to scq, yo as origin, and to axes parallel to those oix, y; 
then 


B. 

dt 



w being the angular velocity of the body; whence 


dx dxo 


dt 
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dP 



du 

ST” 


£V 

dP 


d^ffa da , 

Up 


Call the centrodo fixed in space (7, that fixed in the body, r. The Telocity 
of the point 0 of the body which coincides at any instant with the instantaneous 
centre of rotation is xcro. At the next instant the instantaneous centre of rota- 
tion has moved to the consecutive position on each of the curves C and r. At 
the end of this instant Ohas a velocity in the normal to C equal to Flay where J, /' 
are consecutive positions of the instantaneous centre on the tangent to C. Hence 
the acceleration of 0 along the tangent to is zero, and along the normal to C 
d(f do 

is , if we put ri = dff, and w = 37 * Now if p and p bo the radii of cur- 
dO dt 


vature of C and r, and, if wo put — , - - = 4, it is easily seen that ^ = 4* 

p p Jt dff It 

Hence, if Xoyo coincide with 0, and we take as axes the tangent and normal 
to (7, we have 



16. Determine the points of the body which have at any instant (1) no 
acceleration parallel to the tangent to at the instantaneous centre of rotation ; 
(2) no acceleration parallel to the normal. 

These points consist of two straight lines in tlic body at right angles to each 
other, the first of which passes through the instantaneous centre of rotation. 

16. Determine at any instant the position of the point in the body having 
no acceleration. 

It is the intersection of the two lines mentioned in the last example. 

If a be the angle which the line of non- tangential acceleration (Ex. 15) 
makes with the axis of the coordinates of this point may be expressed in the 
form 

^ = 72 sin a cos o, n — Jt sin® a. 

These expressions readily follow from the equations of Ex. 14. This point is 
called the acceleration- centre. 

17 . The acceleration of any point of the body is the same as if the body were 
turning round the acceleration- centre as an absolutely fixed point, 

18. All points of the body which have a common acceleration lie on a circle 
having the acceleration-centre as centre. 

19. Find the points of the body for which the acceleration normal to the 
path described by the point is zero. 

Take the centre of rotation as origin of ; any point is describing a circle 
round it ; hence the line joining the origin to In is the normal to the path of 
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the latter; and if iV'be the normal acceleration, and r the distance from the in- 
stantaneous centre of rotation, 

Hence, at any instant, the points for which iV" = 0 lie on the circle 

^ = iZi). 

This circle passes through the instantaneous centre of rotation, touches the 
curve Ct and has a radius = For the reason stated in Ex. 21 it is called 
the circle of inflexions . — differential CalculuSy Art. 290. 

20. Determine the points of the system for which the acceleration along the 
path is zero. 

They lie on a circle whose equation, referred to the centre of rotation as 
origin, is 


and which passes through the instantaneous centre of rotation and cuts the 
emwe C7 orthogonally. 

The theorems of the last two examples arc due to Bresso (Journal de Vecole 
poly technique y t. xx.). 


21. Determine at any instant the points of the body which are passing over 
points of inflexion on their respective paths. 

They are the points having no normal acceleration (Ex. 19) ; for, as - is 

then zero, and f not zero, p must be infinite. 


22. Determine the coordinates of the acceleration centre referred — (1) to axes 
fixed in space ; (2) to axes fixed in the body (see Article 223). 

Let iTi, yi, |i,- be the coordinates in question, then, y’ being the space- 
coordinates of the point of intersection of the body-axes, we have 


{«* + «♦} (yi -y') = a^ + u^y, 

{ w* + =; to (if sin - y* cos i^) + to* (x' cos y' sin^), 

{ to* 4- a>*} rji = to (x cos ip -h y' sin ij/) — to* (x" sin ip -- cos ^). 


Section II. — Kinetics, — Constrained Motion. 

227. Special CaNCN of motion., Degrees of 
Freedom. — Jn order to transform the general equations of 
motion in such a way as to be of use in particular problems, 
it is necessary to know something of the special conditions of 
the problem whicli it is required to solve. 

We have seen in Article 214 that six conditions are re- 
quired to fix the position of a rigid bedy, and we have found 
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accordingly six equations of motion for a body perfectly free. 
Such a body is said to have six degrees of freedom (Art. 216). 
We have obtained the equations for this case in their most 
general form (Art. 204), but we shall now adopt the reverse 
method of procedure, and consider tho special equations to be 
employed for a body having one degree of freedom. 

228. One Degree of Freedom. — A body is said to 
have one degree of freedom when its position is limited in 
such a way as to depend on a single indeterminate quantity. 
It will be shown subsequently that the variations of the co- 
ordinates of any point of a body entirely free are linear func- 
tions of six undetermined quantities. If these six quantities 
are connected together in such a way that one being given 
all the rest are determined, the body has one degree of 
freedom. 

The simplest cases of one degree of freedom occur when 
some of the six undetermined displacements are zero. We 
shall consider here only two cases. 

(1) . If the motion of the body be limited to a series of 
pure translations, and the path of one of its points bo as- 
signed. 

(2) If the motion of the body be limited to a rotation 
round an axis fixed in space. 

In the first case the problem is readily reducible to that 
of the constrained motion of a particle. 

This reduction is most easily effected by employing 
D’Alembert’s Principle as expressed by Lagrange. In fact 
we have 



Now, by the conditions of the question, 'ix. Sy, Sz must be 
the same for every point of the body, and ds being the arc 
of the curve described by the centre of inertia, 

= = Sz = ySs. 

ds ds ds 



270 Constrained Motion of Rigid BodyParalhl to Fixed Plane. 


Making these substitutionB, we obtain the single equation of 
motion, 





dz ^ 


or, as 


= rfi? + df + dz\ 


we have finally, if we put 501 for the whole mass of the body, 

3Rg = S, (1) 

where 8 is the sum of the components of all the applied 
forces along the tangent to the path of the centre of inertia ; 
but this is obviously the equation required for determining 
the constrained motion of a particle. 

229. Motion of a Body round an Ikxln fixed In 
fipaee. — The condition of equilibrium of a rigid body having 
a fixed axis is, that the moment of the forces round this axis 
should be zero. Take the fixed axis as axis of a?, then the 
single equation of motion is the first of equations (18) or 
(16), Art. 204, according as the forces acting on the body 
are impulsive or continuous. Adopting the notation of Art. 
210, the equation of motion is thus : 


Let ji? be the perpendicular on the axis from any point P of 
the body, to its angular velocity at any instant, and I its 
moment of inertia round the axis; then, since pto is the 
velocity of the particle P, its moment of momentum is mp%^ 
and jHi = (o'S.mp^ = Ito. Substituting this value for -Hi, and 
remembering that I is constant, we obtain as the equation of 
motion in the case of impulses 

/(<!> — to') = • 


( 2 ) 



271 


and in the ease of continuous forces 

I^.L. (3) 

Equation (3) was obtained before in Art. 138 by a different 
I method. 

I 230. Equation of ¥is ¥iva fbr a Body moving 
round a Fixed Axis.. — The expression for the vis viva of a 
body moving round a fixed axis has been given already, 

I Art. 133. If we take the fixed axis for the axis of Xy we 
i have, as the equation of vis viva, 

= 2Sj(Frfy + Zdz) + c. (4) 


Examples. 


1. To tbe ends of a thin light piece of wood are fastened spheres of lead 
whose masses are P and F, The piece of wood turns on a horizontal axis 
through its middle point. Its length being 2?, and its mass negligible, deter- 
mine the time of a small oscillation, the spheres being so small that the squares 
of their radii are negligible as compared with /. 


Ana, 


rtl. 

\g 'Vi'-P'' 


; By changing P, and comparing the times of oscillation, an apparatus of the kind 
mentioned can be used to verSy the Laws of Motion. 

' 2. A heavy pendulum, capable of revolving round a horizontal axis, is 

struck when at rest by a bullet moving in a horizontal direction at right angles 
to the fixed axisk The bullet remains in tho pendulum. If b be the distance 
. of the extremity of the pendulum from the axis, c tho distance traversed by that 
extremity under the influence of the shot, a the distance from the axis at 
^ which tho bullet penetrates, v tho velocity of the bullet at impact, m its mass, 

I M that of the pendulum, k its radius of gyration round tho fixed axis, and p the 
distance of the latter from the centre of inertia ; prove that 

! V = V {g[Mk^ + ma^)(Mp + ma ) } . 

A pendulum such as that described above is called a Ballistic Pendulum. 

• has been employed by numerous Physicists to determine tho velocity of bullets. 

3. A plane area is made to rotate with an angular velocity ta round a fixed 
axis in its own plane by the expenditure of a given amount of work. When 
rotating it strikes a sphere of ipass m, at a distance a from the fixed axis, whose 
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▼docity at the instant of impact is zero. Determine the moment of inertia of 
plane area round the fixed axis in order that the velocity imparted to the 
sphere should be a maximum. 

If J2be the impulse on the sphere in the first period of impact, e its velocity, 
and » the angulai velocity of the lamina at the end of this period. 


mv — i?, /(« “«')= — = v. 


whence 


Mialm 

JXe “ 

/+ ma® 


The whole impulse given to the sphere is (1 + e)R, Hence 22 is to be a maxi- 

• 

mum ; but /w'® = given constant ; therefore -r = maximum ; and therefore 

mar 

I = ma®. 

4. In Atwood’s machine, if the pulley be not perfectly rough, and slipping 
takes place, determine the motion : the weight of the rope and the friction of 
the pulley on the axle being neglected. 

If an acceleration equal and opposite to that by which it is actually animated 
were applied to each element of the string it would be in equilibrium ; but the 
mass of the string being negligible, the force corresponding to this acceleration 
is zero q.p» Hence the other forces acting on the element of the string are in 
equilibrium, and /i being the coefficient of friction, and T, T the tensions of 

the two ends of the rope (Minchin, T = =\T, 

If z be the height from the ground of the ascending weight W\ M the mass 
of the pulley, Arits radius of gyration, a its radius, B the angle through which it 
has turned, we have also 

r-W^ dTz W-T 
W w^’ 


a‘8 

O® 

If the pulley be homogeneous, A® - and we have finally, 

2 

„ 'Zirw ePz \w-}r 
^ % W+W"' d0~ KW+ 

5. Taking into account the friction on the axle, and supposing the outside of 
the pulley to be perfectly rough, and the inside to slip on the axle, determine 
the motion. 

The mass of the string being neglected, we may, as in the last example, 
regard it as acted on by a system of forces in equilibrium. Hence (as this 
equilibrium would not be disturbed if the string were rigid) the tensions 7* and 
jy at its extremities must equilibrate the pressure and friction exerted by the 
pulley against the string ; and, conversely, T and T must be equivalent to the 
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pressuro and friction exerted by the string against the pulley. Hence we mav 
consider the pulley as acted on by the forces and its own weight ; andu 

Pbe the horizontal, and Q the vertical, pressure on the axle, and /i the coefficient 
of friction, since the centre of inertia of the pulley is at rest, we have (Art. 206), 
P= juQ, Q = 2^+ jT' + Mg — /tP. The moment of the couple resulting from 
the friction is /i(P+ Q)a, where a is the radius of the axle, and may therefore 
be written in the form i8( T+ P' + Mg\ where (1 + /x®) jS = /ti(l + /u) a. 

Substituting for the equation Mk^— = a(T- T) of Ex. 4, 


the equation 


~ = a (P- r) - i3(P+ r + JMy) ; 


nd remembenng that as the pulley is perfectly rough, «■—=-, we obtam, if 

at at 

a a!i 

we put = ~ assume that • 

{l + 2p)Mg + 4{l + ,)JF^ 

“ j|fy + 2(l--0r+2{l + v)^' * 


(l-2p)Mg + 4( l-v)}r 

J«fy+2(l-i.)r+2(i-n.)r' » 


(Pz (l-v)W-{l + v)W*^vMg 

dfi ^ (1 - v) /K+ (1 + y) W + 

6. If the pulley be not perfectly rough, and slipping of the string on the 
pulley takes place, determine the motion, taking into account the friction on the 
axle, and supposing the inside of the puUey to slip as before. 

In this case, as in Ex. 4, the acceleration of the weights is quite independent 
of the mass and size of the pulley, and we have 


2^^ 


r=\T, 


d^z 

dl% 


ir 

kW+ 


dO I i 


i>-A(i+i»)7r>K> 


%(xr+ tv") 


'-2vji 


231. niomeuts of Momeiitum of Body having fixed 
Axis. — The expression for the moment of momentum of a 
rigid body round an axis fixed in space was found in Art. 
229. Adopting the notation of that article, we shall now, by 
a more general method, obtain expressions for the moments 
of momentum round each of the three coordinate axes. 
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■ We have (Art. 222), sinoo the body is supposed to be 
rotating round the axis of x, 

x = 0 , y = - sw, i = y<o; 
vhenoe by (22), Art. 210, 

Si = wSot (y* + s') , Sj = - bi'Stnxy, Hz = ~ o>Smx%. (5) 

Also, by differentiation, and substitution of their values for 
X, y, and z, we obtain 


dSi 

dt 




dSi dw 
dt dt 



dHz 

It 


d(i> „ 0- 

dt 


( 6 ) 


If the axis of rotation be a principal axis for the origin, 
equations (5) and (6) become j 


ww X rr n rr a dS\ . dii) dS^ 

Hi = Aw, fi;=0, = =A^, — 



( 7 ) 


where A is the moment of inertia of the body round the i 
fixed axis. 

232. Acceleration of any Point of a Body having 

a Fixed Axis. — If we differentiate the expression for x, y, j 
and z given in Art.'^231, and then substitute in the results i 
thus obtained the values of y, z already employed, we get < 

I 

;i? H 0, if = - d)Z- (u*y, 3 = (bj/ - w®3. (8) 

233. Utresscs on the Axis of Rotation. — We have 
seen that D'Alembert’s Principle furnishes at once the single 
equation of motion which is required to determine the velo- 
city and position of a body rotating round a fixed axis. The ’ ' 
same principle enables us to write down the equations which 
are required to determine the stresses on the axis. 
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In order to determine these stresses, we may regard the 
body as compelled to rotate round the fixed axis by forces 
acting on the body at any two points on the axis. The body 
is then to be considered free, but the magnitude of the forces 
replacing the constraints is such as to compel the body to 
rotate round the given axis. 

These forces are obviously equivalent to a single force 
passing through the origin, and a couple whose axis is per- 
pendicular to the fixed axis. 

The stresses on. the axis are equal and opposite to the 
forces by which we have supposed the axis to be replaced. 

234. /Stresses clue to Impulses. — In this case we shall 
suppose the stresses to consist of an impulse passing through 
the origin whose components are Jo, Fo, Fo, together with 
an impulsive couple whose components round the axes of 
y and % are Mo and Nq. 

If we suppose the body to start from rest, equations (17) 
and (18), Art. 204, become, by Art. 231, 

= 0, V 

5 F - Fo = = - (oSmz = - o>9Ws, > » (9) 

SJ - Zo = %mz = w^my= w^y ' 

L = io^m {y^ + 2 *) = 1(0, \ 

M-Mo = -io%tnx//, j. (1®) 

N-No = - (o^m.rz ' 

When (jj has been found from the first of equations (10) the 
remaining five equations determine the stresses. 

If the fixed axis be a principal axis at the origin the last 
two equations become 

M-Mo = 0, N-No = 0. 

Hence, if a body having a fixed axis, which is a principal 
axis for one of its points, be set in motion by an impulsive 
couple whose plane is perpendicular to the axis, there is no 
impulsive stress couple. 

• t2 
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From this we infer, that if a body, having a fixed point 
0, be acted on by an impulsive couple in one of the principal 
planes at 0, it will commence to turn round the axis perpen- 
dicular to the plane of the impulsive couple. Again, if the 
body be acted on by an impulse whose line of direction is 
situated in one of the principal planes at 0, it will commence 
to turn round the normal to this plane. 

For a free body, likewise, having 0 for its centre of inertia, 
these results are true; but, in the case of the second, the body 
has also an initial motion of translation. 

If the body, before the action of the impulses &c., 
be already rotating round the fixed axis with an angular 
velocity w', equations (9) and (10) still hold good in their 
final form, provided w - w' be substituted for w. 

If we suppose the origin 0 to be the centre of suspension, 
or point in which the fixed axis is met by the perpendicular 
p from the centre of inertia (?, and take the axis of y 
to coincide with this line, and if we denote the sum of the 
components of the applied impulses parallel and perpen- 
dicular to OOhy P and Q, and the corresponding impulsive 
stresses by Po and Qo, equations (9) become 

= P-Po = 0, Q-Qo = SWpw. (11) 
235. Centre of Pereusslon. — If a body receive a blow 
which makes it begin to rotate round a fixed axis, without 
causing any impulsive pressure on the axis, the point in which 
the direction of the blow intersects the plane containing the 
fixed axis and the centre of inertia is called the centre of 
percussion. In order that such a point should exist, both 
the axis and the line of direction of the impulse must fulfil 
certain conditions, which we proceed to investigate. 

In this case, the fixed axis being, as before, the axis of x, 
we have, by hypothesis, Zo = 0, Fo = 0, Fo = 0, 0, 

= 0. If we denote the components of the impulse due to 
the blow by Z, P, § ; and the components of the. impulsive 
couple which it produces by Z, M, M; equations (11) and 
(10) become 


Z = 0, P = 0, Q = 

Z = Jw, M ^ - w^nixy^ N = -b)%mxz 


( 12 ) 
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Since 2 = 0, and P = 0, the centre of inertia must lie in a 
plane through the fixed c^iSj at right angles to the direction of 
the impulse. 

Again, since 2=0, the direction of the blow may be 
supposed to lie in the plane of yg, and therefore the resulting 
couple has no components in the plane of zx or of xy ; 
accordingly, M=0 and ^ = 0. Hence, we have Smy = 0, 
and '^mxz = 0 ; consequently, the axis of rotation must he a 
principal axis for the point in which it is met hy its shortest 
distance from the line of direction of the impulse. If, now, y be 
the distance from the fixed axis of the line of action of the 
blow, L = Qq^ and therefore ^pq = 1. 

If be the moment of inertia of the body round an 
axis through its centre of inertia parallel to the fixed axis, 
7 = 9Dl (Jc* +p^). {Integral Calculus^ Chap. X.) 


Hence 




P 


Accordingly, the distance of the centre of percussion from the 
fixed axis is the same as that of the centre of oscillation. (Art. 
136.) 

Moreover, if 5, »/, ^ be the coordinates of any point rela- 
tively to the centre of inertia, 

jxzdm = ^xz + ; 

hence, if the axis of suspension be parallel to a principal 
axis through the centre of inertia, x = 0^ and the shortest 
distance between the direction of the hloio and the fixed axis 
passes through the centre of inertia^ and the centre of percussion 
coincides with the centre of oscillation. 

236. Stress on Fixed Axis during Rotation. — In 

accordance with Art. 233, and following the analogy of Art. 
234, we shall suppose the stress at any instant to consist of a 
force passing through the origin, whose components are 2o, 
Fo, and Fo, together with a couple whose components round 
the axes of y and z are Mq and 
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In this case, by Arts. 231 and 232^ equations (15) and 
(16), Art. 204, become 


2X- Jo^O, 

SF- Fo = -»-a»ycu*, 
SZ - Za = SKyeo- SWsui* 


I® = X, ^ 


- d)%nixy + - Jlfo, ^ , 

- d3i%mxz - to^%mxy - N- J 


(14) 


If the axis of rotation bo a principal axis for the origin, 
the last two equations reduce to JSf - = 0, iV^ - JV‘o= 0. 

If also the couple resulting from the applied forces be 
perpendicular to the axis of rotation, we shall have 

ifo = 0, and Nq - 0. 

Accordingly, in this case, the stress couple vanishes when 
the axis of rotation is a principal axis for the origin. 

If the axis of rotation pass through the centre of inertia 
of the body, we have 

2Z-Xo = 0, 2F-Fo = 0, 2Z-Za = 0. 

Accordingly, if a body he rotating round a principal axis 
through its centre of ^nertia, no external forces being supposed 
to act^ there is no stress on the axisj and the body tvill continue to 
rotate round that axis icith a uniform angular velocity. 

This result was obtained before in Article 98. 

If we make the same hypotheses as those at the end of 
Art. 234, and adopt a similar notation, equations (13) 
become 

2X-Zo=0, P-Po=-a»pcu% Q-Qo=2Wp(&. (15) 

These equations of motion of the centre of inertia can of 
course bo obtained directly from the consideration that this 
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point is describing a circle round the origin with an angular 
velocity w. 

In general, oi and oi can be determined from the first 
of equations (14], and the stresses can then be found from 
the remaining equations of this Article. 


Examples. 


1. A rigid body is turning round a fixed axis under the influence of a couple, 
whoso axis is parallel to the axis of rotation : what condition must be fulfilled in 
order that the axis should suifer a pressure at only one point ? (Schell, Theorie 
der Bewegung und der Krdfle.) 

The axis of rotation must be a principal axis at this point. The pressure is 
then at right angles to the axis. 

2. If the pressure at the fixed point vanishes, what further condition must 
be fulfilled ? 

The point must be the centre of inertia. 

3. If a homogeneous cubical mass at rest receive an impulse, determine the 
resulting motion. 

4. A body starting from rest turns under the action of gravity round a fixed 
horizontal axis, which is a principal axis at the centre of suspension. Find the 
stress on the axis. 

Take the centre of suspension (Art. 136) for origin, and the fixed axis for 
that oi X. 

Let 0 be the angle which the line joining the origin to the centre of inertia 
makes at any instant with a hoi'izoutal line perpendicular to the fixed axis, then 
dd . • , 

« s= and the axis of x being a principal axis at the origin, the stress couple 
(tt 

is zero. Again, m being the mass of the body, L -- mpg cos 0, and therefore. 


dta 

di 

whence, by integration, 



d!^0 _ g p cos 0 




(sin d- sin a). 


where a is the initial value of 0. 

Finally, B= mg sin 0, and Q — mg cos 0 ; whence, substituting their values 
forP, Q, and« in equations (15), we obtain 


Po = * 




2p^ 

p^ 


Sin a> 




5. In Ex. 3 find the position of the body in which the stress on the axis is 

a minimum . • 
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From the expressions for Po and we obtain 

Po* + Oo® = sin d (3 sin 0 - 2 sin o) 4 (3 sin 0 - 2 sin a)* } , 

and; since B is never less than a, this expression is a minimum when $ = a, 

6. A bar, revolving with an angular velocity A round a fixed axis perpendi- 
cular to its length; strikes perpendicularly against a fixed obstacle ; find the 
impulses a^inst the obstacle and the axis, and the angular velocity of the bar, 
after collision. 

I^t 0 be the point in which the fixed axis meets the bar; 0 its centre of 
inertia, A the point at which it strikes the obstacle, m its mass, and k its radius 
of gyration round an axis through G parallel to the fixed axis ; let K and Qf be 
the ma^itudes of the impulses produced by the obstacle and the axis in the 
first period of impact, R” and Q" those produced in the second period, and » the 
angular velocity after collision ; then, rf OG = rr, GA = since the velocity of 
the bar is reduced to zero in the first period, we have 


P' 4 O' = WflA, P'(a 4- ^) = m (A;3 + ; 


whence. 

Again, since in the second period the bar starts from rest, we have 


K = (r = ,n±^a. 

(H + b it b 


P" + =s maw, it*' {a 4- A) = m(P 4 a®) w, 
and also (Art. 78), 

P" = elt\ whence Q* = eQf, u) = cA, 


since Q" and u are the same functions of P", which Q* and A are of P'. 

It is to be observed that in the equations above the algebraical signs of tho 
angular velocities have not been taken into account, and that the direction of » 
is- opposite to that of A. 

Finally, if P and Q be the total impulses. 


P = (l4c)P' = (l4-<j) 


~^b~' 


Q=(l + c)w 


ab - 
a-\-b 


A. 


When ab = A;*, the point A is the centre of percussion and Q = 0. This agrees 
with the result arrived at in Art. 235. 

7. A bar, revolving as in Ex. 6, strikes against a sphere whose centre is 
moving with a velocity in a direction perpendicular to the bar ; find the 
ma^tudes of the impulses, and the velocities of the bar and sphere, after 
collision. 

Let M be the mass of tho sphere, u* and u the velocities of its centre, and 
(a and w the angular velocities of the bar, at the end of the first^ and of the 
second period of impact ; then, since tho impulses tend to diminish both the 
velocity of the centi^ of inertia and the angular velocity of the bar, we have 

P' + O' = wa (A - «'), PVt = ^ - «'), R' = M {u* — U), 

where A *= a 4- 5. 

At the end of the first period of impact the relative velocity of the colliding 
points is zero, and therefore, hu = u*. 
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Let fl - «' = tj', then we have 


«(*’+«*) 

B = 




<?= HiMz*!?®'. 

h 


and also 

m(A® + a^)zf=.Mh{t^ - CO = m(A«' - 17) = JlfA{A(n - w') - XT), 


hence {m{k^ + a^) + Mh^] w' = Mh{ha, - V). 

Again, 

JJ"+ (2" = «), J2"A = w(Z;2+o2)(w' - ") , ]i"=M{u-u'), and J2" = 


Hence we have 


i2 = (l + «)/e' = (l + ^) 


jlfm(A;2 + aO(^n- 17) 
m{k^ + «0 + m*-* ’ 


(2=(l + c) (?' = (! + <?) 


Also, 


« = fl- (i + (?)OT' = n-(i + tf) 


Mm{ah--k^){hCl-U) 
m{k^ ■{ a^) ‘v Mh^ ‘ 

m(4fl-y) 


7a (A?H aO+m** 


rr ^ ,r /, , m (1c^ a^) {hCi -V) 

'‘-^+ »«(**+ <<2)+Jlf4» ’ 


Here, as in the former Example, Q = 0 when the impact tahes place at the 
centre of percussion. 

8. Show that the results in Ex. 6 can be deduced immediately from those in 
Ex. 7. 

Make U =0 and - oo in Ex. 7. 

9. Find at what point of its length the bar should strike the sphere in order 
that the impulse of the blow should be a maximum. 

If we put m (k^ + a^) — /, we have to determine A, so that 


hCl-U 

7+ MK^ 


shall be a maximum. Hence, to determine h we have the quadratic equation 
Mah^-2MUh-Ia^0. 


By assuming 

this equation becomes 


U := m, and I = A/p'S 
A2-2rA-i?2 = o. 


We have then the following construction for the two values of A. At 0 erect 
OF perpendicular to the bar, and make it equal to take OC in the direction 
of G equal to r, with C as centre, and CF as radius describe a circle; it will meet 



the bar in the points required. The value of A, which is greater than r, makes 
the expression for R a maximum ; the other value of h makes this expression a 
minimum, but at the same time makes R negative. Thus both values of h make 
R irrespectivo of sign a maximum ; but one impulse is opposite in direction to 
the other. 



If the sphere, when struck, has no velocity in a direction perpendicular to 
the bar, we have h=p when i? is a maximum. 

10. Find the point of impact in order that the impulse on the fixed axis should 
be a maximum. 

If we put (A* + «*) = IT-, wo have to determine h so that 


mK^ + Mh^ 

shall be a maximum. We have then for h the quadratic 


By assuming 


A2-2 


~ maQ) 


mK^ 

M 


= 0 . 


r'if (aV+ K^Q) ^ K\MU - matl), 


and (as in last Example), 
the equation for h becomes 


Jfyr = mX\ 


and the two values of h are determined by a construction similar to that of the 
last Example. 

If the fixed axis pass through the centre of inertia we have a = 0, and the 
points for which Q is a maximum coincide with those for which J2 is a maximum. 

If air + K^SX — 0, one value of h is zero, and the percussion on the axis is 
a maximum when the sphere strikes at the axis. * 
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Section III. — Einetm — Free Motion Parallel to a Fixed 
Plane. 


237. Eqaations of Motion. — The motion of a body 
relative to its centre of inertia consists at any instant of a 
rotation round some axis through that point. Moreover, in 
the case here considered, this axis must be at right angles to 
the fixed plane, and is fixed in space if the centre of inertia 
be regarded as invariable. Now, by Art. 209, the motion 
relative to the centre of inertia is the same as if that point 
were fixed in space, the forces remaining unaltered. Hence, 
taking the plane of yz for the fixed plane, we have, to deter- 
mine the motion of the body, the equations 


-W 


where y and z are the coordinates of the centre bf inertia, k 
the radius of gyration round an axis through it at right 
angles to the fixed plane, and L the moment of the applied 
forces. 

If the axis of rotation through the centre of inertia be 
always parallel to a lino fixed in space, it is plain that the 
last of these equations holds good no matter whether tlie 
whole motion of the body bo parallel to a fixed plane or not. 
In the latter case the only difference will be that an addi- 
tional equation, viz., 




will be required to determine the motion of the centre of 
inertia. In any case, therefore, the motion of the body is 
determined, when we know the motion of its centre of inertia, 
and the angular motion relative to tliat point. 

238. Connexion of tlie itnigular Velocity with the 
ITeloeity of the Centre of Inertia. — As the motion is 
parallel to a fixed plane, the parallel section of the body 
passing through the centre of inertia must at each instant be 
rotating round a point in its own plane (Art. 219). If p be the 
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distance from this point (the instantaneous centre of rotation) 
to the centre of inertia, a the path of the latter, and <■» the 

angular velocity, then pw = as is obvious. Also w = ^. 


Examples. 


1. A body is moving parallel to a fixed plane under the aetion of forces 
which are in equilibrium : show that the locus of the instantaneous centre of ro- 
tation in the body is a circle, having the centre of inertia for centre, and a radius 

where v is the velocity of the centre of inertia, and w the angular velocity. 
w 

2. The locus of the instantaneous centre of rotation in space, under the 
circumstances of Ex. 1, is a straight line parallel to the path of the centre of 

* . V 

ineitia, and at a distance from it equal to — . 

(!» 

3. If a body move parallel to a fixed plane, and be acted on by a constant 
couple, lying in the plane ; show that the locus of the instantaneous centre of 
rotation in space is an equilateral hyperbola. 

4. An inextensible siring, whose mass is negligible, passes over the line of 
intersection of two smooth inclined planes. Each end of the string passes under 
and round a smooth circular homogeneous cylinder, to which it is attached, and 
which rests on one of the inclined planes. The lino of intersection of the inclined 
planes is parallel to the axes of the cylinders, and perpendicular to a vertical 
plane containing their centres of inertia and the string. Determine the tension 
of the string. 

As in Ex. 4^, Art. 230, the portion of the string wrapped round one of the 
cylinders may bo regarded as in equilibrium under the action of the tensions at 
its extremities and of the pressure produced by the cylinder. Hence all the 
forces exerted by the string on the cylinder are equivalent to the tension T act- 
ing at the point of contact of the cylinder with the inclined plane. 

If 8 and s' be the distances at any time of the points of contact of the cylin- 
ders and inclined planes, from the point of intersection of tho latter with the 
vertical plane perpendic^ar to them ; 0 and 0' the angles through which tho 
cylinders liavc turned froiii their initial positions ; a and a' their radii ; m and w' 
their masses ; and i and i' the inclinations of tho inclined planes to the horizon, 
the equations of motion are 




d^9 


m = m j — = Ta, 



w'ysin*'- T, 


fn — Ta . 

2 dr- 


If cr be the distance the string has slipped at any time along the inclined 



Vk Viva. 


m 


planes, and b and b* the initial values of 8 and s', we have, since the string is 
inextensible, 

sssb+aO + ff, + — <r, and therefore 8 + 8' = b-^b*+ aB + a'$\ 

Differentiating twice we obtain, by means of the equations of motion, 

„ , min^ ... . 

tn + tn 

The motion can then be completely determined. 

239. Vis ¥iira. — It was shown in Art. 134, that the vis 
viva of any system F* + where SW is the 

entire mass of the system, V the velocity of its centre of inertia, 
and v' the velocity, relative to the centre of inertia, of any 
particle m. If the body be moving parallel to a fixed plane, 
the motion relative to the centre of inertia is a rotation round 
an axis fixed in the body, whose direction is fixed in space. 
Hence (Art. 133), and the equation of vis viva 

becomes 

3W( P + = 2^1 {Ydf/ + Zdz) + a (2) ■ 

The equation of vis viva may be put into another shape 
which is sometimes useful. If I be the moment of inertia of 
the body round the instantaneous axis of the rotation by 
which the whole motion of the body may be represented, theu 

= /oi*. 


Again, if / and s' be the coordinates of any point referred 
to that space point as origin which coincides with the instan- 
taneous centre of rotation. Art. 238, then 




hence the equation of vis viva assumes tlie form 


therefore 




J, 


( 3 ) 


vrhere J is the moment of the applied forces, round the in- 
stantaneous axis of rota^on. 
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240. Moment of the Forces of Inertia. — If b and c 

be the coordinates of any point, fixed or movable, the moment 
of the applied forces, round an axis through it parallel to the 
axis of x^ must be equal and opposite to the moment of the 
forces of inertia round the same ; hence, calling the former 
moment /, we have 



If, as in Art. 209, we put v/ = ^ + i>, s = s + we get, by 
omitting the terms which vanish, 



If we suppose the point c to coincide with the ori^n 
fixed in space, and to lie in the plane of the motion of the 
centre of inertia, this equation becomes, if we call r and x the 
polar coordinates of the centre of inertia, 



241. Moments of Momentum relative to any 
Point. — Since the body is supposed to be moving parallel 
to a fixed plane, its motion at any instant is a pure rotation. 
If we take a line coinciding with the instantaneous axis of 
rotation as axis of a?, tlien x, y, z being the coordinates of 
the centre of inertia, we have, by Art. 222, 

= 0, y == - zwy s = y(o. 

Substituting these values in (31), Art. 210, and introducing 
the values of Hi, Hz, given by (5), Art. 231, we obtain 

H\ = {/ - SD? (Jy + cz) ) (jj, 

H\ = - Smaryjoi, 

Hz - {5Wcrs - ^mxz](o 



(6) 
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Examples. 

1. The motion of a body consists of a pure rotation ; find the conditions that 
it should he brought to rest by a single impulse. 

Take the axis of rotation as tho axis of and a perpendicular p on it from 
the centre of inertia Q as that of y, then the whole velocity of O is parallel to 
tho axis of 2 , and is equal to puy where a is tho angular velocity of tho body* 
Hence the impulse which reduces the body to rest must bo parallel to the axis 
of Zy and is given by tlie equation 

Z-= — Wlpa. 

Let b, c be tho coordinates of the point in which tho impulse Z meets tho 
plane of xy ; tho moments of momentum relative to be are each zero after the 
body is reduced to rest ; but, since the impulse passes through bcy these moments 
are the same as they were before the action of the impulse. Hence, originally, 

jy,' 0. 

Substituting for Hi', &c., their values from (6), we have, if Hbo the radius of 
gyration round the axis of rotation, 

K‘^ ^bp — Oy 'Xinxy = 0, Smxz = 0, 

Hence we conclude that tho axis of rotation must be a principal axis at the 
point in which it is met by the perpendicular from (r, that tho impulse must be 
perpendicular to the plan containin^.^1md tho axis of rotation, and that its 
shortest distance b from tho axis is given by the equation 

bp = JiT®. (Compare Art. 236.) 

2. A uniform circular plate whoso centre is fixed lies on a smooth horizontal 
_ plane. An insect starts from the centre of the plate, and returns to the same 

r * it after describing a circle whoso diameter is the radius of the plate ; find 
angle through which the plate has turned. 

Let be the angle through which the plate has turned at any time, a its 
I radius, m its mass, m' that of thc^ insect, r and 0 its polar coordinates in space,. 
' r and if/ its polar coordinates relative to tho plate ; then 

j d<b , * 

I ~ ^-0 - r-a cos 


and the angle required is 




^ J w + 2m' tjos'-* 

( \m + 2m } } 


I 242. Equations of Motion for Impuises. — In the 

j case of impulses the changes of velocity which they produce 
- are determined by the equations (Arts. 204, 209, 229), 

j where w' is the angul£|,;r velocity of the body, t?' and the 

I* 
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<3omponeiits of the velooitj of its centre of inertia, before the 
action of the impulses ; aiid di, and w the corresponding 
quantities after their action. 

243. Impact. — When impact occurs between two smooth 
bodies, a mutual impulsive force is developed in the direction 
of the common normal. In the first period of collision this 
force reduces the relative normal velocity of the colliding 
points to zero. In the case of motion parallel to a fixed 
plane, there are for two bodies seven unknown quantities, 
viz. the changes in the two components of the velocity of the 
centre of inertia, and in the velocity of rotation for each body, 
and the magnitude of the mutual impulse. There are like- 
wise seven equations to determine these quantities, viz. the 
six equations of motion, and the equation which expresses 
that the relative normal velocity of the colliding points is 
zero at the instant of greatest compression. 

In the second period, a new mutual impulsive force is 
developed, whose impulse bears a constant ratio to that of the 
former, and can therefore be found. The changes of velocity 
which it produces can then be determined. 

If the bodies which collide be perfectly elastic, the im- 
pulse developed during the period of restitution, or second 
period, is equal to that developed during the period of com- 
pression. What is here stated is merely a generalization of 
the theory given in Articles 78 and 202. 


Examples. 


1. A bar, which is rotating round an axis perpendicular to its length, and 
whose centre of inertia is moving in a plane at right angles to the axis of rota- 
tion, strikes perpendicularly against a fixed obstacle ; determine the impulse 
of the blow, and the subsequent motion. 

Let m be the mass of the bar, ^ its radios of gyration, V the velocity of its 
centre of inertia 6^ in a direction perpendicular to its length, and U its angular 
velocity before impact ; also let v' and (a\ v and w be the corresponding velocities 
at the end of the first and' of the second period of impact, respectively ; and let 
h be the distance from G of the point A at which the bar strikes the obstacle ; 
then, if It' be the impulse of the blow during the first period of impact, and if 
we suppose the velocity of A due to the motion of translation to be in the same 
direction as that due to the rotation round an axis through (7, we have, since 
the blow diminishes both the velocity of translation and the ^angular velocity 
•of the bar, 
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but also, since at the instant of greatest compression A is reduced to rest, 
v\ + hJ B 0. Hence we obtain 


therefore 




h{V^-hCi) 


whence R* = 


wA:3(r+ ha) 
A;* + A* • 


Now, as in Ex. 6, Art. 236, = (1 + ^) iZ', and il - « = (1 + «) (n - «'), 

V’-v= {1 + e){V— V*). Hence we have (A® + A*) jK = (1 4 e) m A:* ( F + ha ) ; 


consequently 


(A2 -ek^)r-{l+e) ma ^ (A?® - eh^a -{l+e) hV 


2. Find the point at which the bar in Ex. I should strike the obstacle in 
order that the impulse of the blow should bo a maximum. 


Wo have here to dotormino h so that shall be a maximum, and the 

y 

required values of h are given by the quadratic equation 4 2 — h - = 0, 


or 4 2rA - A® = 0, if we put ra = T\ If C he the instantaneous centre of 
rotation of the bar, corresponding to V and ft, we have 00=^ — r, and the 
points of the bar at which tlio impact produces the maximum impulse are 
determined by erecting a perpendicular GP equal to A, and with C as centre, 
and CP as radius describing a circle. The points A and R in which this circle 
meets the bar are the points required. ^Seo Fig. p. 282.) 

Let Ri and Ih be the values of the impulse Ry corresponding to the points 
A and R, respectively, we readily find that 


Ri = - • RGj and Rz = • ^A, 

£i 2 


The negative sign of Rz shows that in this case the impulse must act at the 
opposite side of the bar ; hence, if we consider magnitude only, without regard 
to sign, each impulse may be regarded as a maximum. 

3. A bar moving as in Ex. 1 strikes against a sphere of mass J/, whose 
centre has a velocity U in a direction perpendicular to the bar ; find the impulse 
of the blow, and the subsequent motion. 

Let u* and u be the velocities of the centre of the sphere at the end of the 
first and of the second period of impact, then,, the bar being supposed to over- 
take the sphere, we have 


R!^m[V-f/)y R'h = wA3(ft - «'), A' = M («' - U ) ; (a) 


and also, 


Vf 4 hv = 


(i) 


If wo put ft - «' = ct', from equations [a) we have 



290 Free Motion of Rigid body Parallel to Fixed Plane. 


whence, substituting in (b) for v', and tt, we obtain 


,_jfA(r+Aa-r) 


and therefore i? = (1 + «) 


Mmk\V^-hQ,~V) 


Consequently the motion after collision is given by the equations 


«=n-(l + s)w', e=r-(H-r)^?3', «=p-+ 

A M h 


4. Find in Ex. 3 at what point of its length the bar should strike the sphen^ 
in order that the impulse of the blow should be a maximum. 

The values of h which make It a maximum are given by the quadratic equa- 
tion 

A* + 2rA - where rXl = V— U, 


The points of the bar at which the impulse of the blow is a maximum may be 
determined by a construction similar to that of Ex. 2. In the present case, C 
is the point whose velocity perpendicular to the bar is equal to that of the 


sphere. The perpendicular to be erected at O is now 



i- 


5. In Ex. 1 find the loss of kinetic energy due to the impact. 

If 7' be the kinetic energy lost during the first period of impact, wo have, by 
Ex. 2, Art. 202, 27' = i2'( V + An), but if 7 be the total loss of kinetic energy, : 

7 = (1 - (SCO Ex. 4, Art. 202). Hence 27 = (1 - «*) 

k- -Yh^ 

6. Find at what point the bar should strike the obstacle in order that the * 

loss of kinetic energy should be a maximum. ^ A^n 

Ans. A = — . 

7. In Ex. 3 find the total loss of kinetic energy of the system ; and determine ‘ 
at what point the bar should strike the sphere in order that this loss should be a 
maximum. 

Hero, if 7' bo the kinetic energy lost by the system during the first period 
of impact, by Ex. 2, Art. 202, 


hence 


27'=S^{r+ha)-lfU, 


27 = (1 - ««) 


Xmi^{r+ha- H)* 

+ AT ( A* + **) ' 


This expression is a mspLimum when A = 


m-Y M A’n 
■ ilf Y-U' 


8. Find at what point the bar should strike the sphere in order that the gain 
of kinetic energy by the sphere should be a maximum. 

The required points are those at which E is a maximum. 
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9. Find the loss of kinetic energy by the bar. 

If 7' be the loss of kinetic energy during the first period of impact, we haye, 
Ex. 1. Art. 202, 


27' = J2'(r+ An + f;' + W); 

but t>'+ AV = w' = ir+ and therefore, since 27 = (1 - e*)7', wo have 


27= (1 - ^ {■«' + ■»■( y+ An+ 17)} 


= (1 - e®) Mmk^ j 


/ V^-hCi-U \ 

1* (r+w-iT®) 

[mk^ \-M {?i‘^-\-k j 



10. In Ex. 1 find the conditions that the whole motion of the bar should be 
destroyed by the collision. 

Ana, = A K, and e = 0. This is also easily seen from first principles. 

JScc Ex. 1, Art. 241. 

11. A body is moving parallel to a fixed plane, when a lino -45 in the body 
perpendicular to the plane becomes suddenly fixed ; determine the subsequent 
motion.' 

Lot m bo the mass'of the body, I its moment of inertia round AB, k its radius 
of gyration round a parallel axis through its centre of inertia (r, A the angular 
velocity of the body, and V the velocity of G just before the lino AB becomes 
fixed, p the shortest distance between the line of motion of G at this time and 
ABf and a the angular velocity of the body ruund A B just after this line is fixed, 
then we have 

Iv=m{Vp-\- 


12. A piano lamina is moving in its own plane MT^hcn one of its points 0 
becomes suddenly fixed ; detemiino the subsequent motion. 

Let us suppose that the lamina is constrained to rotate round a perpendi- 
cular axis through 0, then, adopting the same notation as in Ex. 11, wo have, 
by (10), Art. 234, since the axis of rotation is a principal axis at 0, 


Iw = m ( Vp + Mq - 0, iVy = 0. 


Hence the actual motion of the lamina when 0 is fixed is a rotation round a 
perpendicular axis, and the angular velocity w is given by the first of the 
equations above. 

13. A bar moving in a vertical plane impinges upon a smooth horizontal 
plane ; find the motion immediately after impact. 

If the horizontal and vertical components of the velocity of the centre of 
ineitia 0 of the bar be represented by U and V immediately before the impact, 
and by u and v immediately after, if fi and w be the corresponding angular 
velocities, a the distance from S to the point of impact of the bar, and a the 

U2 
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ancle which it makes with the horizontal plane at the instant of impact, the 
values of and » are obtained by substituting in the equations of £x. 1, a cos a 
for h. Accordingly we have 

« _ (g^ cos^ g - ek^) r- (1 + g) cos g 

* k^+a^cos^a * 

cos*a)n — (1 + e)aV cos a 
cos* a 

If the bar be homogeneous, 3A'* = g*, and we get 
(3 C08‘*a~ g) F- ( 1-f g) (til cos a 
1 + 3 cos*a * 

- (1 - co s*tt ) aC l - (1 + g) V COB a 
* (l + 3cos*a)g 

14. In what direction must an impulse be applied to a sphere in order that its 
initial motion may be one of rotation round a given tangent P 

The direction of the initial motion of tho centre of inertia of the sphere is in 
this case given. Ilencc the direction of the impulse is a line parallel to this, 
lying in the plane, which passes through the centre, at right angles to the given 
tangent, and distant from the centre by radius. 

15. A beam placed in a smooth horizontal plane is turning with a given velo- 
city M round a pivot which passes through a given point. The pivot breaks ; 
determine tho subsequent motion. 

If d be the distance of the centre of inertia of the beam from tho pivot, this 
point of the beam continues to move with a constant velocity Sa in the straight 
line which is at right angles to tho beam at tho moment when the pivot bre^s, 
and the beam rotates with a constant angular velocity » round a vertical axis 
through its centre of inertia. 

16. A uniform bar, resting on a smooth horizontal table, revolves round 
a vertical axis through its middle point. The bar suddenly snaps at its middle 
point. Determine the subsequent motion of tho parts. 

17. In the same case, find the point of its length, at which either half of the 
bar would strike perpendicularly against a fixed obstacle with the greatest force 
of percussion. 

18. Assuming that the Earth’s orbit is cdrcular, show that its motion, both 
of translation and of rotation, could bo destroyed by a sudden impulse applied 
when the Earih is in a solstice. 

19. Assuming the Earth to be a homogeneous sphere, calculate in tho pre- 

ceding Example the distance from the Earth’s centre of the lino of action of the, 
required impulse. ^ns. 24 miles, approximately. 

244. Streps in Initial IMotion. — Stresses are de- . 
termined, as we -have seen, by using the dynamical equa- ' ' 
tions for a free body, and introducing unknown reactions! 
instead of the geometrical conditions. In many cases where ll'! 
the general equations of motion cannot be integrated, the 
initial stresses may be obtained by differentiating the geo- , 
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metrical equations twice, and introducing into the equations 
thus obtained the initi^ values of the coordinates and of 
their differential coefficients with respect to the time, which 
are supposed to he given. The initial values of the accelera- 
tions are then in general determined, and thence the un- 
known reactions, by means of the dynamical equations. 


Examples. 

1. A lamina is suspended by strings attached to two of its points^ and 
not in the samo straight line with its centre of inertia, and fastened to two fixed 
points 0 and O'. The string joining O' to 5 is cut ; determine the initial tension 
of the other. 



The piano of the lamina in its position of equilibrium must pass through the 
points 0 and O', and the subsequent motion will take place in this plane, which 
we shall take as the plane of yz, the axis of y being horizontal, and the positive 
direction of z downwards, the origin being 0. Let G be the centre of inertia of 
the lamina, <f> and 6 the angles which OA and AG make with the axis of y at 
any time, I and a the lengths of OA and AG, m the infiss of the lamina, A' its 
radius of gyration round a perpendicular axis through G, and y and z the coordi- 
nates of G ; then, if T be the tension of the string OA at any lime, we have 

® ^ sin (0 - <f>)j (a) 

y 

ni-^-=- Tcos Ip, m — = - Tsin <p, {b) 


Also, y = /cos0 + «cos0, z = ^sin0 + »sintf. (e) 

Differentiating these latter equations twice, and in the second differentiation 
treating $ and (p as constants, since initially ^ and ~ are each zero, and finally 
substituting their initial values a and for 0 and <p, we obtain 

7 - d^0 
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Pence, diminating we get 


d^z d^y - d^B 

s.nfl^ + eoefl^ + a8in(.-^)^ = 0. 

Substituting from (a) and (h)y and putting a and jS for B and 0 in those equa- 
tions, we get for 7b, the initial value of the tension, 


7b = mg 


Ar^sinjB 


A;2 + «*8in*(o-i3) * 


2. A body, whoso centre of inertia is 6?, is suspended by strings attached to 
two of its points A and 5, and fastened to two fixed points 0 and 0\ The 
plane AGB is a principal plane at G, the string O'B is cut; determine the 
initial tension of the other. 

We may here suppose the body compelled to rotate round an axis through (7, 
whose direction is fixed in space, and is perpendicular to the initial position of 
the plane AGB. Since this axis is a principal axis at (7, we find, then, Art. 236, 
equation (14), that the components of the stress couple on this axis are zero, and 
therefore that the body rotates round it freely. Ilcnco the whole motion of the 
body is parallel to the vertical idano which is the initial position of AGBy and 
the question becomes the same us in the last example. 

3. A circular disk is hung, with its piano horizontal, from a fixed point 
vertically over its centre, by means of three equal strings attached to three fixed 
points in the circumference of the disk at equal distances from each other. One 
of the strings is cut ; determine the initial tensions of the other two. 

The two tensions along the threads OA and OB may be replaced by the 
single force along 05, where 27’ cos .405, 5 being the middle point of 
the chord joining the fixed points A and B. 




In this case F takes tho place of T, and the point 5 of -4 in Ex. 2. Then, 
& being the initial valqe of the angle which 05 makes with the horizontal line 
which is the initial direction of 50, the length of tho latter being a, we have, 
since SG is originally horizontal. 


F=mg 


Ar^sinjS 
A;* 4- a’ sin* i3’ 
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If l be the length of 08, the exprearioni for F may be put into the form 

A® sin iS 


F=mg 


^*4-/^Bm*i8cos'i3’ 


4 . Determine in Ex. 9, Art. 202, tbe initial tensions of the strings, and 
their tensions when the bar is at its greatest height, the length of each string 
being 2«. 

If Q be the angle one of the strings makes with a vertical line at any time, 
z the vertical coordinate of the middle point of the bar, if/ the angle the bar 
makes with a horizontal line parallel to the fixed bar, and T the tension of one 
string; then 

m -- ~ = - 2fiTsin $ cos H, 
o 

d^z 

tn — = 2Tco80-mff; 
dt^ 

also, from tbe geometrical conditions, 

0=i^, as 2asin0=:2asia^i|f, 

X=2fl(l -CO90). 

Substituting ^ for 0 in the last equation, differen- 
tiating twice, and observing that initially = 0, and 

dl 

initial tension of one string T = J mg + J maa-. 

. d4f 

To get the tension w'hen the bar is at its highest position, make •— = 0, 

dt 

COB = — n ) where A has the value in Ex. 9, Art. 202 ; then 



diff 


0 ), we gei for the 


2a 




4fl® 


(2«- A) { 4»-’+3A (1«- A) } ■' (12;/ -«a>») j (21ay- o'cii®) } ‘ 
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6. In Ex. 1, find the values of a and JB, in order that To shall be the greatest 
possible. 

Am. a = /3 = ^. The corresponding value of To is mg, i.e. the weight of 
the lamina. 

6. If 0 be given, find a, so that To shall be a minimum. 

Here sin(o-i8) =max., and therefore a - 0 — ^, or AG is perpendicular 
to OA. 

7. If the initial position of AG be horizontal, find 0, so that To shall he a 
maximum. 

Here we have to find 0. so that ^ maybe a minimum. There- 

a^sin 0 

fore, A; = a sin jS s= po, where po is the initial value of the perpendicular from G 
on OA. 

The result hero obtained holds good for Ex. 3, if OS be substituted for OA, 
and F for T. 
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245. Friction. — Friction {see Art. 60) is a tangential 
force passing through the point of contact of two rough 
surfaces, which tends to prevent the one from slipping 
on the other. If there be slipping, the friction is in an 
opposite direction, and takes its greatest possible value, which 
is in a constant ratio to the normal pressure between the 
surfaces. If the motion be pure rolling, just enough 
friction is exerted to maintain pure rolling. The force of 
friction is then usually less than its maximum value, and is 
determined, as if it were an unknown reaction, by means of 
the equations of motion and the geometrical condition which 
expresses that the motion is pure rolling. If the value thus 
found for the force of friction does not exceed its maximum 
value, and pure rolling be consistent with the initial condi- 
tions, it will be the actual motion. When there is slipping, 
the friction, which is then a maximum, and therefore de- 
termined, tends to make the motion pure rolling. If pure 
rolling bo attained, the friction at the instant pure rolling 
commences changes in general its value, and must be de- 
termined in the manner stated above. 

It ii^ to be observed, as. already stated in Art. 60, that the 
maximum value of friction, when slipping actually takes 
place, is, in general, less than its maximum value when there 
is no slipping, and friction is acting against a force which 
tends to produce slipping. 

When a surface is said to be •perfectly rough it is under- 
stood that no slipping can take place between it and any 
other surface with which it is in contact. The amount of 
force which it is capable of exerting by means of friction is, 
in this case, unlimited. 


Examples. 

l. A homogeneous cylinder, having its axis horizontal, rolls without slipping 
down a rough inclined plane ; determine the amount of friction brought into 
play {see Ex. 1, p. 139). 

The equations of motion are 


the axis of y being a line in the inclined plane at rjght angles to its intersection 



with the horizon. Also, ad$= dy ; whence 

1 ^ Bin i 






but since the cylinder is homogeneous w^e have 1^ 
and therefore Mg sin i. 



2. If a sphere be substituted for a cylinder in the last example, determine 

the amount of friction brought into play. Ans, F—^ Mg sin t. 

3. A lamina is placed on a rough horizontal table in such a manner that its 
centre of inertia lies beyond the edge of the table, and that the lino in which 
the edge meets the lamina is a principal axis for the point 0 in which it is met 
by the perpendicular from the centre of inertia G ; determine the motion of the 
lamina before it slips, and its inclination to the table when slipping begins. 

Since the force tending to make the lamina slip is at first zero, the motion 
of the lamina begins by a rotation round the edge AB of the table, as a fixed 
axis. 

Putting M for the mass of the lamina, and otherwise adopting the same 
notation as in Ex. 3, Art 236, we have, since a s; 0, 

+ 3n^ A;* 


The lamina continues to rotate round AD till Pq = n is the coefficient 

of friction. The value of 9 when the lamina begins to slip is given therefore 
by the equation 


tan 9 = 




4. In Ex. 3 a mass m is placed at a point J) on tho lamina, in the perpen- 
dicular from its centre of inertia on the edge of the table ; investigate the 
motion, and find the inclination at which slipping begins. 

Let OB — A, then, since the initial motion is a rotation round AB as a fixed 
axis, we have 

{M{Jc^ + + wA3} — = (Jlfjt? + mh) g cos 0. (a) 

Hence, by integration. 


“ / ' 


Mp + mh 


M(k^ + jp2) + wA* 


g sin0. 


(«) 


The forces acting on w, in addition to gravity, are tho force of friction P along 
BO, and the resistance Q, perpendicular to BO, of the plane. Hence the 
accelerations of m, along BO, and perpendicular thereto, ore 
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but, since OD is invariable so long as m does not slide, the accelerations of tn 
are also — and h — , by (11) and (12), Art. 28 ; hence we have 


Ps tn (y sin 0 + Q s m cos 0 - A ^ j . 


If we put 

equations (a) and (d) give 


^ _ {Mp -f mh) h 


d» 


hence we get 


A ^ = Ay cos 0, and Aiu® = 2Ay sin 0 ; 


P = my sin 0(1 + 2 a), Q = mg cos 0(1- A). 


We here observe that Q becomes negative if A bo greater than unity ; accord- 
ingly in that case the mass m is left behind by the lamina from the very com- 
mencement of the motion, unless we placo it beneath the lamina. 

If A = 1, or ph^J^-{‘ we have = 0 : m is in this case placed at the 
centre of oscillation, and begins to slip at the very commencement of the 

motion. If A < 1, m begins to slip when tan 0i » 

Next, let Pq and Qo be the forces parallel and perpendicular to Of?, exerted 
against the edge of the table, wo have, (15), Art. 236, since the whole system 
at first is moving as a rigid body, 

Pq = {Mp + mA) + (if + m) g sin 0, 


Oo= (if + m) y COS0 - (Mp + mA) 

dt 

TT •• ifn + mA _ 

Hence, if v = we readily get 

Pq = (if + m) y sin 0 (1 2Av), Oo = (iW + m)y cos 0(1- \v). 

If the coefficient of friction relative to the lamina be the same for the edgo 
as it is for m, the lamina begins to slip when P^ = ;uQo» or when 


tan 00 = 


m(i-av) 
1 + 2Av ’ 


Hence, if v< 1, i.e. if h>p, we have 0o > 0i, and therefore in this case the 
mass will slip before the lamina begins to slip. 

On the other hand, if A < p, we have 0i > 0o, and slipping begins at the 
edge JLB, 
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6 . In Ex. 3 , if any number of masses mi, miy &c., be placed on the lamina 
at points Diy &c., on the lino OQy investigate the motion. 

Let ODi = h\y OD2 - h2y &c., then, 


dia Mp-\-m\ h \ + m 2h 2 + &c . 

dt ” M(k^ +>?-) + mi h\^ + m2 Aj* + &c. 


g cos 9y 


If we put 


we have 


2_o 3fjt? + mi Ai + m 2 As -f &o- 

^ M(k‘^ + w 1 Ai® + m2 A2* + &c. ^ 

Mp + mi Ai + m2 A2 + &c. Ai ^2 « 

~M(k^Tp^Y+ + + &c. ^ 'At ^ 


Jfp + mi Ai + m2 Az + &e. 
Jf + mi + m2 I- &c. 


= l^l Ai ss 1^2 A3 = &c., 


jPi = (1 + 2 Ai) mig sinO, Qi = (1 - Ai) miy cos $ ; 


P2 = (1 + 2A2) mzg sin 0 , Q2 = (1 - A2) mg cos 0 ; 


and also 


(if + mi + m2 + &c.)g sin 6 


I + 2AiI'1 = 1 I 2A2I'2 = &c., 


(if + mi + m + &(i.)g cos 0 


I — Ain = 1 — A2I'2 = &C. 


The rest of the investigation is the same as in the last example. 

If Ai > Ao, then Ai > A2, and 

1 + aAi 1 + 2\2 

and therefore 0 i < 02, or mi slips before m2 : that is, the mass farthest from the 
edge begins to slip first. 

6 . If a hoop rolls down a rough inclined plane without sliding, show that 
tan i < 2/1 ; the initial position of the hoop being in a vertlcial plane at right 
angles to the intersection of the inclined plane with the horizon. 

Take the initial position of the centre of the hoop for origin, and the inter- 
section of the inclined plane with a vertical plane at right angles thereto as axis 
of ?/, its positive direction being downwards. Let the positive direction of rota- 
tion be from the upper side of the inclined plane towards g positive. Then, 
y being the coordinate of the centre of the hoop, m its mass, a its radius, and 
Fthe friction brought into play, the equations of motion are 


ma* Tr- Ffff m — = my sin i - F; 
at aP 



300 Free Motion of Rigii Body Parallel to Fmd Plane. 

but the motion being pure rolling, ; hence, eliminating we obtain, 


F — . ijut F < cos I ; therefore tan i > 2/a. 

2 


7. A homogeneous circular disk, whose radius is tf, rolls inside a rough yer- 
tical circle whose radius is d ; the motion is 
pure rolling under the action of gravity; 
show that the rolling forward and backward 
of the disk is isochronous with the oscilla- 
tions of a simple pendulum whose length 


iaf^-a). 



have, I being tho moment of inertia 
of the disk round an axis through P, » tho 
angular velocity, and 6 the angle between 
1 d 

.CA and CP, - - (lor) = Imga sin 0 (0 being 
A) dt 

reckoned from the vertical line GA^ where C 
is the centre of tho vertical circle, and to being the angular velocity of the disk 
rolling down). As tho instantaneous centre of rotation lies, in this case, on the 
circumference of the disk, I remains constant throughout the motion ; there- 
dto 

fore/— = mga sin 0 ; but I = (Integral Calculus, Chap. X.), and 


ato =•- (b^ a) since either represents tho velocity of 0. 

k:.. 

! ^ - y sxn 0 ; &c. 


Hence 


The student will observe that the friction at P docs not enter this equation. 

8. A uniform sphere, resting on a ^ rouarl^ h orizontal nlanc. is set in motion by 
an impulse applied in a Vertical piano passing tlirough its centre. Show that, 
when slidi ng the rolling motion will be direct, stationary, or retrograde, 

according as the direction of the impulse intersects the vertical diameter above, 
at, or below the point of contact with tho plane. 

Let V bo tho velocity, at any time, of the centre of the sphere parallel to tho 
intersection of the hoiizontal plane' mth the vertical plane containing the 
impulse ; the direction of the latter ih^ng an acute angle with the positive 
direction of v. Let a be the angular velocity of the sphere, counted from the 
vertical towards the direction of v positive : then V and A, the initial values of 
i; and », are determined by tho equations 

mV=r, mk'^Cl = Yb, 

where Y is tho horizontal component of the impulse, and b the distance from 
the centre, at w^hich its line of direction intersects the vertical diameter of the 
sphere. Eliminating T, we obtain 


b7 
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For the suheequent motion, if F be the force of friction, ve hare the equations 


dv _ dot „ 


whence 

at at 

Integrating, we obtain 

av + constant =:aF+ s (« + i) r. 

When ceases v = aa>. SubstitutiDg for v in the preceding equation, we 
have 

(a+ d)F 

M S I ■ .I- i.a ■ — 

a* + A?* 

Hence, since V is necessarily positive, «, when sliding ceases, is positive, zero, 
or negative, according as 

a-\- b>0f fl4A = 0, or a + i<0. 

The first condition holds good, if i is either positive, or negative and loss than a 
in absolute magnitude ; tho second, if J = - a ; the third, if b is negative and 
greater than a in absolute magnitude. 

The results of this example may be extended to other solids of revolution. 

9. A circular plate rolls down tho inner circumference of a rough circle under 
the action of gravity. Tho pLane of the plate coincides with that of the rough 
circle, which is vertical. Determine tho amount of friction brought into play 
if the plate start from rest, the motion being pure rolling. {See £z. 7.) 

If 0 be the angular velocity of the plate, the equations of motion are 

d(o d“9 

\ma^ — - Fiij w (J- fls) — = - mg sin 9 + 1’ 
dt aV 



together with the equation of condition 

(4 

hence l’=J«iysin9. 

10. Show that tho plate in the last example will ascend to the same height 
as that from which it started, and that the motion will go on for ever. 

The vis viva = ^mg {z - zo ) : this will vanish when 2 =re ; therefore, &c. 


11. Determine the. velocity of rotation of the plate at any time. 


An$, 


«* = J — - p- (cos e - cos 9o). 


^2 
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246. Tendency of a Rod to Break. — When a body 
is under the influence of any forces, it experiences pressures 
or tensions, which tend to alter the relative positions of the 
molecules. This tendency is resisted by the mutual action 
of the molecules. Under such circumstances the body is 
fiaid to be in a state of stress. 

If we consider a small rectangular parallelepiped in the 
body, the stresses acting on one of its faces may be resolved 
into three forces at right angles to each other — one normal, 
and two parallel to the face under consideration. 

To ascertain the tendency of a body to undergo a rupture 
in any part, we must consider the stresses to which it is sub- 
jected in that part. If the mutual cohesion of the molecules 
is unable to resist these stresses the body must give way. 
The question is, in general, one of great complication, and 
for its full discussion the reader is referred to treatises on 
Elasticity and Strength of Materials. 

If the body under consideration be a rod^ that is, if two of 
its dimensions are at each point very small, the question be- 
comes much simplified. ‘ 

The axis of the rod may be a straight line, or may form 
a curve of any kind. Wo shall suppose that this curve is not 
that it lies in one plane and that the rod is in 
"equilibrium under the action of forces in this plane. If we 
consider a section at right angles to the axis of the rod, at 
any point A of its length, the action of the molecules at one 
side of this section on those at the other must equilibrate all 
the forces acting on the rod at the latter side. These may be 
reduced to a force P, passing through and a couple 6r, 
round an axis a at right angles to the plane P. This force 
and couple, therefore, are equivalent to the stresses acting on 
the rod through the section containing A. 

That the tendency of the rod to break results chiefly from 
the couple may be shown as follows : — 

The stresses in the plane of the section cannot give any 
oouple round the axis a, since a either meets them or is parallel 
to them. Hence the couple O must produce stresses, parallel 
to the axis of the rod at the point Ay whose moment round A 
is equal to 0. If N be the value per unit of area of the 
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greatest of these stresses, and a be the distance from A of the 
most remote point of the section, whose area may he denoted 
by 8 ; the moment round A of the stresses parallel to the 
ft-ria must be less than N8a. Hence, if we assume G = Fp, 
we have 

F p 

NSa > Fp^ and therefore N > 

o a 

If wo now seek for the stress per unit of area caused by 
the force F^ we have iV" = ~ N' <-N. 

’ 8 p 

Hence, if a is very small compared with p, N' is unim- 
portant compared with N. Accordingly, in general, the 
tendency of the rod to break at any point A depends simply 
on i.e. on Gy the moment round A of the forces acting on 
the rod at one side of A. 

We have hitherto supposed the rod to he at rest. If it 
be in motion, wo can, by D^Alembert’s Principle, consider it 
as in equilibrium under the action of the applied forces and the 
forces of inertia, and the question of stress, or the tendency to 
break at any point, becomes the same as before, except that 
we must now add the forces of inertia to the other forces 
acting on the rod. 

If the rod bo acted on by impulses, the impulsive tendency 
to break at any point is obtained in a similar manner, and 
the preceding investigation holds good provided the impulses 
be substituted for the applied forces, and the resulting 
changes of momentum for the forces of inertia. 

To find the couple which measures the tendency of a rod to 
break at any point P. 

Let G be the required couple, L' the moment round P of 
the forces applied to the portion of the rod on one side of this 
point, SDl' the mass of this portion of the rod, k' its radius of 
gyration round its own centre of inertia C\ and A' the moment 
of the acceleration of (/'round P, then by (4), Art. 240, 


( 8 ) 
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In the ease of impulses, if O be the impulsive couple oor- 
req)onding to O, we have 

0 = Z'-3R'{A'+;fc'*(«-w')). (9) 

where A' is the moment round P of the change of velocity of 
C' due to the impulses, and «•» and u> are the angular veloci- 
ties of the rod after and before the action of the impulses. 

Another expression for O which is often useful may be 
found as follows : — Let y, z be the coordinates, referred to a 
fixed origin, of the centre of inertia 0 of the whole rod ; 4, c 
those of P ; z' those of 0% and rj* S those of any point of 
the rod referred to axes through C parallel to the fixed axes, 
then, 

O = L' - S'm |(f/ - A) s - (s - c) y \ . 

But + s .= 5 + S ; 

substituting, and remembering that 

S'my = aW'?/, S'm = m'z', 

we obtain 

Q^L'- WW- h) I- (/- c)^)- S'm [{y-b)'i-{z-c)n\. (10) 
In the case of impulses applied to a rod at rest, 

0 = f-airi/- h)i- if - c) ^)- 6) e- (S - c)i)). (11) 

If the rod be in motion when the impulses are applied, we 
must substitute in (11) for y, 5, and ^ the changes in their 
values due to the action of tho impulses. 


Examples. 

1. A uniform straight rod AB rotating round a perpen^cular axis passing 
through ono extremity A is struck perpondiculaiiy at a point Q ; find the ten- 
dency to break at any point P. 

Let J2 be the impulse of the blow, a the length of the rod, m its mass, a and 
w its angular velocities before and after the blow ; also let O' be the middle point 
of PP, and let AJP- r, AQ = h ; then, 

r^R.FQ, = m'a=:2mFG', 
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hence we have 

0|M 

+ PC")(« - « ). 

• oO 


But fn ~ = jR . AQ = J2A, 

3 

rQ = h-r, AC=“-^. 

Substituting these values in. the equation for G we obtain 
0=2^ {2«>(A - f) - h(a - r)» (2« + *•)} 


= ^^{«5(3A-2<i)-A»-*}. 

2. In Ex. 1 find the position of the point at which the tendency to break is 
a maximum. 

If Zh > 2«, the tendency to break is a maximum when 

3. A uniform rod is turning in a vertical plane round a horizontal pivot 
at one of its extremities. Eind the tendency to break at any point J?. 

Adopting the same notation as in Ex. 1, and denoting by 9 the angle which 
the rod makes with the horizontal line, we have 

1/ = — - — m g cos 9. 

z 


.Moreover, since (7' is moving in a circle round A as centre, its acceleration has 
two components — one at right angles to V0\ which is 

a^r dH 
2 ~dT^^ 

and the other along VC. The latter gives no moment round P; hence 

_ g + y a - r d'^9 
^ 2 ~ 


and 

<?= -2 mgeo^e m j ^ 

but 

J- ma^ ^ = Imga cos 9, and A'3 s ; 

whence 

(a - r)2 

G = ~~mg ' — r-T^ r cos 9. 
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4. A cracked hoop rolls on a perfectly rough horizontal plane. Determine 
the inclination to the horizon of the line joining the crack to the opposite point 
^ when the tendency to break at this point is the greatest possible. 

r . . 'V 



In this case the centre of inertia of the hoop moves in a straight line with a 
constant velocity. Hence its acceleration is zero ; also if a be tho radius of the 
•foop, I, ^ , 


„ Jf / « 2« . ^\ . 

L = -^g fa cos d + — sin d j , si; 


since CO = — , 


0 being tho centre of inertia of the semi -hoop comprised between the crack Q 
and the opposite point. 

Now, since the angular velocity round a horizontal axis through C is con- 
'’ stant, the system of forces wii?, wf, &c. in (10), are equivalent to a single force 
Jir«* . CO in the direction of CO, Tho moment of this force round P is 

M — a®, which is independent of d. The tendency to break at"P is given by 


the equation 


^ /cos d 


sind\ 

» / » )■ 


Hence the tendency to break is a maximum when tan d = provided 

^(2 + Vir® + 4)>4rtw®. This condition appeal's by considering when attains 
its greatest magnitude, irrespective of sign, if it should become negative. 

5. In Ex. 3 find at what point 'of the rod tho tendency to break is a maxi- 
mum. Ans, r = \a. 

6. A semicircular wire, of radius a, lying on a smooth horizontal table, turns 
round one extremity A, with a constant angular velocity ». Find the tendency- 
to break at any point P. 

Let 0 be the centre of inertia of the arc PP, and let PC A = <f>. Join .^0, 
APf and FO ; then, since the angular velocity is constant, the accelcration^of O 

is u* .AO, Consequently is double the area of the triangle AFO ; but since 

AFand CO are parallel, tho triangle AFO is equal to the triangle ACF; 

A' = a*«® sin . and G = m — - a- ul^ sin 


hence 
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Accor^ngly the tendency to break is a maximum at the point determined by 
the equation tan ^ = ir 0. 



This example, as well as 3 and 4, are taken from Kouth, Rigid Dynamics. 

7. A free uniform straight rod is set in motion by a perpendicular impulse ; 
find the tendency to break at any point 1\ 

Let AB be the rod, C its middle point, M its mass, 2a its length, Q the point 
at which it receives the impulse i?, C* the middle point of PB, M* its mass, 
v the velocity of 6’, and co the angular velocity of the rod after the action of the 
impulse ; let CP = r, CQ^ A, then 

L^R.PQ, {y^^b)t^(!f^c)g^PC\v, 


S’m { (y - ft) (2 - o) 1? } = M' {PC\ CC/f^ + ; 


but 


’PQ’i a-^T , a + r 

= FC' = —, 


and also. 


Mv = Rf 31 (o — Rh ; 
o 


hence from (11) we obtain by substitution 

(J = [4rt3(// - r) - (« - rf («* + 2ha + hr)'\ = ^ (r + a)^ {2ah - a* - /ir). 


8. In Ex. 7 find at what point of the rod the tendency to break is a maximum. 
dG / 2a \ 

The value of r which makes — ^ = 0 is er 1 1 — tt / • If wo substitute this value 
dr \ dhf 

d'^G d^G 

of r in and in , wc find that G is positive and negative when Zh>a \ 

d-^G 

‘also G is negative and positive when 3/* < a. Hence in any case the ten- 
dlency to break is a maximum when r = a (l - ^) . 

X 2 
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247. Impulsive Frlctlou. — ^When two rough surfaces 
collide, the investigation of what takes place is, in general, 
somewhat complicated. We must regard R and the im- 
pulses of the normal reaction and friction, as variable quan- 
tities, connected, at each instant of the impact, by linear 
equations with the coexisting values of the velocities of rota- 
tion of the bodies and of the velocities of translation of their 
centres of inertia. The laws which regulate the impulse of 
friction may then be stated as follows : — 

(1) The direction of the elementary impulse dF due to 
friction is opposite to that of the slipping of the point of 
contact, if there be slipping ; and if there be no slipping, is 
such as to prevent slipping. 

(2) The magnitude of rfi^is, if possible, just sufficient to 
pfeyent slipping, and when slipping takes place dF « pdR^ 
pL being the coefficient of dynamical friction.’ 

• The equations of motion for impulses (Art. 242) show 
that the relative normal and tangential velocities of the points 
of the bodies in contact are, at each instant, of the form 
AR + BF + (7, where -4, B, and C are constant during the 
impact. 

The value of R is at first zero ; when it becomes Ri (at the 
end of the first period of the impact), the relative normal 
velocity is zero; and the maximum value of iJ, which it 
assumes at the end of the whole impact, is (1 + e)Ri. 

These principles afford a sufficient number of equations to 
determine the motion ; and, in the case of motion parallel to a 
fixed plane, the equations are always soluble. 

If the bodies which collide are perfectly roughs the relative 
tangential velocity of the^ colliding points, or the velocity of 
slipping, is always zero ; and when B = i2i, the relative nor- 
mal velocity is likewise zero. Hence we have two equations to 
determine Ri and the corresponding value of F. At the end 
of the impact ij = (1 + <?)i2i ; and the relative tangential velocity 
being still zero, the corresponding value of F can be de- 
termined. 

If the bodies slip on each other in the same direction during . 
the whole of the impact^ dF is always equal to pdR ; hence 
F^ fiR throughout. Ri is then determined from the equation 
expressing that the relative normal velocity is zero ; and the 
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final values of R and whioh detennine the motion after the 
impact, are (1 + and /u(l + e)Ri, 

For a discussion of the problem in more complicated cases 
the reader is referred to Eouth, Rigid Dynamics. 

If a sphere impinges against a fixed surface, or if two 
spheres collide with each other, the relative tangential Velo- 
city V depends upon the velocities of rotation of the spheres, 
and the velocities of their centres parallel to the common 
tangent. It is therefore independent of the normal reaction, 
and the relative normal velocity in like manner is independent 
of the friction. In this case, if v become zero it must re- 
main zero, as friction cannot initiate a relative tangential 
velocity in its own line of direction. Hence i> must be either 
zero at the end of the impact, or in the same direction as at 
the beginning. Moreover, the value of Rx is independent of 
F. The problem is, therefore, reducible to one of the two 
cases treated above. 

If we assume at first tliat there is no slipping, and obtain 
the final value of F on this hypothesis, the solution is correict, 

f rovided the value of Fso obtained does not exceed )u (l + ejRi. 

f this value of Fdoes exceed ia(l + e)Rx, then slipping takes 
place in the same direction throughout the impact, and the 
final value of F which determines tlie subsequent motion is 


Examples. 

l. A box, placed on a rough horizontal table, carries two vertical rods which 
support a horizontal rod from which a mass m is suspended. A fine string, 
fastened to the box, and passing over a pulley at the edgo of the table, is 
attached to a mass Af' which, when set in motion, causes the box and suspended 
mass m to move with a uniform velocity. The string which supports m is now 
cut, and m falls into the box. If its velocity after m has struck it be equal 
to its original velocity, and if the friction on the axle of the pulley be neglected, 
show that the coefficients of impulsive and continuous friction are equal. 

Lot Mhe tho mass of the box and frame-work, v' its original velocity, /a the 
coefficient of dynamical friction, Ji tho impulse of the normal reaction, and F 
the impulse of the friction, developed between tho table and box when the latter 
is struck by m. Since the box originally moves with a constant velocity, we 
have =/li(M+ m)g. After tho string supporting m 13 cut, tho box is acted 
on by an acceleration/, during the time #, in which m is falling. If Zbe the 
moment of inertia of the pulley, and a its radius, / is given by the equation 
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The velocity of the box when struck by m is + ft. Hence its velocity f; 
after the impact is given by the equation 

^ Jf + #« + M* + ~ ^ V = + Jf ' + (i;^ + ft) + mvf — J?. (J) 

If = f/, from {h) we got + Jf' + ^ft = F] this, by (a), is reduced to 

F^ firngt; but R = rngt^ and therefore -F= 

This example is a description of the experiment by which Morin showed 
that impulsive and continuous friction obey the same law, and have the same 
coefficient. 

If the friction on the axle of the pulley were taken into account, the terms 
arising from thence in the above equations would each contain as a factor the 

quantity where a is the radius of the axle. But as a is very small compared 

with a, these terms may be neglected. 

2. A sphere, rotating with an angular velocity A round a horizontal axis 
at right angles to the plane of the trajectory of its centre, impinges on a perfectly 
rough horizontal plane : find the motion immediately after impact. 

Suppose the sphere is movingfi*om left to right before impact with a velocity V, 
whose direction makes an angle i with the plane of the horizon. Let » be the 
angular velocity in the direction of the motion of the hands of a watch, and 
f; Sie horizontal velocity of the centre at the instant after impact. F being 
the impulse arising from friction, the equations of motion are 

Mv j= MV cos t + i^, 

=s - aF. 


The geometrical condition for no slipping is 

— a« = 0 ; 

F 

M'hence ~ = (rcosi — aA), 

V = aw = fV cos i + fail. 

If F COB i= aSl, no impulsive friction is called into play. If T cos t > aA, the 
horizontfd velocity of the centre oithe sphere is diminished, and the sphere re- 
bounds at a greater angle than if there were no friction. If Vcoai< ail the 
horizontal velocity of the sphere is increased, and the sphere rebounds at a 
smaller angle than if there were no friction. In this case friction accelerates the 
horizontal velocity of the centre of the sphere. 

If A is opposite in direction to the motion of the hands of a watch, 

V = fVeoB i — fail. 

The velocity of the centre of the sphere along the horizontal line is dimi- 
nished, and the sphere will rebound at a greater angle than if there were no 
friction. If 6 F cos i = 2flA the sphere will rebound vertically. If 20A> 6 Fcos i 
the sphere will hop back. This explains the effect of slow under-cut in tennis. 
The numerical factors for a tennis ball may of course be different from those 
given above. * 
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Rolling and Ttmting Friction. 

The magnitude of the total normal reaction between the sphere and the plane 

h M {I + e)V sin t. Hence, in any case in which /* > P*"®" 

ceding investigation holds good, even though the plane be not perfectly rough. 
If A be counter-clockwise its sign must be changed in the above expression for 
the limiting value of /a. 

3. If the plane in the last example bo imperfectly rough, so that the imp^- 
dve friction is not sufficient to destroy the whole tangential velocity of the point 
of contact of the sphere with the plane, determine the motion. 

The equations are, if V cos t>aA, 

Mv = MV cos i - /a(I + e)MV sini, 
f = j;Ma^Q, + /a(l + e) MVa sint. 

The sign of fi must be changed in these equations if F cosi < uA, and the 
sign of A if its direction be counter-clockwise. 

248. Rolling and Twisting Friction. — In questions 
relating to friction, if great accuracy be required in the 
determination of the motion, it is necessary to take into 
account not only the tangential force of friction, but also 
what is called the couple of rolling friction^ which is a couple 
having for its axis the tangent to the rough surface round 
which the body is rotating. Its maximum value is the 
normal pressure multiplied by a linear constant, and is 
generally small in amount, so that in solving questions con- 
nected with friction this couple is usually neglected. The 
direction in which the couple of rolling friction tends to turn 
the body is opposite to that in which it is actually rotating. 
If the body be not actually rotating, but be acted on by forces 
tending to make it rotate, the couple of rolling friction tends 
to prevent rotation round a common tangent to the two rough 
surfaces.^ 

If the surfaces have a relative angular velocity about the 
common normal, then, besides the tangential force of friction, 
and the couple of rolling friction, there is also a couple, 
having the normal as its axis, called the couple of tivisting 
friction. This couple likewise is usually small in amount. 

Examples. 

1. Taking into account the couple of rolling friction, and supposing the 
motion to bo still pure rolling, determine in Ex. 9, Art. 246, the amount of 
friction brought into play, and the angular velocity in any position. 
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Let jB be the normal reaction between the plate and circle at any time, and 
fit the couple of rolling friction ; then the equations of rotation of the plate are 

= Jii -/Jf, m(i- a) sin 0. 

Also R = m{g cos 6 + (ft - , and (ft - - a<a. 

Hence, putting ^ = *'» |^ain0 + 2yy cosfl + 2i/(ft - ; 

consequently we obtain 

S(i - o) j cos e + - «)»* I - y sin « . 

If we change the independent variable by means of the symbolic equation 

“ = 0 and put r-^ = we get 
dt dr h - a 

A = A |w(v cos 0 - sin 0) + • 

The solution of this dijferential equation is of the form 

02 + D cos 0 + J? sin 0, 

where C is an arbitrary constant. Determining the constants 2) and J?, we 
obtain 

(3 - 4^2) cos 0 + Ti' sin 0 1 • 

If 00 be the initial value of 0, we have, since 0o = 0, 

(3 - 4v*) cos 00 + 1v sin 0o| 

When 0 is determined, » can bo found by the equation «« = — (ft — • 

2. A circular plate is. projected along a rough horizontal plane, ^th an 
initial velocity V of translation, and an angular velocity A, round an axis tnrougn 
its centre, at right angles to its plane. Determine tho motion, neglecting t o 
couple of rolling friction. 

Let » denote tho angular velocity and v the velocity of the centre, at any 

time, and let ar, the horizontal coordinate of the centre, be measured in the direc- 
tion of F, as in the figure ; then the whole velocity of P is v - aa, where a is 
the radius of the plate. 



Different phenomena present themselves according to tho values of V and A 
(1) A positive, and V>aCl. 


< 7 =- 


in I 
9+1^ I 


0a = (7c^»’^ + 


4m 
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Since K- aft is positive, Pbegins to slip along PX ; therefore Ps= and 
the equations of motion are 


M 


dH 






r-an . 


Pure rolling commences when v — «« = 0, i. e. at a time to equal to 

then = a P+ J an. 

The equations for the subsequent motion are 

«=«», im‘^£ = JFa, 

where F is the amount of friction brought into play. 

Hence P = 0, and the disk will roll on with a constant velocity of rotation 
round the iiistantaueous axis. 

(2) fl positive as before, V<aCi, 

Since V— aais negative, P commences by slipping back towards X'.^ 

The equations given above must in this case be modified by changing the 
sign of fjL. The initial velocity of translation of the centre is, in this case, 
increased. 

(3) Initial angular velocity negative and equal to — ft. 

Hero we must change the sign of ft in the equations of case (1). 

If aft > 2 r, both V and <a will be negative, that is, the motion of translation 
of the centre will bo in the direction opposite to that originally imparted, and 
the rotation will be in the same direction as the initial rotation. 

3. Discuss the same problem, taking into account the couple of rolling 
friction. 

Here we have 


Putting - = V, wo find then that pure rolling commences when 


t = 


r-gft 

{3fi-2v)g 


= ^o* 


At this instant 


2V(fi — v) + fjLatt 


After this the equations of motion become 

Fa -fMg, 
at 




along with i; = a« ; whence P= 5 vMg. 

This expression shows that the friction brought into play varies inversely as 
the radius of the plate, provided its mass be constant. 

The plate will come to rest at a time 

Sro 




2vg* 


where f is counted from the tnstant when pure rolling begins. 
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In order that the motion should become pure rolling it is necessary that 

The student will have no difficulty in investigating cases (2) and (3) of £x. 2, 
when the couple of rolling friction is taken into account. 

4. A sphere is projected down a rough inclined plane, along a line of 
greatest slope of the pkne. The sphere has an initial velocity of rotation round 
a horizontal axis part^el to the incHned plane ; determine the motion~(l) neg- 
lecting the couple of rolling friction ; (2) taking that couple into account. 

Let the line of projection be the axis of and let x positive be measured to 
the right, and the angular velocity, bo in the direction of the motion of the 
hands of a watch. Let V bo the initial velocity of translation of the centre of 
the sphere, and Xl the initial angular velocity. 

(1) The equations of motion are, 

at* at 

and the condition for pure rolling is 

0 - = 0. 

If tQ be the time at which pure rolling begins, then 

< = ^ 2(aa^n 

^ (7/u. cos 1-2 sin i) g* (7/u cos t H- 2 sin %)g' 

according as V>aCi, or aCl > V, where fi is the coefficient ei dynamical friction. 
If F— aft > 0, we must have 7/i cos i > 2 sin i in order that pure rolling should 
be attainable. If K - aft = 0, puro rolling will continue, provided 7 a*' cos i 

> 2 sini ^where /*' is the coefficient of statical friction). If K — aft < 0, pure 
rolling will bo reached necessarily, and will then continue, provided 7/*' cos i 

> 2 sin i. 

If Vo and be the values of v and u when pure rolling is attained, 

6ii V cos i — 2 (sin i — u cos i) aft 
aao = I’o = „ •: — " - , 

111 co8»- 2 8mt 


««o = *^0 = 


_ bfi V^a i + 2 (sin i + /i cos i) aft 


111 cos t + 2 sin i 


according as F - aft is positive or negative. It may be observed that the 
equations for the latter case can be obtained from those for the former by 
changing the sign of /*. After pure rolling begins, if it continues, F= f Mg sin 


t; s aoi = f [t — fo) y sin i -I- aw©. 


(2) The equations of motion are 
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Hence, putting - *» v, we have, when F> afl, ft being positive. 


<0 = 


2{r-a{i) 


{7/1 - 5p) cos i - 2 sin t} ^ ' 
and in order that pure rolling may ho possible, 7/i - > 2 tan t. 


Again, 


Tq = atoo = 


5(/i-y) V cos i~2(sini-/* cost ) aCl 
(7/i-6v) cos * - 2 sin i ’ 


and at any time after pure rolling is established, 


au = auQ + iff (sini - y cos i){t - #o). 

When V < nCif the equations corresponding to this case ore obtained from 
those above by changing the sign of /i. 

If the initial angular velocity be negative, and equal to - n, the equations of 
motion are 


M —■ s= Mff sin t ~ /t Mff cos t, 

at* 


M d(6 

— = afiMff cos i + f Mff cos t, 
at 


until » = 0. This takes place at a time t\ given by the equation 


ti = 


2afl 


Then 


bff cos i [ft + py 


__ 2a n(sin i - // cos i) + f)V c os i (j u + y) 
5 cos i (/i + y) 


After this <a is positive, and 


-■ + 


2^1 


{(7/i - Op) cos t - 2 sin t ^ (/* + y) {(7/t — 6v) cos i — 2 sin i}y’ 


(/I — y) fffl + (/i + y) F 


and 


/i - y 5 (/t -f y) F COB i 4- 2 (sin t - /i cos i) afl 
/I + y * (7/i - 5y) cos t - 2 sin t 


6. A number of spheres are projected in different directions w'ith different 
initial velocities along a rough horizontal plane ; find the path of their common 
centre of inertia. 

Ans. A scries of parabolas, and finally a straight line (sec (1), Ez. 2). 
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6. A hollow cylinder filled with water is projected without initial rotation 
in a direction perpendicular to its axis, alon^ a rough horizontal plane ; deter* 
mine the time at which pure rolling begins, the amount of friction subsequently 
brought into play, and tlie time at which the cylinder comes to rest. 

Let M be the mass of the cylinder and contained water, I the moment of 
inertia of the cylinder round its central axis, a the radius of its external surface, 
fi and / the coefficients of sliding and rolling friction, V the initial velocity of the 
common centre of inertia G of the cylinder and contained water, h the time at 
which pure rolling begins, F the friction subsequently brought into play, vi the 
velocity of the point G at the time ^i, ^ 2 , the time at which the cylinder comes 
f 

to rest. Then, putting ^ = y, wo find 


' li + \[n-v)g* 


Fsz uMgt n = - ■ ; ■ ■; tF, #2 = —, 

l + \ /U + X /4-y) vg 


where \I = ifa®. As A increases, F increases, and so in general does vi, whilst 
ti diminishes, and h in evciy case remains constant, being the same as in the 
case of a solid cylinder (see h)x. 3). 
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CHAPTER XL 

MOTION OF A RIGID BODY IN GENERAL. 

Section I. — Kinematics. 

249. Motion of a Body having one Point fixed. — 

If a rigid body have a fixed point, a spherical surface 8 fixed 
in the body, with this point as centre, must move about on the 
surface of an equal concentric sphere fixed in space. The 
position in space of 8^ or of any definite great circle on it, 
determines that of the body. Hence the motion of a body 
having a fixed point is reducible to the motion of a spherical 
figure on a sphere fixed in space. The position of such a 
figure is determined by the positions of any two definite 
points A and B in it. If the points A and B move into new 
positions A' and JS', arcs of great circles bisecting AA' and 
BK at right angles will meet in a point 0, and the angle 
AO A' = BOB'; but the great circle OA can be moved into 
the position OA' by turning it through the angle AO A' round 
the axis CO {C being the centre of the sphere) ; and since 
AO A' = BOB', the same rotation brings OB into the position 
OK. Hence a rotation round OC brings the spherical figure, 
of which A and B are definite points, from the first position 
into the second. The point 0 is called the pole of rotation 
{Differential Calcnlm, Art. 300). 

Consequently, a rigid body having a point fimd can he moved 
from any one position into any other by a rotation round an 
axis through the point. 

250. Composition of Rotations rounil Axes meet- 
ing in a Point. — If a body receive rotational displacements 
round two axes fixed in space, passing through the same 
point, the resultant displacement may be effected by a rota- 
tion round a single axis. 

If the displacements be infinitely small, it appears, as in 
Article 220, that the order in which they are effected is in- 
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different, and also that it is indifferent whether the axes be 
fixed in space or be axes fixed in the body, whose positions at' 
the commencement of the infinitely small motion coincide 
with those of the axes fixed in space. If the two displace- 
ments be regarded as simultaneous, the resultant rotation is 
the actual motion of the body. Hence we see that — 

A velocity of rotation round a single axis is equivalent to 
velocities of rotation round two axes meeting the axis of the 
resultant rotation in the same point. 

Being given the velocities of rotation of a rigid body round 
two axes meeting in a pointy to determine the velocity of the re- 
mltant rotation and the position of its axis. 

Let OA and OB be the axes of the component rotations, 
and R a point on the axis of 
the resultant rotation. As R is 
at rest during the motion, its 
displacement from the rotation 
round OA must be equal and 
opposite to that from the rota- 
tion round OB. Hence the 
circles passing through i?, and 
having their planes at right 
fuigles to OA and OJ9, and their 
centres on those lines, touch sAR. 

Hence OA, OB, and OR lie in the same plane. This appears 
readily from the fact, that if two small circles of a sphere 
touch, the arc of a great circle joining their poles passes 
through the point of contact. Again, AR multiplied by the 
angular velocity round OA is equal and opposite to BR mul- 
tiplied by the angular velocity round OB. If these angular 
velocities be denoted by a and )3, we have 

« ^ ^ 

An BOR AnAUR* 

To find CD, the angular velocity of the resultant rotation, 
consider the motion of A. It is unaffected by the rotation 
round OA, and may be regarded indifferently, as rotating 
round OB with angular velocity j3, or as rotating round OR 
with angular velocity cd. 
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If perpendiculars AP and be let fall on OB and OB, 
we have then AP.^ = AQ . (u. Hence 

cu 3 o 

sin ^0^ ^ sin AOU sin BOB' 

Hence, finally — The axis of the resultant rotation lies in the 
same plane as the axes of the component rotations^ and makes 
with each an angle whose sine is proportional to the velocity of 
rotation round the other ; and the velocity of the resultant rota- 
tion is proportional to the sine of the angle between the axes of the 
component rotations. 

Accordingly, velocities of rotation are compounded in 
precisely the same manner as velocities of translation, or as 
forces meeting in a point. 

By reversing the reasoning above, it can be shown that a 
point iZ, taken as above, remains at rest under the influence 
of two velocities of rotation round OA and OB ; whence we 
have an independent proof, that infinitely small rotations 
round two intersecting axes are equivalent to a single one 
round an axis lying in the plane of the two former, and 
passing through their point of intersection. 

We have already seen. Article 221, that velocities of 
rotation round parallel axes are compounded in the same way 
as parallel forces. Hence, in general — Velocities of rotation 
are compounded like forces^ whose dmctions coincide with the 
axes of rotation^ and uhose magnitudes are proportional to the 
velocities of rotation. 

The attention of the reader has been directed in Article 
221 to the algebraical signs of velocities of rotation. In 
addition to what was there stated, it may be observed, 
that the axis of a rotation may be made to represent the 
rotation both in magnitude and direction. In this case the 
axis is drawn so that the rotation round it is always positive. 
For example, instead of speaking of a negative rptation 
round the axis of X, we may designate it simply as a ro- 
.tation round the axis of X negative. When the axis of a 
rotation determines the direction of the rotation, the latter is 
always understood to be in the positive direction round this 
axis, that is, according to the convention, counter-clockwise. 
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When rotations are oompounded by means of their axes, like 
forces, the direction of the axis determines in this way the 
direction of the rotation. 

For example, rotations cui, 012 , cus round three rectangular 
axes produce a resultant rotation w which is always positive ; 

hut the direction of its axis is determined by — , — , — , the 

(i> CU (il 

cosines of the angles made with the coordinate axes ; and 
these again depend on the signs of wiy 0 / 2 , and 0 ^ 3 , as well as 
on their magnitudes. ' 

251. Geometrical representation of the motion of 
a Body having a Fixed Point. — When a body has a fixed 
point, its motion may be represented in a manner analogous 
to that mentioned in Article 225. In the present case the 
curves which correspond to the space centrode and the body 
oentrode are spherical curves lying on the surface of the same 

motion of the body is represented by the rolling of a 
cone fixed in the body on a cone fixed in space (see Differen- 
tial CakuluSy Article 301). 

252. motion of a Body which Is entirely Free.— - 

A rigid body can be moved from any one position into any other 
by a motion of translatioHy combined with a motion of rotation 
round an axis through any arbitrary point A of the body. 

Let Aiy Ai be the two positions in space occupied by A 
in the different positions of the body. Give to every point 
of the body a motion equal and parallel to Ai A 2 : this brings 
A into the required position, and a rotation round an axis 
through A will then (Article 249) complete the body^s 
change of place. 

If two positions of a body in motion are infinitely near 
each other, any infinitely small displacements, by which it 
can be moved from the first of these positions to the second, 
may be regarded as the actual motion of the body. 

The actual motion of a rigid body during an infinitely 
short time is, therefore, a motion of translation together with 
a motion of rotation round an axis through any arbitrary 
point of the body. 

The initial and final positions of a body being giveuy the mag* 
nitude of the rotationy which is required to make it pass from one to 
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the other, and the direction of its axis are determined; hut the 
motion of translation varies according to the point through 
which the axis of rotation is supposed to pass. 

First, let the axis of rotation be supposed to pass through 
a point A, whose initial and final positions are Ai, A^. The 
motion of translation is composed of two parts — oneAiA' 
in the direction of the axis of rotation through A, and the 
other A'A 2 at right angles to it. By means of the first a defi- 
nite plane section of the body, passing through A and at right 
angles to the axis of rotation, is moved into the plane in space 
in which it lies in its final position, and the subsequent motion 
of the body is therefore parallel to this plane. If, now, tbe 
axis of rotation be regarded as passing through another point 
B of the body, whose initial and final positions are Bi, B^, we 
can suppose the translation B 1 B 2 made up of two parts — one, 
JBi-B', equal and parallel to AiA' \ the other, which 

depends on the position of the point. JSi-B' brings the body 
into the same position as AxA\ Hence, a translation J^Bi 
and a rotation round an axis through B are equivalent to 
an equal rotation round a parallel axis through A and a 
translation A'Ai (Art. 219). The translation B 1 B 2 is the 
resultant of BiB> and -B'-Bs; AiA 2 is the resultant oi AiA' 
and A'Ai; BiB is equal and parallel to AxA'; but j5'J?2 is 
not in general either equal or parallel to A'A 2 - 

253. Analytical Treatment of the motion of a 
Body having a Fixed Point. — Suppose three rectangu- 
lar axes fixed in the body passing through a point O ; and 
three others fixed in space, which at the beginning of the 
motion coincide with the former. Let the coordinates of 
any point of the body referred to the former be £, ij, 2, and 
referred to the latter, x, y, z. Lot ao, hi, hi, cx, 
Cs, C 3 be the cosines of the angles which $, r)j K make with 
X, y, z, respectively; and let the angles themselves be ai, a*, 
«3; /3l, (^29 03 9 yif 721 73- 

If the point 0 be fixed, we have at any instant 

X = Ox ^ -h hi n + Cl y = fl?2 £ + ^2 IJ + ^2 s = flfs £ + J3 IJ + CaJ, 

If at this instant any other point of the body besides 0 
occupy the same position in space as at the beginning of the 

V 
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motion, for this point, ir = y s = and therefore we 
should have 

- 1 bi Cl 

0 >% ^2 ““ 1 O2 es 0. 

Ctz ^3 C3 — 1 

But it is easy to see that this condition is fulfilled, for 
putting 

b\ Cl 

0-2 ^2 €2 = 

(I2 Ci 

and denoting the former determinant by A', we have, by the 
multiplication of the determinants, 

A A' = - A', and therefore A' = 0. 

Hence we conclude that if a rigid body have a fixed point, 
any two positions have a line in common. 

Again, 

do? = ^dai + fidbi + Zdc^ dy = 

dz = + ijdSs + fd(?3 ; 

but since, at the beginning of the motion, tj, Z, coincide 
with y, s, we have at that instant 

ai = cos tti ; /. dai =- sin aidtxi = 0, since ai = 0. 

In like manner = 0, dCj = 0 ; 

also ttibi + ajbt + ajb^ = 0. 

Differentiating, and remembering that initially 

Ox = 1 , (I2 =' 0 , 0.2 “ ^ 1 ” 63 = 0 , 

we have dbi + da2 = 0. 

In like manner dcx + d^a = 0, d6i + dfa = 0. 



323 


Motion of a Body having a Fixed Point 

Let now da^ = db^ » rffl, dci = dt ^ ; 
then + = \ 

dy--Z,dQ-\r^d\fi^--zdQ + xd}l/\. ( 1 ) 

dz - - ^d<l> + ridO - — xd^ + ydO / 

But a rotation dO round x would give (Art. 222) 
dy = -KdO, dz^ndO; 
di^ round y would give 

dz- - ^d^^ dx = lidtp ; 
and dxfj round z would give 

dx = - ridtpj dy = 5d;/r. 


Hence the most general infinitely small displacement the 
body can take, 0 remaining fixed, is equivalent to rotations 
round any three rectangular axes through 0. 

Moreover, from the values of dxj dy^ dz^ given above, it 
appears that for a point whose coordinates fulfil the condi- 
tions ^ ^ ^ displacements are zero. 

Hence the three rotations rf0, dif/, round the axis ir, y, s, 
are equivalent to a single rotation round an axis whose posi- 
tion is defined by these equations. If we put 

dO = dx cos A, dtp = dx cos dip = dx cos v. 


where dx - ^ + dtp^ + 

the equations of the fixed axis are 

£ = ^ ^ ^ 
cos A cos fi cos V 

Also, for any point of the body, 

+ dy^ + rfs* = [(ij cos V- Scosju)* + (2 cos A - £ cos v)® 

+ (£ cos yL — ri cos A)®] rfx* 

if p be the perpendicular from the point on the fixed axis. 
Hence dx is the magnitude of the resultant rotation. 

Y2 
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Whence infinitely small rotations, and therefore velocities 
of rotation, are compounded like forces meeting at a point. 

254. motion of a Body entirely Free. — If the point 
of intersection of the axes fixed in the body be itself in 
motion, and if its coordinates, referred to axes fixed in space, 
be /, y\ z' ; then, for any point xyz of the body, 

+ aiK + biti + Cl?, y = y + + bzn + Ca?, 

s = s' + + biti + C 3 ? ; 

whence 

dx^dx' lidai + + tidcu dy = df +^daz + ijdJa + 

dz = dz' + + ijrfia + UCz. 

If we suppose the axes of ?, ij, ? parallel to those of y, s 
at the beginning of the motion, we get, as in the last Article, 

dx *= dx* — iidij/ + Zd(j> = tfaj'— (y — y') dij/ + (s — s') dtp \ 

dy = dy' ~ ZdO Zdilf - df - {z - z') dO +{x-~x')dil/ (> ( 2 ) 

dz = dz' - Zd^i + vdd = dz'-(x-x')d(ji + {y-f) dO ) 

and we see that — 

The most general infinitely small displacement which a rigid 
body can receive consists of a movement of translation^ and a 
movement of rotation round an axis through any arbitrary point 
of the body. 

Again, whatever be the point through which the q,xis of rota- 
tion is supposed to pass^ the direction and magnitude of the rota- 
tion remain unaltered. 

Suppose two points x'y'z'j x"y"z'^ successively regarded as 
the points through which the axis of rotation passes ; then, . 

= dji' - (y « y")df + (s - s") 
also da! = dd' - (y' - //") d\f' + (s' — s") d^'. 

Subtracting, we get 

dx = dx - (y - t/)d^" + f* - z')d(^"; 



Velocity of any Point of a Body. 


325 


but again, 

dx’^dx - (y - jO#' + (* - d)d4>'. 


Comparing these, we see that 


In like manner d9' = dO"; hence the rotation remains un- 
altered in magnitude and direction. 

255. Telocity of any Point of a Body. — ^Infinitely 
small displacements divided by the element of time during 
which they are effected become velocities. If the axes of 
x, y, z be three rectangular axes fixed in space, and if the 
velocities of rotation round parallel axes meeting at the point 
xY /, be <i>x, otjf, wa, we have, from equations (2), 




( 3 ) 


If the point x'j/'z' be fixed in space, and be taken for 
the origin, we have 


dx 

= WyS - 




>• 


dz 


( 4 ) 


If we suppose the axes fixed in space to coincide at the 
instant under consideration with axes fixed in the body, and 
if the angular velocities round the latter be wi, ( 112 , coj, we 
have tax = wi, wy = W 2 > wa = wa. Consequently, if £, 2 he the 

coordinates of any pcfint, referred to axes fixed in the body, 
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and if M, «, to be the components of its velocity parallel to these 
axes, we have 


u = wJi — wet 
o = wa5-wiS ”• 


( 5 ) 


W = ) 


Equations (3), (4), and (6) hold good for every instant, 

dx 

whereas the equations « = &c., w* = a»i, &o., -jr = «> &c-» 

at 

hold good only for one particular instant. 

If X, jLc, V be the direction cosines of a definite line in the 
body referred to axes parallel to fixed directions in space^ we 
have, as an immediate consequence of (4)^ 



(OrV 


h 


dv ^ 

-^^w,,x-w,\ 


(6) 


The motion of a body relative to the space in which it is 
moving is unaltered if we attribute to the latter the motion 
of the body reversed, and suppose the body itself to be at rest. 
Hence, if /, w, n be the direction cosines of a line fixed in 
space referred to body axes, we may regard the latter as fixed 
in space, and the line Imn as moving round them with 
angular velocities - wi, -tu 2 , - wa* Accordingly, from (6), 
we have 


ill 


+ 




dm ^ 
dt 


+ y • 


— = - witn + ciisf 

dt 


( 7 ) 
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" * 256. Aeceleratlon of Rotation. — If cni, be the 

angular velocities round three rectangular axes, OA^ OB^ 
OC fixed in the body, and d)y, w* the velocities round axes 
OX, OF, OZ fixed in space ; and if at any instant we suppose 
OX, OF, OZ to coincide with the positions occupied at the 
instant by OA^ 0/?, 00, then not only is oii equal to 
to b)yy and (i >3 to wzy but also 

diDx dtiix di»h du>y dti)^^ dtoz 

dT^'M' It " Hi' Hi^Hi 

This may he proved as follows : — 

Let d) be the velocity of rotation round a line fixed in the 
body, which passes through 0, and makes angles with the 
axes OX, OF, OZ, whose direction cosines are A, /u, v ; then 

d) = diA + d)y /I ^ d>aV ; 

« ^di dt»ix^ dwy dtoz 

therefore — = — A + — - u + — v 

dt dt dt ^ dt 

d\ dp, dv 

'^'S- 

H».«,by(6), (8) 

This equation shows that the acceleration of rotation 
round a line is the differential coefficient, with respect to the 
time, of the angular velocity round the same line even though 
it is in motion, provided it bo fixed in the body. 

Thus, in particular, we have in the case supposed above, 

dtai d(Ox du)2 d(M)y dw^ dwz /q. 

Hi^ Hi' dt Hi ' Hi " li ^ ^ 

The same may bo proved geometrically as follows : — 

The body at any instant is rotating round a certain axis 
with an angular velocity w. Draw a line through the fixed 
origin in the direction of the instantaneous axis, and measure 
off on it a portion 0/, proportional to d> ; then the projec- 
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tions of this line on the axes fixed in space represent wn ; 
and its projections on the axes fixed in the body represent 
Cl’s* At the next instant the body is rotating round 
another line with a velocity cu', represented by OI\ and the 
projections of OV represent w/, oi/, oia'; id/, wa', wa'. But the 
projection of Or is equal to the sum of the projections of 
01 and //'. Hence 

dt 0 x = - cu* = projection of //' on axis of x fixed in space, 

rfoji = w\ - cui = projection of //' on axis of 5 fixed in the body. 

At the first instant the axes of x 
and S coincide; and at the next the 
two projections of //' differ only by a 
quantity infinitely small compared with 
//', which is itself infinitely small of 
the first order. Hence and rfwi 
differ by an infinitely small quantity 
of the second order ; 

dtox d(ai>i diiiy dw7i 

It’ It 



A line passing through 0 parallel to //' is called the axis 

du) 

of angukr acceleration. If we put — ^ = c&ar, &c., the magni- 

at 

tude of the resultant angular acceleration is ^ + c»a*)> 

as it is the resultant of the three accelerations Wy, and c&a. 


257. Accelerations^ of a Pointy parallel to three 
Axes fixed in the Body* — If Vy w be the velocities of a 
point parallel to axes fixed in the body, its velocity-component 
Fi along a line whose direction cosines referred to these axes 
are /, m, w, is ul + vm + \cn. 

If we suppose this latter line fixed in space, the accelera- 
• dV 

tion of the point parallel to it is — , and we have 

at 


dV 

dt 


,dtt dv dw dl dm dn 

»Tr +»*-77 + «-rr + « -t: + ® 37 + ^ - 7 . 
dt dt dt dt “ dt dt 
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Substituting the values of and given by (7), 


dt’ 

we obtain 37 - 

at 

,(du \ (do \ fdw \ 

= <l + wwjj + ml — -Wwi + «ft)j 1 + ^ - Mob + I’wi )• 

Let us now suppose OX to be the fixed line, then 

/ = 1 , j» = « = 0 , and therefore = ^ - *W 3 + wws ; but 

dt dt 

dV . 

— is now the acceleration of the point parallel to one of 

dt 

the axes fixed in the body ; hence we have, for the accele- 
rations of a point parallel to three rectangular axes fixed 
in the body, the expressions 


da 

dt 


dv 

dt~ 


dw 

It 


where w, Vy tv are the velocities of the point parallel to the 
axes fixed in the body. 

258. Complete Determination of tbe Dotlon of a 
Body. — Every motion which a rigid body can take is re- 
ducible to a motion of translation and a motion of rotation. 
In order then to determine the motion of the body, a point 
in it is selected (usually the centre of inertia), and the motion 
of the body is reduced to the motion of tliis point, together 
with the rotatory motion of the body round it. 

Geometrically the motion may be represented by the 
rolling of a cone, fixed in the body, on a cone unattached 
to the body, except at one point (the common vertex of 
the cones), the latter cone undergoing a motion of trans- 
lation. If the two cones and the rate at which the one 
rolls on the other are known, as well as the position in the 
body of their common vortex, its velocity at each instant, 
and the path which it describes, then the motion of the body 
is completely determined. 
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It is usually most convenient to consider the motion of 
translation and the motion of rotation separately. The in- 
vestigation of the former motion is, as we have seen (Art. 
205), reducible to the problem of the motion of a particle. 
The latter motion is completely determined if we can assign 
at each instant the position of the body and its velocities of 
rotation in reference to axes, through the centre of inertia, 
whose directions are fixed in space. 

The equations of Kinetics usually give the velocities of 
rotation round axes fixed in the body ; but in order fully 
to determine the motion, it is necessary to ascertain the 
effect of these velocities when the position of the body is 
referred to axes whose directions are fixed in spaee. As the 
points of intersection of these two sets of axes coincide, the 
velocities of rotation have no effect on the motion of this 
point 0 ; and therefore, so far as the angular velocities are 
concerned, we may regard 0 as fixed, not only in the body, 
but also in space. 

Call the space-axes OX, OF, OZ; the body-axes OA, 
OBf OCf each set being rectangular. 

Bound the point 0 as centre describe a sphere, and let 
the axes meet it at the points X, F, X, -4, By 0. 

Three independent angles are required to determine the 
position of the body in space. 

Those which are probably the best adapted for the solu- 
tion of the problem are the angular coordinates of the point 
Cy or of the lino 00, and the angle 0, which the plane COA 
makes with the plane ZOC. It is obvious that the position 
of 00 fixes the plane AOBy but does not determine the 
position of the lines OA and OB in this plane. Hence, 
when 0 is fixed, if the angle ^ which the plane COA makes 
with the plane XOO be given, the position of the body is 
completely determined. The angular coordinates of 00 are 
Oy the angle which it makes with OX, and xpy the angle 
which the plane OOX makes with the plane XOX. 

Suppose now that the body has tliree velocities of rota- 
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tion : wi, round OA ; i»i round OB ; and a»3 round OC, in. 
the direction of the arrow heads. We have to express 

— , and ~ in terms of these velocities, remembering that 

dt ’ dt dt 

the changes of 0, 0, and 0 are caused solely by wi, W2> ai3- 



The motion of the point C on the sphere is unaffected by &13. 
If the radius of the sphere bo unity, the point C has two 
velocities, wi and 0)2, along the tangents to the great circles 
BC and CA. Eesolving these velocities along the great 
circle ZC^ and at right angles to it, we have 


dB 

~ - (iio cos 0 + wi sin 0, 

(10) 

• /» ^^0 

sin 0 = C03 sin 0 - wi cos 0. 

dt ^ ^ 

(11) 


These equations are obvious, since the arc of a small circle, 
on a sphere whose radius is unity, is equal to the angle sub- 
tended at its pole, multiplied by the sine of the spherical 
radius. As regards the algebraical signs it is well to ob- 
serve that 0 is counted from ZX towards ZY ; and that 0 is 
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positiTe and aoute, when E lies in the quadrant AB, 

The value of ^ is easily obtained by considering, the 

Cut 

motion of the point A in the plane AB, The angular 
velocity of A in the plane AB is wg, but it is also the com- 
ponent along the great circle A B of the velocity of 8 together 
with the rate of increase of 8A^ i.e. of ^ ; and since 8Z and 
8 A are at right angles, and 8 lies on ZC at a distance 90® + 0 

from Zj the velocity of 8 along AB\b cos 6 -^, therefore 

dt 


dt 


0)3 = cos fl ^ whence ^ = 0)3 - cos fl ( 12 ) 


dt 


dt ' 


The angles made use of by Laplace in his solution of the 
problem of Precession and Nutation are somewhat different 
from those considered above. Laplace supposes that a point 
which is moving from Xio Y approaches nearer to C after 
passing J?, and he further places E behind A and X. In 
this way the various lines and planes assume the positions 
represented in the accompanying diagram. 



, The angles employed by Laplace are ZOC^ which we may 
denote by 0', EOA, or 0 ', and XOE^ or 0', the last being 
positive when E is behind X. Taking into account the mode 
in which Laplace supposes the axes to be situated, we have, 
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then, = - 6, = <p -iir, iv -tp, and equations (10), 

(11), and (12) become, by substitution. 


= cii 2 Sin 0-0)1 cos 0 

• /if • f f 

sm if = oil sin 0 + 0)2 cos 0 
dt 

d<f>' fl,#' 

J- = <u..C 08 e^ 


(13) 


259. Screws and Twists. — It was shown in Article 
252 that a body can be moved from any one position into 
any other, by a translation combined with a rotation, round 
an axis through any arbitrary point of the body. 

The translation may bo resolved into two — one parallel 
to the axis of rotation, and the other at right angles thereto. 
The latter translation, along with the rotation, may bo re- 
placed by a pure rotation round a parallel axis, and so the 
whole motion will consist of a translation parallel to a certain 
fixed line and of a rotation round it. Such a motion is simi- 
lar to that of a nut on a screw, and is called a Twist, Hence 
a body can be moved from anyone position into any other by 
means of a twist. 

In order to determine a screw it is necessary to specify — 
(1) the position and direction of the line round which the 
rotation is effected, or the axh of the screw ; and (2) the ratio 
of the translation to the rotation. This last is a linear 
magnitude, and is called the pitch 0/ the screw. In order to 
determine a twist, we must, in addition to the screw round 
which it is effected, specify its amplitude, i, e, the magnitude 
of the rotation. 

The twist by which a body can be moved from any one position 
into any other is in general unique. 

This readily appears from considering that if two posi- 
tions of a body are given, the magnitude of the correspond- 
ing rotation and the direction of its axis are invariable ; and 
that if two positions of a plane figure in its own plane are 
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given, the position of the corresponding centre of rotation is 
thereby determined. 

The same thing is proved directly by Sir Eohert Ball 
(to whom the Theory of Screws is principally due), as fol- 
lows : — 

Any point of the body, which lies on the axis of the 
twist, must continue thereon after the motion. If, therefore, 
the motion could be effected by two different twists, there 
would be two different lines along which points of the body 
would continue throughout the motion. In order that this 
should be possible, the lines must be parallel, and the motion 
one of pure translation. 

If two successive positions of a body in motion are infi- 
nitely near each other, the twist by which it can be broughtfrom 
the one position to the other is the actual motion of the body. 
We see then that the most general motion of a rigid body 
consists of a succession of twists. The screw round which it 
is twisting at any instant is called the instantaneous screw. As 
the position of a straight line in space is detemined by four 
independent quantities, five magnitudes must be assigned to 
determine a screw. In order to determine a twist, its ampli- 
tude, and the pitch, as well as the position of the axis, of the 
corresponding screw, are required. Hence the motion of a 
rigid body in general depends on six independent variables, 
and we see, as in Article 215, that a rigid body entirely un- 
restrained has six degrees of freedom. 

260. Composition of Twists. — If a body receive in 
succession two twists whose amplitudes are infinitely small, 
the order in which they are effected is indifferent, and the 
resulting change of position may be produced by a single 
twist, which is the resultant of tlie two former. 

More symmetrical results are obtained, if instead of seek- 
ing for the twist which is the resultant of two others, we 
inquire how three twists having infinitely small amplitudes 
must be related, in order that the position of a body, after 
being affected by them, may remain unaltered. 

The question proposed may be solved directly, but the 
method of solution devised by Sir Eobert Ball leads to results 
of a more instructive character. This mode of solution will 
be found in Example 14. 
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1. Determine the velocity with which the plane of the horizon, at a place 
whose latitude is given, turns round a vertical axis. 

Ans. M sin A, where a is the earth’s angular velocity, and A the latitude. 

2. If the velocities of rotation of a body round three rectangular axes are 
given in terms of the time, show how to determine— (1) the velocity of rotation 
round the instantaneous axis ; (2) the position of the instnuf nneous axis ; (3) the 
equation of the cone which is the locus of the instantaneous axis. 

3. If the velocities of rotation round three rectangular axes are proportional 
to the time which has elapsed from a given epoch, the position of the instantaneous 
axis is fixed. 


4. If the accelerations of rotation round three rectangular axes are constant, 
the instantaneous axis lies in a fixed plane. 


6. If d, "3 significations as in Art. 258, show 

that 


de . ^ dif 
= sin ^ ® 0 


dl 


«3 = cos —+ sin B sin 
at 




di" 


«3 = 


d^ 

37+ cose 

at 


di' 


6. A body is rotating round a fixed point 0. If OX^ OY^ OX ho rectangular 
axes fixed in space, and OA, OB^ 067 rectangular axes fixed in the body; and 
if the direction cosines of the latter referred to the former bo, respectively, 
^ 1 , 02 } ^3 ; ^if ^3f ^3 f cij C 2 t C‘i ; show that 


dai 


dbi 


at at 


da% db^ 

— = ^2 «3 - ^3 «2, = C2 «l — «2 »3, 


db^ 

— = ^3 «3 - C3 (i;2, 37 = r3Wi — a3»3» 

at at 


dc\ 

— = - h\ Wlf 


dc'i 

■— = fl2«2 - Azwi, 


dC3 . 

= rf3 tO'i — 03 »1, 


where wi, 02 , <03 are the angular velocities of the body round OA^ OB, OC. 

7. Deduce equations (10), (11), (12), Art. 258, from equations (7), Art. 265. 

8. A body receives in a given order rotations of finite magnitude round 
two axes fixed in space, or in the body, and meeting in a point. Find the posi- 
tion of the axis, a single rotation round which would bring the body into the 
same position, and determine the magnitude of the resultant rotation. 
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This question is solved in a manner similar to that employed in Examples 3 
and 4, Art. 226 ; the construction in the present case being on the surface of a 
sphere instead of a plane. 

When the rotations round the given axes are in the same direction, the 
resultant rotation is double the supplement of the vertical angle of a spherical 
triangle, whose base and base angles are the anglo between the axes and the 
semi- amplitudes of the rotations round tliem. 

9. A rigid body receives a motion of translation, whose components, parallel 
to the axes, are a, 6, c, and a rotation 6 round an axis fixed in the body, which, 
at the beginning of the motion, coincides with the axis of Determine the 
position and pitch of the screw, a twist round which would bring the body into 
the same position ; and find the amplitude of the twist. 

The screw passes through a point whose coordinates are 

a sin ^ b cos -h$ h sin lf9 + a cos hO 

* = 2^0 • 

Pitch of screw = Amplitude of twist = $. 

10. A body receives, in suc^cession, I'otations of finite magnitude round two 
non-intcrsccting axes a, b, either fixed in space or fixed in tho body : if d be the 
shortest distance between tho lines a and b \ B and B' tho amplitudes of the 
rotations round them ; € tho anglo between them ; tho amplitude of the twist 
equivalent to the motion ; and p tho pitch of its screw ; prove that 

sin - d sin ^6 sin-iO' sin e. 

(This theorem is due to llodrigucs : LiouvilUy T. 5, p. 390.) 

Take the shortest distance between a and b for axis of y ; tho point of inter- 
section of this line with b tor origin 0 ; and a parallel to a for axis of z. 



After the body lias received its rotation round a, suppose it receives in suc- 
cession two equal and opposite rotations round OZy tho first of these being equal 
and opposite to that round a. These rotations, being equal and opposite, do not 
change tlie po^dt^on of the body. 



Exampkt. 
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First, 8U]ppose a and h to bo fixed in space, then so also is OZ. 

The rotation round a and the equal and opposite one round OZ are (Ex. 5, 
Art. 226) equivalent to a translation, whose magnitude is 2d sin ^9, and whose 
direction lies in the plane XOYy and is at right angles to a line OP which 
makes with OY an angle - 

Describe a sphere round 0 as centre, and let B be the point in which it is 
met by by then ZB = e. The axis of the rotation, which is equivalent (Ex. 8) 
to the rotations round OZ and by meets the sphere in Ry and the direction of 
translation meets it in T; where 

TX = RZX = id, ZBR = id^. 

Then, by Ex. 8, 

TRB=\fpy 

and wo have^?^ = component of translation parallel to axis of screw 
= 2d sin Jd cos TR - 2d sin Jd sin ZRy 

whence 

sin = d sin sin ZR sin ^<p = d sin Jd sin -^d' sin e. 

Secondly, if a and b be fixed in the body, so, likewise, is OZ, In this case 
the lino OP becomes 02^, which makes an angle Jd with OF, and the points 
T and i2 become T' and R', where X2'' = Jd, RBZ^ id'. Then (by Ex. 8) 
BR'T = 4^, and the result is obtained in the same manner as before. 

11. A body receives twists, having infinitely small amplitudes, round two 
screws intersecting at right angles. Determine the amplitude of the resultant 
twist, and the position and pitch of its serrew. 

Take, for the axes of x and y, the axes of the screws ; let their pitches be 
p and q, and the amplitudes of the twists round them d and 

The rotations d and ^ are equivalent to a singl($ rotation round an axis 
lying in the plane xyy and making an angle \ with the axis of x, whore 

^ cos \ =3 d, if' sin A. = ^. 

The translations pB and are equivalent to a translation 

pB cos A + sin \ = {p cos* A + y sin* A) ^ 

along the axis of the resultant rotation, and to a translation 

q^ cos A — pd sin A = (^ — y>) if' sin A cos A 

at right angles thereto. The latter translation, together with the rotation ^ 
round the axis through the origin, is equivalent to a rotation if' round a parallel 
axis passing through a point on the axis of 2 , whose distance from the origin is 

{qr-p) sin A cos A. 

Hence the position of the axis of the screw corresponding to the resultant twist 
is given by the equations 

y s s; tan A, « = (j' - j?) sin A cos A, 

Z 
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, A 

where tan x s ^ ; 

and its pitch by the equation r cos^ X + q sin^ X. 

Also, if ^ be the amplitude of the resultant twist, we have 
^2 = 02 + ^ 2 , 

12. Any sci-ew, a twist round which is the resultant of twists round two 
given screws intersecting at right angles, lies on a surface determined by the 
given screws; and its pitch depends on the angle which its direction makes 
with one of these screws. The amplitudes of the twists are supposed to be 
infinitely small. 

If wo eliminate X from the equations of the last example, which define the 
position of the screw belonging to the resultant twist, wo obtain 

V^)-(q-p)xy = Q, 

which is the equation of the surface. 

This surface is called the eylindroid by Sir Kobert Ball. 

The pitch r of the screw is, as shown in the last example, given by the 
equation 

r^p cos® X + ^ sin® X. 

If we describe in the plane of xy the conic whose equation is 
p«® + qy^ = €®, 

where c is a linear constant, the square of the reciprocal of any diameter of this 
conic is proportional to the pitch of the parallel screw on the eylindroid. When 
a screw is spoken of as belonging to tho eylindroid, it is understood that not 
only is its axis one of the generating lines of the suiiace, but also that its pitch 
is defined in tho manner just mentioned. 

13. Provo that any two screws belong to the same eylindroid. Also two 
screws being given, determine tho eylindroid to which they belong. 

Take the common perpendicular to the two screws as axis of z ; we have then 
to determine the position of tho origin and of the axis of x, and the magnitudes 
of the quantities p and so as to satisfy tho equations 

n = p cos® Ki + q sin® Xi, «i = (g - p) sin Xi cos Xi, 

ra = p cos* Xa + ^ sin® Xa, = (j - p) sin Xa cos Xa, 

.4 =: Xi — Xa, X = — Z2» 

where A is the angle, and h tho distance between the given screws. As the 
number of quantities at our disposal is equal to the number of equations to be 
satisfied, it is id ways possible to determine a eylindroid^ containing the given 
screws. The equations are solved as follows : — Subtracting, 

fi - fa = - p) (sin® Xi - sin® Xa) = fe - p) sin (Xi + Xa) sin (Xi - Xa), 

"'V ^ = (s' - P) cos (Xi + Xa) sin (Xi - Xa). 
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Adding, 

ri + ra = 2j> - (i? - g) (sin* A.i + sin* Aa) 

=P + 9 + i (P-^) (cos2xi + cos 2\a) 

=P + g+ (p-g) COB (\i + xa) cos (\i - \a), 

«i + *2 = (? - jp) sin (\i + Xa) cos (Xi - Xa) ; 

f'l — f'z 

hence (y - jp) sin (Xi + Xa) = — ; — 5-, + ca = (ri - fa) cot A, 

sin ux 

(g - p) cos (Xi + Xa) = - «a = /», 

+ ^ = fi + fa + A cot -4, Xi - Xa = -4, 
and the mode of completing the solution is obvious. 

14. A body receives tbree twists having infinitely small amplitudes. Deter- 
mine the relations between the twists, in order that the position of the body 
(^ould remain ualtercd. 

Sir Bobert Ball’s solution is as follows : — 

Determine the cylindroid containing two of the screws. Take its screws 
intersecting at right angles for axes of and y. Let Ai, Aa, As be the ampli- 
tudes of the three twists, and Xi, Xa, X3 the angles w^hich their screws make 
with the axis of x. If the third screw belongs to the cylindroid containing the 
other two, and if the angle it makes wdth the axis of x and the amplitude of 
the corresponding twist satisfy the equations 

Ai __ ^2 _ 

sin (Xa - A3) ” 8in(X3 - Xi) ” sin (Xi - Xa)* 

the twists compensate each other. 

In fact each twist can be resolved into two round the screVs lying along the 
axes of X and y. The whole motion is thus reduced to two twists round these 
screws ; and if the amplitudes of these twists are zero, the body remains undis- 
turbed. But the equations above are the conditions that the rotations round the 
axes of X and y should be zero, and these rotations are the amplitudes of the 
twists. 

As the twist by which a given motion can bo effected is unique, there is only 
one twist by which two given twists can be compensated ; and, therefore, if 
three twists compensate each other, the third screw must belong to the cylin- 
droid containing the other two, and the above equations must hold good. 

16. A body is moving round a fixed point. Determine the accelerations of 
any point parallel and at right angles to ^e instantaneous axis of rotation. 

Taking three lines fixed in space through the fixed point as axes, 

dx dy dz 

- = *,*- mty, , = "■* - **»*> - 

z2 


- vyx; 
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dx dy dz 

dlfferentiatiiig, and substituting for from these equations, we 

at at at 

obtain, 

— = «,((». a? + «yy + «, «)-«*«+ 

dry dug dfZx 

^ = »,(«i,a: + «i,y + #(,*)-<#»y+* — -e — , 

d^ z diOx deg*! 

^ =«.(«,« + «„y + «.«)- »»* + y — 


remembering that 


«* =5 Wa® + 


Let us now supposo the axis of z to coincide with 01^ the instantaneous axis, 
then tax = 0, = 0, cg» = a. Let the plane of xz 

pass through 01 \ the consecutive position of the P 

instantaneous axis. Measure off 01 proportional , ^ 
to 0 on OZf and take 01* proportional to the cor- I ^ I 
responding angular velocity a da ; drawi'P \ 

perpendicular to 01 ; then la + da round OT is \ 

resolvable into OP round OZ, and i'P round OX, \ 

Let i'OP = dr ^ ; then PP = 01' d^p ; therefore \ 

dax d^ ; ^ 


if the angular velocity of the instantaneous axis be denoted by iff. Also 
day _ da^ da , _ * 

•TP B= 0 , -r- = - 7 , sinte day OF - 01, 

dt dt dt 

Introducing thesci we obtain 

d*a? ^ da d^y da , , 


16. Find the position of the acceleration-centre in a body rotating round a 
fixed point. 

The only acceleration-centre which in general exists is the fixed point 
itself. 

1 7. A body is moving round a fixed point 0. If perpendiculars, whose lengths 
are p and be let fall from any point A of the body on 0/, the instantaneous 
axis of rotation, and on OJ^ that of angular acceleration ; prove that the total 
acceleratLon of A is the resultant of two components, a^p along p and yq per- 
pendicular to the plane AOJ^ where a and o' are the resultant angular velocity 
and angular acceleration of the body. 
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If Xf yt z bo the coordinates of A referred to space axes through 0^ and r 
be the mstance OA^ the equation for the accderation x may be uriitten (Ex. 16), 


where 



+y 

w 





'^r}’ 


+ Wy® + «x*. 


If P be the point in which the perpendicular from A meets 01, and if 
we consider the projection of the triangle OPA on. the axis of x, we have 
projection of AP = projection of OP - projection of OA , ' From this it is plain 
that the term by which is multiplied in x is the projection of p on the axis 
of X. Again, if A, p, v be the direction cosines of tho normal to the plane AOJ, 
and d the angle between OJ and OA, we have 


A Bind - 
<r r 


'i? 


and r sin d = ^ ; 


whence it appears that the term by which c is multiplied in x is ^A, or the pro- 
motion of q on the axis of x. The truth of tho theorem above is now obvious. 
This theorem is due to Professor Minchin. 

18. A body is rotating round a fixed point : find the locus of a point whose 
acceleration along its path at any given instant is zero. 

As tho path at tho instant touches a circle, having its centre on the instan- 
taneous axis and its plane at right angles thereto, if p bo the distance of any 
point from the axis, 


... .. I , ydH x dhf a;® + . xz 

the tangential acceleration = -i = ^ — • 

® p di^ p dt^ p dt p 

The required locus is therefore the cone 

dost 

~ (a;® + y®) - to'^xz = 0. 

19. Show that a point whose normal acceleration at right angles to the 
instantaneous axis vanishes lies on the cone 

* w (a® + y®) + ^yz = 0. 

20. A body is rotating round a fixed point : determine at any instant the 
positions of the osculating plane, and of the principal normal, to the path 
described by one of its points. 

Tho normal plane to tho path is the plane passing through the point and the 
instantaneous axis. Hence the perpendicular to the osculating plane is the 
intersection of this plane with its consecutive position. Again, the direction of 
the principal normal coincides with that of tho resultant normal acceleration ; 
hence, if v be the angle the principal normal makes with the instantaneous axis, 

fapi + jryg ' 


tan V 
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21 . Find the radius of ounrature of the path of any point of the body. 
If i\rbe whole normal acceleration, 

_ _ Wffl 


22 . A body is moving in any manner. Determine the accelerations of a 
point parallel and at right angles to the axis of the instantaneous screw. 

Let xo, yo, bo the coordinates of a point fixed in the body, 17 , { the co- 
ordinates of any point referred to yo, zq as origin ; then 


d? 


d^XQ 

dt^ 


+ «*(«*{+ «y1J + «a 0 - f 


dUy 

~dt 



dhj 

df^ 


dfi 


+ + tOyHi + «a f) - f 


dbtz 

It 



dh 

d^ 




Take as xq^ yo, 20 that point of the body which at the instant coincides with 
the point 0 on the instantaneous screw in spaco which is nearest the consecu- 
tive position of the instantaneous screw. If C be the ruled surface in space 
generated by the positions of the instantaneous screw-axis, 0 will be the point 
of intersection of the instantaneous screw-axis with the line of striction on C. 
Lot 0(y bo an element of this line of striction. 

At the time t^-dtihQ body is twisting round a 
screw through (/, Let jTbe the velocity of trans- 
lation at the time t, and T and ut the velocities 
of translation and rotation at the time t + dt. 

Now, the velocity of rotation 01 round O’ 8 
(screw-axis through O') is equivalent to cu' round 
OV (parallel to O' 8), and a velocity of trans- 
lation ui'. Off at right angles to Off and 01*. 

The velocity of rotation w' round 01' is 
equivalent to w' round OZ, and round OX. 

Hence, at the time t + dt, the point xopozo 
has two velocities of translation : T along OZ, 
and {la'.Off + along OX. Again, as 00' 
is infinitely small of the first order, the velocity 
of translation along OZ resulting from Off .m' 
is infinitely small of the seepnd order. At the time t the point rroyoiso had the 
velocity T along OZ. Hence, if U bo the velocity of translation, and ijf the 
angular velocity of the axis of the instantaneous screw, at the instant, we have 






d‘^zo ^ 
dt^ ' dt' 
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Ai«o -.=0, «v=o, •.=«. ^=4, ^=0, J = 

• dcff 

whence ==wU+ 

dfi dt^ ^ 
d^z dT , 


23. A body is moving in any way : dotermino tho position of the accelera- 
tion-centre at any instant. 

Its coordinates aro formed from the equations of tho last example, by making 


dH _ 
dF“ 


0 , 



drz 


= 0 . 


24. A body is moving in any way ; tbo acceleration at any instant of any 
point is the same as if the body were rotating round the acceleration-centre as 
an absolutely fixed point. 

Express tho accelerations, by tho last example, in terms of the coordinates 
relative to the accclcration-centre as origin, and tho results are the some as the 
expressions of Ex. 15 would become, if wo made 


«!« =0, (My = 0, (Ma= (tl, 




d(ti% du> 
dt dt' 


The theorem is likewise obvious, d prori. 

The theorems contained in the Examples given above aro taken from Schell’s 
Theorie der Bewegtmg und der Kriifle^ to which tho student is referred for more 
extended investigations- on tho subject. 

25. Show that tho theorem of Ex. 17 holds good for a body moving freely 
provided tho acceleration-centre bo substituted for the fixed point 0. 

This extension of Ex. 17 is due to Professor Minchin. 

26. A right circular cone is rolling on another fixed in space, the two cones 
having a common vertex. Given the velocity of rotation of tho rolling cone, 
determine tho velocity with which tho plane passing through the instantaneous 
axis turns round the axis of tho fixed cone. 

The normal plane through the instantaneous axis contains tho axes of both 
cones. Hence tho angle between the two axes remains invariable ; and a point 
on tho axis of the rolling cone describes a circle having its contre on tho axis of 
tho fixed cone, and its plane perpendicular tliercto. It is also at any instant 
rotating round the instantaneous axis. If wo equate the two expressions for tho 
velocity of this point, we get 



CM sin r = A Bin(C' + r), 

(1) 

or 

- 01 sin r = A sin {C— r), 

(2) 

or 

• sin r = A sin (r - C?), 

(3) 
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where oi is the angiilar velocity of the rolling cone round the instantaneous ; 

a Ae angular velocity of the plane contdning the instantaneous axis round the 
axis of the fixed cone ^ C and F the semi-angles of the fixed and moving cones* 

^ I ^ r r 



0 0 


The first, second, or third formula is to be used, according as— ( 1 ) the cones are 
outiide one another, having convex surfaces in contact ; ( 2 ) the rolling cone is a 
small cono rolling inside a larger one ; (3) tho rolling cone is the larger cone, 
and rolls outside a smaller fixed cone, which it contains within it. 

In each of these figures OC is the axis of the fixed cono ; OT of the rolling 
cono ; and 01 the instantaneous axis. If the angles are supposed to contain 
their signs implicitly, each being measured from OJ, the last formula contains 
the other two. 

27. A body is moving round a fixed point. The motion of the instantaneous 
axis in the body being completely given, determine its motion in space. 

Describe a sphere of radius a round the fixed point : the cone (7 fixed in space 
and the cono F fixed in tho body trace out curves on this sphere, and the motion 
is accomplished by the one curve rolling on tho other. Tho osculating circle of 
each of these curves, as it passes through three points on the surface of the sphere, 
will be a circle of the sphere ; and the rolling at any instant will be the same as 
if one of these circles rolled on the other, or as if tho right cone on the osculating 
circle of F as baso rolled on the right cone, having tho osculating circle of € as 
base. Let r be the radius of curvaturo of tho curve C\ p of the curve F ; then 

sin (7 = -, sin F = -, and therefore (Ex. 26), 
a (n 


«- = Hsin sin’^ - -sin-^ -|. 
a ( a a) 


Now, if « be the arc of tho curve C, and ^ the velocity of the point of contact 
of F along it, 


n = 


1 ds 
r di 


1 da 
r di' 


whore a is the arc of F ; whence 


p __ 1 

a jr dt 


I sin*^ - 



From this equation r can be determined in terms of I (in terms of which p, w, . 

and ^ are supposed to be expressed) ; and, as -^7 = by eliminating t an 
dt dt dt 

equation is obtained between r and s, which is ^e equation of the curve C\ 
therefore, &o. 
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Section II. — Kinetics. 

261. Moments of Momentum of a Body bavins a 
Fixed Point, — If x, y, z be the coordinates of any point of 
the body, referred to space axes intersecting at the fixed 
point 0 ; and II„ Hy, I£s, the moments of momentum round 
these axes, we have IIx = ^in{ys - zy). Substituting for 
y and z their values given by (4), Art. 255, we obtain 

Sx = (Oxfiy^ + dm - wy\xt/dm - Wsf jifzdm. 

Hence, if 6 , c, e, J, k be the momonts and products of 
inertia of the body at any instant, round the space axes, 
we have 

II X = ddfx “ kwy -JWz \ 

Hy ” / • (f) 

Sz = + CWz ] 

If the space axes coincide with the instantaneous posi- 
tion of the principal axes of the body at 0 , equations ( 1 ) 
become 

Hi — JZjj = II‘i = C/iJsy ( 2 ) 

where JETi, Hz, if 3 , oji, 012 , wz are the moments of momentum 
and the angular velocities round the principal axes at the 
instant ; and Ay By C are the principal moments of inertia 
of the body for the point 0. 

The resultant moment of momentum H is given by the 
eqiiation 

m = - 4 * 011 * + + 0 * 0 > 3 *. ( 3 ) 

The direction cosines of the momentum axis relative to 
the principal axes through 0 are proportional to Awiy 

Bilily Ciah, 
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If ^ 1 , (hi bzi Cl, C 2 , C 3 be the direction cosines of 
the principal axes at 0 referred to the space axes, we have 

Hx =“ Aw\ai-\r Btjjzbi + Cw^Ci \ 

Eiy = AwiOi +Bw2b2 + C(03C2 f • (4) 

JETs A(i)i(i 3 + Bofzbi + CW2C2 J 


If 0 be a definite point of the body not fixed in space, 
equations (1), (2), (3), (4) still hold good for the motion 
relative to 0 ; the axes x, y, and z being parallel to fixed 
directions in space. 

262. Motion of a Body having a Fixed Point 
under the Action of Impulses. — If a body having a 
fixed point 0 be acted on by any set of impulses, whose 
moments round the principal axes through 0 are L,M,N\ 
these moments are equal respectively to the changes in the 
moments of momentum of the body. Hence ( (2), Art. 262), 

=X, (5) 

where wi', and oii, wg, wa are the"" angular velocities 

round the principal axes immediately before and imme- 
diately after the action of the impulses. 

In some cases it may be convenient to use the expres- 
sions for Ilxi Hy, i/s given in (1), Art. 261, and the moments 
Oxi Oy, Os of the impulses round the space axes. We have, 
then, 

a [Wx - iOx') “ k (Wy -"W/) -y (W« - Ws') = Ox 

-k{(Ox- w/) + b{(jJy- Wy) - i {(Os - (Os') = Oy 

-y {^X “ w/) - i (wy - w/) + c {(Os- (Os) = Os 

263. WIb WIva of a Body having a Fixed Point. — 

As the body has a fixed point, it is at any instant rotat- 
ing round some axis through it ; whence the vis viva is 
1 ( 0 ^, I being the moment of inertia round the instanta- 
neous axis. 
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Aarain, since — , — , — are the direction cosines of the axis 
(11(1)01 

of rotation referred to the principal axes through the fixed 
point, 

I^A (^J+ ^ (Int. Calo., Art. 215) ; 

whence, if 2T or S be the m viva of the body, we have 

2T=8^AiOi^ + liu>z^+Cu>,\ (7) 

If (Ox, (Oy, toz be the velocities of rotation, and 6, Cy e, &o.^ 
the moments and products of inertia of the body at any 
instant round space axes through 0, tho general equation of 
the momental ellipsoid referred to these axes leads to the 
following expression — 

2T= 1(0^ = atox^ + b(Oy^ + ctoz - 2iiOy(Oz - 2j(OziOx - 2k(Ox(Oy, (8) 

264. Couple of Principal moments. — If a body be 
moving round a fixed point, we may imagine its actual velo- 
city at any instant to bo produced by an impulsive couple 
acting on it at the instant. By the last Article the compo- 
nents of this couple round the principal axes of tlie body are 
-4(1)1, 5(1)2, (7(1)3, and the axis of tho couple is called the Axis 
of Principal Moments. This axis coincides at each instant 
with tho momentum axis of the body (Arts. 210, 261). 

If a tangent piano bo drawn at the point of intersection 
of tho instantaneous axis of rotation with the momental ellip- 
soid corresponding to the fixed point round which tho body 
is rotating, tho perpendicular from tho centre on this tangent 
plane is the Axis of Principal Moments. This is obvious, 
when we remember that the direction cosines of this axis are 
proportional io Awi, Buy^ C(u^\ and those of tho instantaneous 
axis of rotation to cdi, ioz, (ds ; and that the equation of the 
momental ellipsoid is 

A^ + By^ + Cz^ = K. 

If 0 be the angle between the momentum axis and the 
instantaneous axis of notation, H the moment of momentum^ 
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and 8 the m viva of the body, we have, by the formula for 
the cosine of the angle between two lines in terms of their 
direction cosines, 


whence 


jEToi cos 0 “ + 5cii2* + CVuj* = 8 ; 

8 

(II cos 0 = — . 

JtL 


( 9 ) 


^ Again, if r le the intercept made by the momental elUp> 
6oid on the instantaneous axis of rotation, ve have 




a> 


(U 


a> 


whence 

^ Again, if we draw a tangent plane to the momental ellip- 
soid at the point where it meets the instantaneous axis of 
rotation, the intercept p made by this plane on the momen- 
tum axis is given by the equation p =zr cos 0, since the 
momentum axis is perpendicular to the tangent plane. 
Hence, if we substitute for r and u; cos 0 their values given 
by (10) and (9), we obtain 


yK8 


( 11 ) 


Ex^fles. 

1. A body is set in motion by an impiilsivo couplo whose magnitude is 

g 'ven ; find the direction of its axis so that the initial vis viva of the body may 
! a maximum. 

The axis of the couplo must bo the axis of least inertia of the body. 

2. A body having a fixed point 0 is set in motion by an impulse, passing 
through a point P, which causes JP to move with a velocity having a given mag- 
nitude and direction ; determine the axis of instantaneous rotation. 

Lot the axis of bo a lino through 0 in the direction of the velocity of P, 
and the axis of s the line OP ; then, if F be the given velocity of P, A the 
distance OP, and ap, the angular velocities of the body round the axes, 
we have = 0, huy^V, 



m 


Now, by Tbomson’s Theorem, Art. 199, the value of ws must be such as to 
make T a minimum. But, Art. 263, ( 8 ), 

dT 

__ =s — itoy + euf Hence eut = iwy, 

which determines ws, and consequently the axis of rotation. 

3. In Ex. 2 , when is the velocity of rotation around OP zero ? 

Ans. When OP is on axis of the section of the momcntol ellipsoid which 
is perpendicular to the initial motion of P. 

4. In .Ex. 2 , if the magnitude of V be given as before, find its direction so 
that the initial vis viva of the body may bo a maximum or a minimum. 


dT dT dT 
By Art. 263, 2T= wx -z — h <>iy ~z — h ^ 

dii^y dwz 

<ox = 0 , and ^ = 0 (Ex. 2 ). 

UtCz 

B'c' r* 


but 


Hence 


2T= bta^ — i aytoz = = 


A*’ 


where B* and (f are the moments of inertia of the body round the axes of the section 
of the ellipsoid of inertia made by tho piano yz» The maximum or minimum 
value of T is obtained, then, by making c equal to C' or to B' ; i. e. tho direction 
of V must be perpendicular to tho central section of the ellipsoid having OP as 
an axis. 

5. If a body be moving in any manner, the momentum axis, and the in- 
stantaneous axis of rotation through a given point 0 of the body, are the radius 
vector and the perpendicular on tho corresponding tangent plane of the ellipsoid 
of ^ration (see Integral Calculus^ Art. 216) relative to 0. 

This is the reciprocal of the theorem given in Art. 264. It can be easily 
proved directly : <ri, (r 2 , o’a, and a, i3, 7 , being the angles made by the momentum 
axis and the instantaneous axis of rotation with the principal axes, and a, A, a 
the principal radii of gyration, 


JJ cos 0*1 s Aui =s ma^w cos a, &c. ; 

but if x^z be a point on the ellipsoid of gyration, a', 3 ', 7 ' tho angles made 
with tho axes by the perpendicular on tho corresponding tangent plane, and p 
the length of the perpendicular, yfp = a® cos a', &c. ; therefore if a;', &o. be propor- 
tional to cos (Ti, &c., a' = a, &c. 

The student will observe that H here denotes the moment of tho momentum 
of the motion relative to 0^ but not of tho absolute motion, except 0 be a point 
fixed in space. 

6 . If a tangent plane to the ellipsoid of gyration relative to any point of a 
body be drawn at right angles to tho instantaneous axis of rotation passing 
throught the point, and ^ be the angle between the instantaneous axis and the 

radius vector to the point of contact, w = 

This is immediately deducible from the consideration that = lut ^ mo- 
ment of momentum round instantaneous axis of rotation = JI cos 0 . 
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7. Express the perpendicular on the tangent plane to the ellipsoid of gyration 
in tms of the angular velocity and relative vis viva. 

Ana. e — 5. 

mur 

8 . Express the intercut cut off by the ellipsoid of gyration on the momentum 
•axis in terms of the relative vis viva and moment of momentum. 


Ana. jB* = - 


9. A body, having a fixed point 0, is set in motion by an impulse of given 
mamitude and passing through a given point P of the body ; find the direction 
•of the impulse so that the initial via viva of the body may be a maximum. 

Since the impulse has no moment round the line OP, the momentum axis 
lies in the plane perpendicular to OP : also by Ex. 8, the via viva is a maximum 
when JJ is a maximum and R a minimum. Hence R must bo tho shortest axis 
•of the section of the ellipsoid of gyration mado by the plane perpendicular to 
OP, and the direction of the impulse must be parallel to the longest axis of this 
section. 

10. In Ex. 9, show that tho initial velocity of P in the direction of the im- 
pulse is a maximum, and that the instantaneous axis of rotation lies in the plane 
of R and OP. 

Since the vis viva is a maximum, so is tho initial velocity of P in the direc- 
tion of tho impulse. Art. 199. Again, if R! be the axis major of tho section of the 
ellipsoid of gyration perpendicular to OP, tho piano perpendicular to con- 
tains tho perpendicular on the tangent plane drawn at the extremity of P, that 
is, tho piano of R and OP contains the instantaneous axis of rotation. 


265. motion of a Free Body under the Action of 
Impuises. — If X, F, F, be the components of any one of the 
impulses, and u\ v\ w\ w the components of the velocity of 
the centre of inertia O before and after the action of the im- 
pulses, tho velocity of G is determined by the equations 

a »(*-*0 = SZ , ( 12 ) 

where 9H is the mass of the body. 

Again (Art. 209), the motion of the body relative to its 
centre of inertia is the same as if that point were fixed in 
space. Hence if i, J!f, N be tho moments of the impulses 
round the principal axes of the body at 6r, and tOl , iM)% , (aJg , 
(ui, (Shi the angular velocities of the body round these 
axes, before and after the action of the impulses, we have 

= ( 13 ) 
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where Af Bj C are the principal moments of inertia. 
Without having recourse to Art. 209, we may deduce equa- 
tions (13) directly from (18), Art. 204, and (20), Art. 205, 
by the method of Ex. 2, Art. 213. 

From equations (12) and (13) it appears that an impulse 
whose direction passes through the centre of inertia of a 
free rigid body produces a motion of translation only, whereas 
an impulse not passing through the centre of inertia pro- 
duces both a translation and a rotation. 

266. C^eneral Expression for the ¥is ¥lYa of a 
Body. — ^As the motion of a body relative to one of its points 
must always consist of a rotation round some axis through 
the point, it follows, from Art. 134, that if a body be free, 

where 9)1 is the mass of the body ; V the velocity of its centre 
of inertia; I the moment of inertia, and oi the angular 
velocity, round the instantaneous axis through the cen&e of 
inertia. 

As was shown in Art. 263, 

jTw* = A(»)^ + B(a)2 + C*(W3*. 

Again, if 6, o, k be the moments and products of 
inertia for the centre of inertia, round three rectangular axes, 
which are parallel to fixed directions in space, and w*, wy, o). 
the corresponding angular velocities of the body. 


— (ZtjJx 0 (m)z ^tWyWz ” ^ktjJxiiiy ; 

whence we have 

= 9M r® + Atoi^ + Btoz^ + Cts)^ (14) 
* 9)1 F* + awx + 6wy* + CWa “ 2e«y Wz - ^JiOz (Ox — 2kiOx (Oy (15) 
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Exaiifi.es. 

1. A free body is set in motion by an impulse. If tbe initial motion be a 
pure rotation, show that the directions of the impulse and of the instantaneous 
axis of rotation are principal axes of a section of the momental ellipsoid 
relative to the centre of inertia. 

Since the initial motion is a pure rotation, the initial velocity of the centre 
of inertia is at right angles to the direction of the instantaneous axis of 
rotation. The above statement follows, then, from Art. 264. 

2. On the same hypothesis as in the last example, show that the instan- 
taneous axis of rotation is a principal axis of the body, at the point in which it 
is met by its shortest distance from the lino of direction of the impulse {aee'Ex, 1, 
Art. 241). 

3. If different impulses applied to the same body produce velocities of ro- 
tation round parallel instantaneous axes, prove that in general these axes lie 
in one plan6 containing the centre of inertia, and perpendicular to the lines of 
direction of the impulses, and that the points in which this plane meets these 
lines lie on a straight lino. 

^ 4.^ If in the preceding example the instantaneous axes are parallel to a 
principal axis through the centre of inertia, prove that the lines of direction of 
the impulses lie in the corresponding principal plane at the centre of inertia. 

The theory of the centre of percussion, given in Art. 235, may bo collected 
from Examples 2, 3, 4. 

6. A body is moving freely : under what circumstances can it be brought to 
rest by an impulse, and wlfot must be the magnitude and position of the 
impulse P 

The direction of the impulse must bo opposite to that of the velocity of tbe 
centre of inertia, and its magnitude must be| equal to the momentum of trans- 
ktion of the body. Again, the moment of the impulse round the centre of 
inertia must bo equal and opposite to the couple of principal moments. Hence 
the magnitude and position of the impulse are determined, and the motion of 
the body must be such that the momentum axis is perpendicular to the direction 
of motion of the centre of inertia. 

6. A free body is set in motion by an impulse of given magnitude, and pass- 
ing through a given point i’ of the body ; find the directions of the impulse for 
which the initial vis viva of the body is a minimum, and for which it is a maxi- 
mum. 

Since the impulse is given so is tbe velocity V of the centre of inertia ; but 
the total vis viva 2T= m + Sj where S is the vix viva of the motion relative 
to the centre of inertia ; hence T is a minimum wlien S is zero, i. e. when the 
direction of the impulse passes through the centre of inertia. 

Again, the direction of the impulse for which Sia a maximum is found as m 
Ex. 9, Art. 264, and when iS is a maximum so likewise is T. 

7. A free body is set in motion by an impulse whose magnitude and peipen- 
^cular distance from the centre of inertia of the body are given ; 6nd the direc- 
tion of the impulse so that the initial vis viva of the body may be a maximum. ^ 

, Here S must be a maximum, and therefore, as in Ex. 1, Art. 264, the 
impulse must lie in a plane passing through the centre of inertia and perpen- 
dicular to the axis of least inertia of the body. 
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267. Equations of Motion of a Body ha¥lng a 
Fixed Point. — In the case of continuous forces, if G*, ffy, 
be the moments of the applied forces round the space 
axes, the equations of motion are (25), Art. 210, 


dSx ^ dSy ^ dPLz ^ 


We may substitute for Hxy jETy, and JST, in these equations 
their values given by (1), or by (4). If we make the former 
substitution we obtmn 


~ {atax - kiOy -JtJUz) = Gx^^ 


dt 


(“ kiHx t)(Jiy "" tCl>j|) “ G^y 


— {-J<»}X - i(Oy + C(Dz) = Gz . 


(17) 


In the case of homogeneous spheres, as also in that of the 
initial motion of a body starting from rest, these equations 
are sometimes useful; but since in general a, A,y, &c. vary 
with the time, it is usually necessary to reduce equations (17) 
to a more manageable form. 

If we substitute for Hz, JSTy, Mz in (16) their values given 
by (4) and, after performing the differentiations, suppose the 
space axes to coincide with the instantaneous positions of the 
principal axes of the body at 0 , we have by ( 6 ), Art. 255, and 
(9), Art. 256, remembering that in this case ^ 2 , (Xij Ji, 63 , Ci, 
C 2 , are each zero, and that = <?3 = 1, 


dSx . diaii f -n /y\ 


dt 


f j p\ 


■whence, H he the moments of the applied forces 
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round the principal axes at 0, the equations of motion be- 
come 


A -(B-C) wtUi = L 

B^-^-{0-A)w,wx = M 1 . 
C - J5) wi wj = 

(Iv 


(18) 


Equations (18) are due to Euler, and are called by his 
name. 

268. Eqnatloiis of Motion of a Free Body. — ^If we 

denote the mass of the body by fSt, we have 


=sr. (19) 

where y, z are the coordinates of the centre of inertia re- 
ferred to any three rectangular axes fixed in space ; and SXy 
2 Ff SZ are the sums of the components of the applied forces 
parallel to these axes. 

Again, since the motion of the body relative to its centre 
of inertia is the same as if that point were fixed in space 
(Art. 209), we have 


A - [B - C) TTaWa “ L 

at 

\ 

B^-J*-[C-A)i0^w, =Jlf L 

C^~{A-B)w,w,=N 

at 


(20) 


where aii, cua, cus are the angular velocities ; Ay G the 
moments of inertia; and Ly My M the moments of the 
applied forces round the three principal axes of the body 
at the centre of inertia. 
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Instead of equations (20) we may use (17), the axes being 
parallels through the centre of inertia to directions fixed in 
space. 

As in the case of impulses, equations (20) may be deduced 
directly from Art. 204 by the method of Ex. 2, Art. 213. 

From equations (19) and (20), it appears that a force 
whose direction passes through the centre of inertia of a free 
body produces a motion of translation only, whereas a force 
not passing through the centre of inertia produces both a 
translation and a rotation. 


Examples. 


1. A body is given a rotation round a principal axis through its centre of 
inertia, and is acted on by a couple having this line for its axis. Show that the 
body will continue to revolve round the axis of initial rotation. 

2. One end of a uniform rod rests on a horizontal plane and against a vertical 
wall ; the other rests against a parallel verticd wall. All the surfaces being 
smooth, if the rod slips‘;down, determine the motion. 

Take the intersection of the horizontal and vertical planes passing through 
the first end of the rod for axis of x, and a vertical plane, at right angles to the 
walls and passing through the initial position of the centre of inertia of tiie rod, 
for the plane of ys, the axis of z being vertical. 

Let /3 be the angle which the rod at any time makes with the axis of y, 2a 
its length, 2b the distance between the walls, a?i, yi, ; a? 2 , y 2 , Z 2 ; and Xj y, s 
the coordmatos of the two extremities, and of f^e centre of ineitia of the rod. 
Then 

yi = 0, *1 = 0, y2 = 2ft, y o J (y, + y2) = ft : 

also y = a cos j9, whence cos i9 = ~ ; thus, as is constant, the motion of the rod 

relative to its centre of inertia is a rotation round the axis of y, whose ampli- 

d^x 

tude at any time may be denoted by Again, as m — = 0, and as the initial 
dS 

value of ~ is zero, it is zero throughout the motion ; also, since y is constant, 

dy 

~ s 0 ; whence the equation of vis viva is 
at 

m ^2 + s*) = 2fnff (zq - 5). 


Now 




"“1 ’ 


2 =s o sin jS cos 


whence, as the initial value of ^ is zero, we obtain 


'6a 

(1 + 3 sin^^) = ■ ■ (1 — cos ^). 

Vfl* — ft* 

Also, sr 2 - a sin i8 sin which determines the position of the upper end of the 
rod when ^ is known. • 


2 A2 
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S. A heavy body is supported in equilibrium by two strings : one is cut ; find 
the initial tension of the other. 

The two strings and the centre of inertia O of the body lie at first in the 
same vertical plane ; let this plane be that of ys, the axis of z being vertical, and 
its positive direction downwards, and let the origin bo the point 0 to which the 
uncut string is attached. fSee figure, p. 293.) 

Let I be the length of the string OA, and h the distance AG^ the direction 
cosines of OA being a, i9, 7 , those of AG^ fit v; then, if z, y, z be the co- 
ordinates of G, we have y = /jS + A/i, z = ly + hp; and, if T be the tension of 
the string, and m the mass of the body, the equations of motion of G are 

mz - - Ta, my - • m = my - Ty. 


Differentiating the expressions for y and z twice, substituting, and remembering 
that the initial values of the differential coefficients, with respect to the time, of 
a, 3 f 7 i A, fit V are each zero, we get 




T$ 


• ».ii • ^ *-« ' ” y ^ ' '• 

at* at^ m 


Multiplying the first of these equations by iS, the second by 7 , and adding, 
we have imtially 


since o* + i 8 * + 7 * * 1 , and initially a = 0 , 

•nd therefore /, (g) + Y (g:) = 0 . 

Now by ( 6 ), Art. 255, since \ is zero initially, we have 
dV ^^9 dum 


Hence initially h {fiy - 7/4) ^ =5 — - ^7. 

at fn 

If p be the length of the perpendicular from Q on the initial position of the 
string, this equation may be written 

T 

= yy. 

m • 
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Again, if a, h e, i,j\ h be the moments and products of inertia round axes 
through G par^ld to the coordinate axes, we haye initially 

^ (- kUz + h»y - tills) = 0 , 

d 

^ - toiy + e»z) = 0. 

"In differentiating, since the initial values oi wj, miy, and ois are each zero, a, 
&c., may be treated as constants, and as having the values belonging to the 
initial position of the body. We have, then, for the initial values of &c., 
and T the equations, t 

a»jB - hwy -/«# = - Tpt 

— kdix + hity — iwt = 0 , 

- jux — itify + eua = 0 ; 

whence, if A be the determinant 

a 

^k b , 

-j-i c 

we obtain Aw* = — (ic — i*) Tp, 

Substituting for we have finally for To the initial value o 

rp _ Ayo ABCyo 

® " A + - i*) ABC + 

269. motion of a Body round a Fixed Point, 
under the Action of no Bxternai Force. — ^In this 
case equations (18) become 

(C-A)o„w„ C^=(A-B)iu,u,„ 

in which we shall suppose A> B> C, 

Multiply the first by oii, the second by ois, the third by tus, 
add, and integrate, and we have 

AtO\ + Bw% + C(a)i — S, (21) 
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Next multiplj the first by Aui, the second by Bwtt the 
third by CWs, add, and integrate, and we have 


+ C*w,’ = iP. 


( 22 ) 


In equations (21) and (22) 8 and H are constants. 
These equations could have been obtained directly from (3), 
Art. 261, and (7), Art. 263, by articles 200 and 213. 

Again, if we multiply the first of the equations obtained 

from (18) by the second by the third by ~ , and add, 

we get 


duh dii)2 


dwi _ 1. 

V 


B-G C-A A-B\ 


A ^ B ^^G 


(ill (U2 


or 


rfw {A-B){B-G)(G-A) 


dt 


ABG 


’ (|liCil2(lls. 


If we combine the two equations already found with the 
equation 

Wl* + Wj* + iOi = W*, 

and solve for u*, we get 
1 , 1 , 1 
A, B, G 
A\ C“ 

whence 


a>.* = i^'BG{C- B)-8{G*-B^)-\-H*[0-B)\ 


BC 




(A-B)(A-G) 


I"’- 


S(B+C)-E* 

BG 


• (23) 


If we denote by A„ and the two oorrespon- 

JljU 

ding quantities by Ai and As, we have 
ABC 


ll>l (l>i 0*3 ' 


{A-B){A-C)[B-G) 

dot 


^/{(««-A0(A,-«‘)(u.*-A,)) ; 


= v' { (A. - «’) (A, - u,*) (A, -.»»)). (24) 
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Again, ainoe 

A8-S* = B (A- 5 ) + 0{A- 

it follows that AS is always greater than BP ; in like manner 
we see that C8 is less than S*. Henoe we see at once that 
Xi, Xs, and X, are each positive quantities. 

Also, we have 


thsrefore X, is the greatest of the three ; also X, - X, has the 
same sign as B8 - S^, and this depends on the initial oon> 
dLions. 

Again, since W, W are each positive, 

W > Xi, < X,, Cil* > X,. 

Senoe we may assume either — 

(1), w*=Xisin®^ + X,co8®^, or (2) w’ = X»sin*^+Xa008V. 

In the former case, if we select the negative sign of the 
square root in (24), that equation gives 

— ^^Xa“ Xg— (X,” Xi) siu*^ ® ^^X,” X, \/l-'^*sm*^, (96) 


where 


** = 


Hence, by (23), we get 
BO 


W,* = 




Ws 


i,A-B){A-C) 

AO 

\A-B){B-C) 

AB 


{A-C)[B-C) 

In the second case, we get 

# /r— r 17 


~~ Xi 

X, — x, 

(X, - Xi)cOB*^ 

(X,-X,)Bin*^ y (26) 
(X,-X,)(l-A»sin» 


1 
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an 1 

AC 

'^*°{A-B){B- 0 ) 


,. ( 28 ) 


It is obvious that 0 and ^ are connected bj the equation 
sin ^ £ sin 

We thus see that when either 0 or i/r is known the 
values of cui, ai 2 , cus can be determined. Also, from (25) and 
(27), we see that ^ and ^ are at once expressible in terms 
of t as elliptic functions of the first kind. 

We now proceed to give a geometrical representation cf 
the angles 0 and ifr. 

Let a?, y, z be the coordinates of the point P in which the 
momentum axis, at any instant, intersects the surface of the 
ellipsoid of gyration, 

s* , 

“ 2 + 72 +’ 1 “ 1 } 

a* 6® c* 


then, if P = OP, we have 


Hence -^^^ = 2^ = ? = ym; (Ex. 8, Art. 264) 

xyzB^ 

ABC 


Hence, in terms of we hare 

[X 1 ABC — r-„./ 

[T I 21a /r — ^ 

*'“V3»S 
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And, in terms of 

— . r (31) 

_ I O I ABO /V— t- . 

^W184{A-C){B-C)'^^" XsCos^ ^ 

These equations show that the position of the momentum 
axis in the body is determined when either ^ or ;// is known. 
If we write equations (30) in the form 

rf? « a “ Ai cos 0 , y = i3 a/A* - Ai sin 0 , 

we get 

^ + I = X, - X,. (32) 

This is the equation to the projection on the plane of xy of 
the curve described by F on the surface of the ellipsoid of 
gyration. Next, if tr be the angle which a cyclic plane of 
the ellipsoid of gyration makes with the plane of ary, we 
easily see that 

I A (F - C) a 
b yja^ - " V B (A - C) j3’ 

From this it follows that lines parallel to the axis of z will 
project the ellipse (32) into a circle on the cyclic plane. This, 
in fact, is a well-known theorem in surfaces of the second 
degree, since the locus of P is a sphero-conic. (Ex. 8 , 
Art. 264.) 

In like manner it follows from (31) that the projection of 
this sphero-conic on tho cyclic plane by linos parallel to the 
axis of X is another circle. 

These circles in the cyclic plane are exhibited in the 
accompanying figure, in which OF is tho moan axis of the 
ellipsoid. If we suppose Ai > A 3 , t.e. BS > PT®, then it is easily 
seen that the inner circle is the projection by lines parallel 
to the axis of s. Hence, if M and if' be the positions of the 
projections of P at any instant, we shall have ifOQ = 0 , 
and if'OQ^ « rp. This construction for the position of the 
momentum axis in thp body is due to Mao Cullagh. 
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From Article 213 it appears that the direotion of the 

monaentuni axis in space is invariahle. 

It diould he observed that these results tuso hold good 



for the motion of a free body under the action of no forces, 
provided its centre of inertia bo taken as the origin. 


Examples. 


1. If J/® = BSy find tho position of the momentum axis at any instant. 

It is immediately seen that in this case the momentum axis always lies in a 
cyclic plane of the ellipsoid of gyration. Also, since 

Ai = Mt wo have A = 1. 


Hence equation (26) becomes 

^ = v/aT^M dl = hdt, where h = 

Hence 


and we get 


log tan + 1)" 


where is the initial value of A, Hence the momentum axis, and therefore also 
the instantaneous axis of rotation, tends to approach without limit to the mean 
radius of gyration. 
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2 . Inyestigate^ the motion if the axis of rotation be yery close to tha 
least axis of inertia. 

In this case It is nearly equal to and - CS is yery small : accord- 
ingly A: is a yery small quantity, and we get approximately, from equation (25), 

^ = y^Ai-A3t+^ = ?^^^ ^ < + ^0i 

where 0 o is the initial value of tp. 

If t\ denote the time which the body takes to revolve round its axis of rota* 
tion (which is nearly coincident with the least axis of the ellipsoid of gyration), 
and t 2 the time of u complete revolution or oscillation of the momentum axis round 
the axis of z ; then 

= ~ ~ h = 2t, R = e, approximately. 

Hence, approximately, 

\ 

* 'y{A-C){B~C) 


If 5 — (7 he yery small, h will he very large in comparison with <i. 

A corresponding result may he obtained when Jt nearly = a. 

This investigation would bo applicable to tho Earth if its axis of rotation 
were nearly but not exactly a principal axis. In this case ti would bo tho length 
of the day. The total attractions of other bodies are supposed to pass through 
the centre of inertia of the Earth. 

3. If two of tho principal moments of inertia of tho body bo equal, prove that 
— ( 1 ) the simultaneous positions of the momentum axis and tho instantaneous 
axis of rotation lie in a plane containing the axis of unequal moment of inertia ; 
( 2 ) the instantaneous axis and the momentum axis describe in the body right 
circular cones whose semi- angles are i and 7 , whore 


tan*i = 


A 


' AS 


and Uxfy = -.— — 

' G AS- BP 


the axis of unequal moment of inortia being the axis of z ; (3) the values of 
W) »i, » 2 y M 3 At any time are given by the equations 

. \ . . . , \ 

Ml = « sm t cos I ^ + X j » M 2 = - M sin i sin ( — M3 <+ X 1 » 

, - {A+C)S IP 

M 3 = M COS t, M* = — , where x w an arbitrary constant. 


270. Conjugate Ellipsoid and Conjugate Une. — 

When a body on which no external force is acting is in 
motion round a fixed point, the squares of the angular 
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Telooities of the body round its principal axes at the point 
must fulfil the two independent linear equations 

jiwi* + Bio* + Ciot — 8 = Q = 0 \ 

A*io,*+ Kw^* + C’w,* - = 0 r 

Any other linear equation, 0' = 0, between these variables 
must be of the form a0 + |34> = 0, where o and /3 are con- 
stants, since otherwise each angular velocity would be com- 
pletely determined. Hence, if we suppose that wi, w», «» 
satisfy also the two equations 

A'loi* + Kwt* + CW - iS' = 0' = 0 1 

A'W + B'*w,* + C'W - E'*= ^' = 0 j ’ 

we must have 0' = t (A0 - 4»), 4»' =y (j«0 - 4^), where i, X, 
J, fi are constants. 

Hence we get 

A' = iA (X - A), A’* =jA (ft-A)\ 

B' = iB (X - B), B* =jB Oi-B) I- (35) 

C =tG(\-0), C'*=jO(n-C)) 

From (35) we obtain 

A(\-A)* B{\-B)* C(X-C)* j\ ,,,, 

fi-A ~ (i-B ~ n-C °t*’ ^ ^ 

whence, by a well-known property of equal fractions, we 
have 

A{\- A)* - B{\ - B)* B{\ - B) * - g(X - O)* _y. 

A-B ~ B-Q ^ 


B-G 


from these, by performing the divisions, we get 


X^i{A + B+ C). 


(38) 
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Consequently, from (37) we obtain 

2iAB + BC+CA)-A^-B^-(P=^, (39) 

and from (36) we get 

[2(,AB+BO-¥CA)-A'-B^-C^)p = ^ABO. (40) 

Finally, we have 

A'=^A{B+ 0-A), B'=^B{C+A-B),0'= | C{A+B-C) 

8r= ii\8 - m), If'* = {jx8 - H^) 

where A and /x have the values given by (38) and (40). 

It appears from what has been said that any three con- 
stants a, by c satisfying two equations of the form 

awi* + + Cisd^ = constant, a^wi + + ^* 013 * = constant, 

must be proportional either to Ay By Cy or to -4', B^y C\ 
Hence, if wo apply to A'y JS', O' a transformation similar 
to that which has been applied to Ay By C we must obtain 
quantities proportional to 4, By C. From this it follows 
that the two quadrics E and E' given by the equations 

Ax^ + By^ + Cz^^Ky A'x^-^B^f+C'z^ ^Ky 

are each derived from the other by a similar process, and may 
therefore be called conjugate. Since Ay B, C are each positive, 
and such that the sum of any two is greater than the third, 
it follows from (38), (40), and (41), that A\ B\ O', A, /i, S', 
and H'* are each positive. Hence we infer that the quadric 
E is an ellipsoid. 

If / be the intercept made by the conjugate ellipsoid E 
on the instantaneous axis of rotation of the body, p' the 
perpendicular from the fixed point on the tangent plane to 
E at the extremity of r\ and the angle between / andp', 
it can be proved in the same manner as in Art. 264, that 

S' , /T' , ^/KE 

c.iCOS 0 -^„ r = ■ 

The perpendicular to the tangent plane to E at the extremity 
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of / corresponds to the momentum ads in the momental 
ellipsoid, and is called the conjugate line. 

This .Axtiole and the following Examples are taken from 
a Paper by Dr. Eouth in the Quarterly Journal of Pure and 
Allied Mathematics for 1888. 


Exauplbs. 


1. If a body on which no external force is acting be moving round a fixed 
point 0, and a quadric, having as axes the principal axes of the body at 0, be 
such that the intercept which it makes on the instantaneous axis of rotation at 
any time is proportional to the angular vcloeity, and that the perpendicular 
from 0 on the tangent plane at the extremity of this intercept is constant, the 
quadric must bo either ^e momental or the conjugate ellipsoid. 


2. If P bo r point on the conjugate line at a constant distance R from the 
fixed point 0, and Q the point of the body which coincides at the instant with 
P, prove that the velocity of P is double that of Q, and that the directions of 
these two velocities coincide. 

Let y, z bo the coordinates of Preferred to the principal axes at 0\ m, v, w 
its space velocities parallel to these axes ; and u*, v% w* those of Q ; then 


Now, 


f| r= i + tt', V = y + w ss£ + 

ll*x = RjHoiif Jl*y — RJ3^w2j S^z = RC^wz » 


hence, by (41), we havo 

i=~A{li-^C-A)Ax, 


and = 

whence, by Euler’s equations, Art. 267, we obtain ic * t/, and therefore fi = ; 

and in like manner v = 2v\ w = 2m/. 

3. Determine the motion of the conjugate lino in space. 

Let B be the angle between the conjugate line OP and the invariable line or 
momentum axis OX., the angle which the plane ZOP makes with a fixed 
plane passing through OZy and ip* the angles made with OZscn^ OP by the in- 
stantaneous axis of rotation of the body ; also let A be the component round OZ 
of the angular velocity of the body, and A' its component round OP; then 


A = 


Ctf COS^ S 


8 

H* 


A's=» CO8 0' = 


8* 

if' 


By considering the motion of a point of the body situated at the instant on 
OP, it is plain from Ex. 2, that the angular velocity of the body round an ftTi'a 
perpendicular to OP in the plane ZOP is i sin 0\p. Hence 


A ns Jain’p^ ^ A'coa^, 
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Again, the whole Telocity of a point of the body at the unit distance from 0 on 
the line OF being 0 sin we have, by Ex. 2, 

J (sin* + d*) = «* sin* 


sin* + a* = 4 . 


We have now to express «* in terms of a, which can be done as follows 
Expressing cos 0 in terms of the direction cosines of OF and OZ, we have 

EH' cos a = AA‘<ai^ + F£W + 


= t A. (-4*01* + jB2* «2* + 03*) — i {A^ 01* + 03* + ( 7 * 03*), 

Hence we get 

HJT* 

^301* + ^3«22 4. = ah- ~ cos a. 

t 

If we combine this equation with ( 33 ), and solve for 01*, we obtain 
(A-S)(B-C)(0-A) | 5 ^C'+ jr» (A-\)- ~ cos 9 1 . 
From this and the similar expressions for 03* and 03* we get 

ABCu* = S{AJ} + ])C+ CA) - iS^(A + S + C) cos®. 

Substituting the value for 0* given by this equation in (i), wo obtain 
^*e^+i> = -^{B(AB + BO+CA)-iS^(A+B+q} 




From (a) and this equation 0 and tp can be obtained by quadratures. 

271. Stress Exerted by a Body on a Fixed Point. 

— In order to determine the force exerted by a fixed point on 
a body we have only to consider the point as replaced by 
a force, whose components are Xo, Yo, Yo, passing through it. 
We may then consider the body as free, and we have, by 
Article 268 , 

\rith two siinilar equations. 

But as the body is rotating round the origin, if we sup- 
pose the axes fixed in fpaoe to ooinoide at the instant under 
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oonsideration with the principal axes through the origin, we 
have 


d^x _ . dwi 

de~~'^~dt 



+ Wi (ywj + Swa) - (o)a* + ftij*) X. 


Substituting for ~ Euler’s Equations, we 

get, 

d^x .N .M ,-n rt ^ 

^=-y-^ + s^ + U,(5 + C-A)\^-^ + z-^y (wa* + Wa») X. 

Now, let /Si„ 8 i, 83 he the components of the stress on the 
fixed point at any time, in the directions occupied at the 
instant by the principal axes of the body, then 81 =- X„ 
and therefore 

ft =a x-ffli y f 5 +-1(5+ O-A) -(»»»+•»>){ j" 

ft = SF-0B|-f^ + {— +»a(C+ui-i) "("•*+ ">’)’»! 


where 5, ly, Z are the coordinates of the centre of inertia 
referred to the principal axes through the fixed point, and 
are absolute constants: ' 2 X is the sum of the components 
of the applied forces parallel to one of these axes, and L the 
moment round it of the same forces. SX, S T", SZ, Z, Mj N 
are in general variable with the time. 

In like manner if j8i, S 2 , & be the impulses arising from 
the instantaneous stresses exerted by a body on a fixed pointy 
in consequence of the action on tne body of any system of 
impulses, we obtain, by Arts. 256 and 265, 




( 43 > 
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272. Ceotrlfagal Couple. — If a body have a fixed 
point 0, the change produced in its angular velocity round 
one of itsr principal axes at 0 in the element of time dt is 
given, (18), Art. 267, by the equation 

= (J? — C^ WiW^dt + Zddt, 

The first term on the right-hand side of this equation 
results from the angular velocities already existing round the 
other two axes. In consequence of these velocities each point 
of the body, in virtue of its connexions with the other points, 
exerts a force on the entire body. These forces are in fact 
the centrifugal forces resulting from the motion of the body, 
and their moments L\ M\ N* round axes fixed in space may ^ 
be determined directly as follows : — 

Let a, /3, y. be the angles which the instantaneous axis of 
rotation makes with the axes of coordinates ; p the perpen- 
dicular distance from this axis to any point xyz of the body ; 
q the intercept between the origin and the foot oi p; r the 
radius vector to the point ccyz ; and w the angular velocity of 
the body round the instantaneous axis. The centrifugal 
force at the point xyz is mpta^ acting along p ; and the 
component of this force along the axis of x is ww* multiplied 
by the projection of jt?. 

If we project the triangle formed by rpq on the axis of 
we have 

projection of p = projection of r - projection of g = a? - 3 ^ cos a, 
and y = a? cos a + y C08/3 + s cosy ; 

hence the centrifugal force along axis of x 

= ww’ [x - {x cosa + y cos + « cosy) cosa} 

= ww* [x (cos*3 + cos’y) - y cos o cos 3 - « cos a cos y} 

= m (a?((Dy* + o>»*)-yw*wy-«o;*o>»), 
remembering that 

cus = Ci> cos a, oiy B (u COS 3> CDs « (u COS y. 
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In like manner for the force along the axis of y, we have 


m ( y (tife* + inf) — Soiy wz - sftOyWx] » 

and for that along the axis of s, 


fit |m ““ (aUiz Wx ““ y^s ^y \ 5 

whence, taking moments round the axis of Xy and integrating 
through the entire body, we obtain 

- iaf]\y%dm + Myi3iz\{^-y^)dm-wztax\x\jdm 

u)xWy\xzdm. (44) 

If we now suppose the axes to coincide with the instan- 
taneous positions of the principal axes of the body, every 
term in II vanishes except - y*) dm^ and we get 

C) (02 ( 03 . (45) 

Accordingly, the couple whose components round the 
three axes are (B - C) W 2 wsy &c., is called the centrifugal 
couple. 

The axis of the centrifugal couple is at nght angles to the 
axis of principal moments^ and to the axis of rotation. 

For the direction cosines of the axis of the centrifugal 
couple are proportional to 

(B-C)( 02 ( 03 y [C - A)(02(o\y (-4 - jB) wi c,j2 ; 

whence it is seen at once that the conditions for its being 
perpendicular to the two other lines are fulfilled. 

If a central section of the momental ellipsoid he taken 
passing through the instantaneous axis of rotation and the axis of 
the centrifugal couple^ these two lines coincide tcith the principal 
axes of this section. 

The lines in question are at right angles, and one is 
parallel to the tangent plane through the point where the 
other intersects the ellipsoid. 
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273. Motion of a Free Body relative to its Centre 
of Inertia. — ^As the equations for determining the motion 
of a body relative to its centre of inertia are the same as 
if the centre of inertia were a fixed point, the theorems 
of Arts. 264 and 272, in reference to the instantaneous axis 
of rotation, the axis of the centrifugal couple, and the axis 
of principal moments, hold good. 


Examples. 


Motion of a Body unactod on hy Force, 

1. The angular velocity at any instant is proportional to the intercept on the 
instantaneous axis of rotation through the centre of inertia cut off by the 
momental ellipsoid. 

The velocity of the centre of inertia is constant as well as the whole vis viva. 
Hence the vis viva of the motion relative to the centre of inertia is constant, and 
therefore, (10), Art. 264, a is proportional to r. 

2. The component of the angular velocity round the momentum axis through 
the centre of inertia is constant. See (9), Art. 264. 

3. If a tangent plane be drawn to the momental ellipsoid at its point of 
intersection with the instantaneous axis of rotation through t|ie centre of inertia, 
the distance of this plane from the centre is constant. 

This follows from (11), Art. 264. 

If a body have a fixed point, the results of the preceding examples hold good, 
the fixed point being substituted for the centre of inertia. 

4. A body moves round a fixed point : give a geometrical representation of 
the motion. 

The momental ellipsoid relative to the point rolls on a plane fixed in space, so 
that the line joining tho centre to the point of contact is always the instan- 
taneous axis of rotation. 

6. A body is moving round a fixed point ; find the locus of the instantaneous 
axis of rotation in the body. 

Since — , — , — are its direction cosines referred to the principal axes through 
a ea a 

the point, its locus is the cone 

A(E^ - AS) x^ + B(S?- BS) y* + C{H^ - CS) « 0. 

6. Find the locus of the momentum axis in the body. 

Its locus is the cone 


A B'^ C 




or 


A JS 0 

Hence the curve traced out by this line on the ellipsoid of gyration is a 
sphero-conic, as already stated in Art. 269. 

2B2 
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7. Determine tbe cnrye traced out on tbe momental eUipsoid by tbe instan- 
taneous axis. 

The equations of tbe curve are got by combining tbe equations of tbe ellip- 
soid with that of tbe cone given in £x. 5 ; they are, therefore, 


+ Cz^ = JT, + C'V = 

This curve is called tbe polhode. 

The curve traced out on tbe fixed plane, by tbe point of contact, is called 
tbe herpolhode, 

8. Tbe projections of tbe polbodo on tbe planes perpendicular to the axes of 
greatest and least moment of inertia are ellipses. Its projection on the plane 
perpendicular to the remaining principal axis is a hyperbola. 

This appears at once by eliminating y, z successively from the two equa- 
tions of £x. 7, remembering that A>B>C. 

9. In what case does the hyperbola become a pair of straight lines ? 

If JT* = BS, (See Ex. 1, Art. 269.) 

10. If the body be free, give a geometrical representation of the motion. (See 
Ex. 4.) 

The momental ellipsoid relative to the centre of inertia rolls on a piano at a 
constant distance from the centre of inertia and parallel to a place fixed in space, 
tbe instantaneous axis of rotation being the line joining the centre of inertia to 
tbe point of contact, whilst the whole system moves w'ith uniform velocity 
parallel to a fixed direction. 

11. Show that the herpolhode lies between two circles the squares of whose 
radii are 



according as (see Art. 269) Ai is greater or less than As. 

If p be the distance from the point of contact to the foot of the peipendicular 
on the fixed plane, we have 

= butj»» = ^,«mdr»iJ«MArt.264); - J). 

But, Art. 269, > Ai, < As, > A3. 

Hence the greatest and least values of are comprised between the limits 
stated above. 

12. If a body be rotating round a fixed point, or a free body round its centre of 
inertia, the couple resulting from centrifugal forces lies in the plane containing 
tbe momentum axis and tho instantaneous axis of rotation, and its magnitude 
is sin or S tan where ^ is the angle between the instantaneous and tho 
momentum axes. 
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The components of the couple resulting from centrifugal forces are (Art. 

272 ) 


(21 - «2 W3, (C'— -A) »3 »lf {A - B) wi C03> 


or — c®) cos fi cos 7, (c® - a®) cos 7 cos a, (a® - i*) cos a 00s 3 ; 

where a, i9, 7 are the angles mado by the instantaneous axis of rotation with the 
principal axes of the body, and a, c are the semi-nxcs of the ellipsoid of 
gyration. If ji? be the perpendicular from the origin on the tangent plane to 
the ellipsoid of gyration at the point x'f/z" where it is met by the momentum 
axis Jtf double the projection of the triangle formed by tlie origin, and 

the foot of Pf is 

p {x* cos i3 - y' cos a), or (a® — 6®) cos a cos j3, 

and double the area of the same triangle is Jtp sin (f > ; therefore by Ex. 5, 7, 8| 
Art. 264, we have the required result. 

13. If a tangent piano bo drawn to the ellipsoid of gyration at the point 
where it is met by the axis of the centrifugal couple, the perpendicular on this 
tangent piano is the axis of the rotation produced b^ the centrifugal couple. 

N' being the components of the centrifugal couple, and 3tf2) 
3ai3, tho rotations produced by it considered alone^ wo have, from Euler’s equa- 
tions, 

ABofi — L* dtj JB^oo2 “ Af dt^ CStos = N^dt | 

but these equations are of the same form as those connecting tho instantaneous 
axis with the components of tho couple of principal moments ; therefore, &c. 

It follows from this, that the axis of rotation produced by tho centrifugal 
couple is at right angles to the momentum axis ; lor {nee Fig., Ex. 16) if OR be 
the momentum axis; OP the instantaneous axis of rotation; OP' the axis of 
the centrifugal couple, and OP* the axis of tho centrifugal couple rotation ; OB! 
being at right angles to OP (Ex. 12), is conjugate to OR : hence OR is parallel 
to the tangent plane through 22', and therefore at right angles to OP^. Also, OR 
and OK arc the principal axes of the section of the ellipsoid made by their 
plane. 

14. The intercept on the momentum axis cut off by the ellipsoid of gyration 
is of constant length (Ex. 8, Art. 264). 

15. The motion of the momentum axis in the body consists of a series of 
rotations, the axis of each rotation being at right angles both to the momentum 
axis and the centrifugal couple axis, and the magnitude of tho rotation being 
equal and opposite to the rotation of the body round the same axis. 

Tho centrifugal couplo tends at each instant to alter tho position of tho 
momentum axis, since the new moment of momentum is the resultant of the 
principal couple at the beginning of tho instant and tho momentum produced by 
the centrifugal couple during the instant. The former component is AT, the latter 
ATu sin ^dt (Ex. 12), and the two are at right angles. Ilence tho momentum 
axis OR turns towards the centrifugal couple axis OK with an angular velocity 
« sin which is equal and opposite to the angular velocity of the body round 
OQ, the perpendicular to the^omentum axis and the centrifugal couple axis. 
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16. The axis of the centrifugal couple, regarded aa a radius yeotor of the 
ellipsoid of gyration, describes areas proportional to the time in the inyariable 
plane of principal moments. 



Let 02i be the momentum axis and Olif the centrifugal couple axis at any 
instant. Let the lengths of 02t and OJH*, regarded as radii vcctores of the ellipsoid 
of gyration, bo Ji and r. Describe a sphere with radius M round 0 as centre, 
and let OP and OP' be the positions of the actual axis of rotation and of Die 
axis of rotation duo to centrifugal forces at the instant. Let the body be 
rotating clockwise round OP. At the end of the time dt the instantaneous 
axis of rotation will have turned towards OP', into the position 01. 

In the figure the lino OP and the plane at right angles to it are fixed in 
space, whilst OP and 01 are consecutive positions in space of the instantaneous 
axis of rotation. The position of the centrifugal couple axis at the end of the 
time dt is at right angles to the piano PIQ'. If du be the angle described by 
this axis in the time dt, dv = QOQ ' . If be the angular velocity produced in 
the time df.by the centrifugal couple, we have (Ex. 12 and 13, and Ex. 
Art. 264) 

mca p'r = sin ipdt ; 

, uEp sin <b dt w sin PJ sin PI sin IE 

whence — = — = 

rp* <a «n P I sin IE sin P I 

_ dv sin EP _ dv sin <p 
” sin P'PQ * sin P'P " cos 

hut p' = r cos and = P cos ^ ; 

whence, finally, H^dv^ toE? coB^dt\ 

and as P and a cos ^ are each constant, the theorem is proved. It is to be 
observed that it follows from the equations of Ex. 13 above, and Ex. 6, Art. 264, 
that the angles POP and E’OP* arc each acute. ^ 
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Anodier mode of proying the theorem contained in this example is as 
follows : — 


As before, 


u dv sin p ^ 
u cos ’ 


therefore 


ta ^ dv u sin <f> 
dt dt cos 


Again, from Exs. 12 and 13, we readily see that 


di 


8 tan 0 cos 


8 t&n4> 
tnr^ cos^ 


7 , since p* 


= r cos 


Hence, equating these values of y, we get 

ut 


,.2 ^ — — = ~ by (9), Art. 264. 

dt mta cos ^ m 

17. To determine the position of the body in space at any time. 

The line in the body which at a given time coincides with the momentum 
axis is known from Art. 269. If, then, we make this line of the body 
coincide with the momentum axis (whose position in space remains unaltered), 
and then turn the body through the proper angle round this axis, the position 
of the body in space is determined. 

To eflPect the latter part of the determination, we consider the position in 
space of the lino which is at right angles to the momentum axis and the 
axis of the centrifugal couple. 

The momentum axis OR describes a cone (7 in the body, and it is easily seen 
that OQ describes the reciprocal cone G\ The position of the momentum axis 
in the body being known, so likewise is the position of the corresponding 
edge of 0’\ and if we can determine the position of the latter in space, the 



problem is solved. The instantaneous axis of rotation OF lies in the plane of 
OR and OQ ; and the angular velocity » round OP is equivalent to ai cos ^ round 
OP, and » sin </> round OQ. If, ^en, wo suppose the cone O' rigidly connected 
with the body, the whole motion consists of the rolling and sliding of the cone 
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tr cm the plane of principal moments. The angular Telocity of sliding is 
« cos ^ ; and if dt be the angle between two consecutiye edges of the cone the 

de 

Telocity with which OQ turns in consequence of the rolling is Hence, if 

dt 

the cone C be on the same side of the plane of principal moments as OP, the 
whole angular yelocity of the edge round OJR is 


^ * 

«* cos ^ . 

Thus, if the rotation round OP be counter-clockwise, w cos ^ will be from P' to 
0, whilst the rolling round OQ will bring an cdgo into contact with the plane 
of principal moments which is nearer to OP', and this will impart an angular 
dt 

yelocity ^ ^ the edge of O' which is in the plane of principal moments. We 

AC 



can arrive at the same result in another way, by considering the motion of the 
cone 0 regarded as rigidly attached to the body. The rotation round OQ 
(supposed counter-clockwise) brings 4ho lino OSi consecutive to OP into the 
position OP, and moves tlio next consecutive tangent plane of 0 in a direction 
parallel to OP'. The next rotation is effected round a line at right angles to 
OSi P 2 > which is therefore nearer than OQ to OJif : thus the motion of OQ, in 
consequence of a counter-clockwise rotation round OQ, is clockwise. On the 
other hand, the motion of OQ, in consequence of a counter-clockwise rotation 
round OP, is likewise counter-clockwise. 

Hence, on the whole, if v bo the angle described by the line at right angles 
to the momentum axis and the'centrifugol couple axis in the fixed plane. 


w = J « cos ^ — j — 
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Since dt jb the angle between two consecutive edges of the cone C\ 




ds 

T 


if i be the arc of the spbeiical conic in which the cone C meets the sphere of 
radius B ; whence, finally, 

Hit cos 0 — 

Jt 


If the cone C be on the opposite side of tho plane of principal moments 
from 01* and Oi?, or, in other words, if the curvature of the cone C turned 
towards 01* be convex instead of concave, the two parts of the motion of OQ 
have the same sign, and 

, 8 
w = «i cos^ + — . 

The former case occurs when H is loss than tho mean axis of the ellipsoid 
of gyration ; tho latter, when it is greater. In cither case s is determined by 
knowing the position of OQ in tho cone C\ 

In order to facilitate the drawing of tho figures, the rotation is in Ex. 16 
supposed to be clockwise, hut in the present example counter-clockwise. 

It is to bo observed also thjit in the figure of tho present Example tho angle 
QOQ' represents only part of the motion of OQ, viz. rfe, while in the figure of 
Ex. 16 it represents tho whole motion dv. 

Examples 12 to 16 are duo to Mac Cullagh. 

18. The normals to the cono described by the instantaneous axis of rotation 
intersect the ellipsoid of gyration in a line of curvature. 

Tho normal to the piano of OP and OP' (ligurc of Ex. IG) is conjugate to 
OH and OH', and hence passes through the intersection of the ellipsoid of gyra- 
tion with the confocal This result follows also from Ex. 6. 

19. Show that, if v and ^ have the same meaning as in Ex. 16, 

du s {As-u%jis-jn){ns-m) , 

AJWim 


Substituting, by (9) and Ex. 8, Art. 264, 

w cos <b for P* for and ma^ for A, mV^ for H, for 0, 
11 mS 

the equation given above is reduced to 

XT V Tl 

Now, by Ex. 16, ® ^ * 


also 


r* 


1 . 


C0t>4>, 


as may be thus proved. 
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The axes of a central section of the quadric a are parallel to the nonnala 
to the two confocals through the extremities of the semi-diameter L conjugate' 
to the section, and (a\ a*' being the semi-axes of the confocals) are given by 
the equations 

(Salmon’s Oeometry of Three BimeneionSf {164). Moreover, if / be the axia 
normal to a” of the section conjugate to i) in the quadric a/, the direction of r* 
coincides with that of and the magnitude of r’ is given by the equation 

r '2 = a'a - a"* = r* - 

Again, if be the perpendicular on the tangent piano to a', which is parallel to 
the plane of JD and r' or r. 


y* = a'* cos* a + i'* cos*i3 + c'* cos* 7 =|)* — JK*, 


a'* = a*-i2*, ft’* = 5*-J2», c’* = c*-2J*. 


Hence, if be the angle between 1) and the direction of r or r\ we have, from 
the quadric < 1 , 

fl*i*c* 

2 )* = 


and, from the quadric a', 


/)*=: 


r*j»* sin*«(> 
r'*|?'* sin* ^ * 


and therefore 

oW (a* ^JZ*)(3*-J?*)(.*- _n -^=cot*^; 

r* i?* /r* - 72* V «* - m ’ 72* - »* ^ ^ 


(r* - 72*)(>* - 72*) 


72* -i?* 


723 


whence, finally, ~ - 1 = 


(fl*-72*)(A*- 723) (<?-72*) 
a*d*c* 


cot* 


The expression given in this example for is due to Poinsot. 

at 

20. Determino the differential equation of the herpolhode {see Ex. 7). 

If p and V bo the poltir coordinates of the point of contact of the momental 
ellipsoid with the invariable plane, the origin being the foot of the perpendicular 
on it from the fixed point, wo have 

■where r = J^w, , =i (Art. 2C4), and ^ = ^ 


where 


(^s-jr^)( BS-i P)(cs^iP) 

^ A-nnsA ' '' 



Impact. 


m 


If we exproBB w in temui of p, on substituting in equation (24), Art. 269,. 
we get 


dv 


KE p 

JS^ 'p^ + pp^ 







274. Impact. — When two smooth bodies moving in 
any way collide, the results of the impact are obtained in 
a manner precisely similar to that employed in Article 243. 

When the motion is wholly unrestricted there are thirteen 
unknown quantities and thirteen equations. 

If A, Pf V be the angles made by the common normal at the 
point of contact with axes fixed in space ; E the whole impulse 
of the mutual normal action during the fint period of impact ; 
p and p' the perpendiculars on its line of action from the 
centres of inertia of the two bodies ; a, /3, y, a', j3', y the 
angles made with the principal axes of the bodies by the axea 
of the couples produced by R round these points ; twelve of 
the equations mentioned above are 


= R cos A, 
ffflv = jR cos ju, 
SWm? = R cos V, 
Wu' = - i2 cos A, 
SWV =-i2cos/i, 
SDl'fr'= - R cos V, 


Atui =Rp cos a 
Bzsz = Rp cos fi 
Ctjs =Rp cosy 
A'zj/ = - Rp' cos «' 


(46) 


= - Rp' COS (y 
C'zs^^-Rp cos y' ^ 


where tf, &c., are the changes of the components of the velo- 
city of the centre of inertia of the first body, parallel to axes 
fixed in space, produced during the first period of impact ; wi, 
&o., the changes of the angular velocities round the principal 
axes through the centre of inertia produced during the same 

E eriod ; and u'^ &c., have similar significations for the second 
ody. 

At the end of the first period the actual components of 
the velocity of the centre of inertia of the first body are 
u + &o., where represents the component of this 
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yelooity immediately before the impact. In like manner, wi + £2] 
is the actual angular velocity round the first principal axis. 

We can then write down, in terms of tf + Xoy wi + Qi, &o., 
the relative normal velocity of the points of the two bodies 
which are in contact. Equating this relative normal velocity 
to zero gives a thirteenth equation ; so that tf, z 7 i, &c., become 
completely known. 

If X be the component of the final velocity of th© 
centre of inertia of the first body at the end of the second 
period of impact^ and toi the final angular velocity round 
the first principal axis, &c., the values of the velocities at 
the end of the impact can now be determined, by aid of the 
following equations — 

X - x,y =(! + <?) u, wi - Q, = (1 + e) OTi, &o., ) 

. . • (47) 

X*- Xo = (1 c) ti, wi'- £2/= (1 + e) zsi'y &c. / 

Since the positions of the two bodies are not sensibly 
altered during tlie whole period of impact, it is to be ob- 
served that throughout this period any lines fixed in either 
body coincide with lines fixed in space. 

275. Imfiulsive Friction. — When collision takes place 
between two rough surfaces wo can investigate the motion 
according to the principles laid down in Article 247. 

Tho elementary impulse dF of friction, at each instant of 
the impact, is to bo resolved into two components, and rfQ, 
along two tangents through the point of contact at right 
angles to each other. At any instant during the impact, P 
represents the entire impulse in a given direction due to the 
action of friction up to that instant. A similar remark 
applies to Q, and R is tho corresponding impulse due to 
the normal reaction. 

If at any instant during the impact tf, v, w be the com- 
ponents, along the two tangents and tho normal, of the 
relative tangential and normal velocities of tho points of the 
two surfaces which are in contact, tf, t?, w can be expressed in 
terms of the velocities of the two centres of inertia and of 
the angular velocities of the bodies at |;hat instant ; they are 
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therefore linear functions of P, Q, R. If slipping take place 
its direction coincides with that of the elementary impulse of 
Motion, and therefore 

^ = also y(dP* + rfQ’)-/urfP. 

Initially It is zero, and therefore so likewise are P and Q, 
except the colliding surfaces be perfectly rough. When 
B = Pi, at the end of the first period of impact, w^O; and 
if B 2 be the value of B at the end of the whole impact, 

B 2 = (1 + ^) Bi. 

’ If the surfaces which collide be perfectly roughs the equa- 
tions w = 0, = 0, = 0 enable us to determine Pi, Qi, Pi. 

Knowing the value of P 2 wo can find P 2 and Q 2 from the 
equations = 0, = 0, which hold good throughout the 

impact. 

If the bodies slip on each other in the same direction 
during the whole of the impact, the direction of rfPis con- 
stant, and we may take dQ = 0, rfP = jurfP. Hence Px-pliiy 
Qi = 0 : these equations, with to *=* 0, determine Pi ; then 

P 2 = jU (1 + ^) Pi* 


276. Collision of Rough Spheres. — If a homogeneous 
sphere impinge against a fixed surface, or tico homogeneous 
spheres collide with each other, by taking as axes of :r, y, z 
parallels to two tangents and the normal at the point of con- 
tact, at any instant during the impact^ wo have 


. 

. 

p j 

. 

Q 

. 

. 

R 

X = 

x^ — 

■5K’ ^ 

= yo 

3M’ 

s = 

= So - 


-/ 



- f 

^ Q 

If 

- f 

R 

X = 

X^ 4 

w* ^ 


2 )r‘ 


= So 

'^w 


=s £2i 

aQ 


Qi — 

aP 



(111 


(112 = 


&I3 

— Qsj 

(111 

= £ 2 i 

1 + ■^ / > 

/ 

(112 = 

Qi- 

dP 

r ’ 

/ 

(1I3 

= Qi, 


(48) 


-where a, 3)7, and I are the radius, mass, and moment of inertia 
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round its diameter, of the first sphere : x, &o., the compo- 
nents of the velocity of its centre, uj, &o., the components 
of its angular velocity : Xa, &o., and Qi, &c., the values of 
these components immediately before the impact : and d, W, 
dc., have similar significations for the second sphere. 

At the same instant the velocities of the points of the 
spheres which are in contact are given by the equations 

X = X — tjtOi + x' = x' - r{ith + &c., 

where n, Z] V, n\ ti are the coordinates of the point of 
contact relative to the centres of the two spheres ; and the 
relative velocities m, v, w are then determined by the equa- 
tions M = i - a, &o. 


Hence, since S = 0, ij = 0, S = a, 5'= 0, »}'= 0, ?'= - d, 
substituting for », w,, &o., their values given by (48), we have 

M = ro - iPo + rtOs + aQ/-( ^ 

- •-/ « /I 1 d d^\^ 

» = yo - yo - - « Qi ^ + ^, + y + ^ 1 Q, 


tliat is n = - /P, v = Vq- IQy w = Wo - nR, 

where / and u are constants. 

Hence dt(> = - IdP, dv = - IdQ, ^ ^ ; 

dv 


but, if there be slipping, we have. Art. 276, 

^ ; therefore ^ and accordingly - is constant, 

rfQ V dv v" V ’ 


or the direction of slipping is invariable throughout the impact. 
Moreover, if either u or v vanish so must the other. All. 
slipping then ceases, and cannot recommence, as u and v 
are independent of iJ, and friction cannot initiate slipping. 
Since, in the present case, Rx is independent of P and Q, if 
there be no slipping at the end of the impact the result is the 
same as if there had been no slipping ^t all. 
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Hence, in all oases, either the impulse of friction is a 
maximum, and the direction of slipping the same throughout 
the impact, or else the surfaces may be regarded as peneotly 
rough. 

If the problem be solved on the latter hypothesis, and the 
value resulting ioTf/{Pt + Q,*) does not exceed /t (1 + p) R\, 
the solution is correct. If + Qt) be greater than 

ju(l + e) i2i, slipping takes place in the same direction through- 
out the impact. 


Ex4.MPI.E8. 


1 . A sphere, having no original velocity of rotation, impinges successively 
Against two pci^ectly rough vertical walls at right angles to each other, the 
points of impact being so near the intersection of the walls that the action of 
gravity between the two impacts may be neglected ; determine the magnitude 
and direction of the velocity of the centre of the sphere after tho second impact. 


Take as axes of 17 , three lines through 
the centre of tho sphere parallel to the inter- 
sections of the walls with the plane of the 
horizon and with each other. Let the com- 
ponents of the velocity of the sphere before 
the first impact be Vi, V 2 , Vz, and let the' 
sphere impinge first against the plane YO*Z\ 
At tho first impact the coordinates ri, ( 
of the point of contact are given by the equa- 
tions 

^ = 0, ri = a, f=0. 

Hence, Art. 265, (3}, 



O' 


x-x- aus, y = y, z = z + am. 


where x, y, z are tho coordinates of tho point of contact referred to axes meeting 
atO. 

Again, X, Z and U being the entire impulses due to friction and to tho 
norm^ reaction up to the end of the first period of the collision, wo have 


mx = m V\ + A, my = m V% + It, mz = m Vs + J?, 

Jma*wi = = 0 , = - aX, x = 0, y = 0 , i = 0 . 

Hence ^ f Ti, y = 0, 5* = f Vs, am = ’-i Vs, am = 0 , aus = f Fi. 


At the end of the second, period of the collision five of tho six velocities 
above remain unaltered, but y becomes — eVs* 

At tho second impact the coordinates of the point of contact are 


Hence, 


( = ri = 0, f=0. 

x=x, y = y + am, 
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Also, as lias been proved above, 

^o = fFi, ?o=-^r2, lo=fr3, 

a(li =—fVs, a£l2-0, «123 = fFi. 

Proceeding as before, since y = 0, i = 0, ve obtain 

am=-f Fj, fl«2= (D* Vsf afl>3 = ^2 + f . f Vu 

2. In tbe last example, if the walls be not perfectly rough, determine the 
final velocities of translation and rotation. 

We first treat the question as before, and obtain, as in the last example, at 
the first impact, 

i(:p+^»)=-A(r,*+rj=); a thcnM{i+«)r2>?v(ri»+r3*) 

tn* 


we may assume there is no slipping ; but if this condition is not fulfilled slipping 
takes place, and the maximum amount of friction is exerted. In this case at 
the end of the first impact, 

V}-fi[l + e)VtC03a, p--eV2f 1= Ts-mCI + 0^8 8inflr, 
aooi = — }/t(l + ^) ri sin a, « 2 = 0, aw 3 = f /i (1 + a) cos a, 
where tan a = 

. 

The values of d:c., «i, Ac., at the end of the first impact are the values 
oflo, &c., Ai, &c., at the second impact. If slipping takes place during the 
whole of the second impact, we have finally 

5 = - Fi - /i(l + e)V 2 cos a}, 

p s=-eV 2 - fi{l •{■ e){Vi fi{l + e)V 2 coa a} coafi, 

« = Fs - /i(l + a) { Fa sin a + Fi sin 3 - /*(! + ^) Fa cos a sini3}, 

azji = 0, azj 2 = itt>(l + €){Vi- ti{i H-^)FaC03a} sin/8, 

anj3 = - #/u(l + a) { Fi - /a (1 + a) Fa cos o} cos jS, 

aui = - J ja(l + e) Fa sin a, 

«« 3 ‘= I /*(1 + «){ Fi - /*(! + #) Fa cos a] sin /S, 


where 


= +^){Fa co8a[l +/*(! + cos /3]— Fi cos/S}, 

2|r8-/>(X + «)r2Bina} 

6/u (1 + a) Fa cos a - jia Fa * 
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277. Equations of motion referred to Body- A.xeB. 

— If Uf V, w be the components of the velocity of the centre 
of inertia at any instant in the directions of the principal 
axes of the body at that point, the accelerations of the centre 
of inertia in these directions are, by Art. 257, 

du 

— - vwz + W(M)2y &0. ; 

at 

whence, if SZ, SF, SZbo the sums of the components of the 
applied forces at any instant, parallel to the principal axes 
through the centre of inertia, its equations of motion are 

3» jJ-®ai3+«;^=SZ 1 
= sr 

9K - uuh + j = 

278. motion consisting of Successive Rotations. — 

If the whole motion of a body consist of successive rotations 
(not necessarily executed round lines passing through the 
same point), the vis viva at any time is Zw*, where I is 
the moment of inertia, and w the angular velocity round the 
instantaneous axis ; hence 

Zai* = 2S \^{Xdx + Ydij + Zrfs) + const. ; 

Let j) be the perpendicular on the instantaneous axis from 
the point x, i/, z; and let the direction of the motion of this 
point make angles a, /3, y with the axes ; then 

dj/ ^ dz 

= pto COB fi, j^^pofoosy; 


(dv 

9Jt U(03 



dx 

— = joo) COS a, 
at 


20 
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whence ^ (/w*) =• 2wSj» (X cos a + Fees /3 + Z cos y ; 

but (X cos a + F cos j3 + Z cos y)p 

is the moment of the force applied at the point y, z round 
the instantaneous axis. Hence, if J be the moment of the 
entire system of applied forces round the instantaneous axis, 
we get 

I (/»■)- 2 . 

“ (60) 

If the body be such that the moments of inertia round 
the different instantaneous axes are equal, this equation takes 
the simple form 


Examples. 

1. A homogeneous sphere, having an initial angular velocity round a hori- 
zontal axis, is projected along a rough horizontal plane : detemiino tho motion, 
neglecting the couple of rolling friction. (Jcllett, Theory of Friction^ Chap. V.). 

^^The, axes being three mutually perpendicular lines through the centre, 
whose directions arc fixed in space, equations (17) of Art. 267 become for a 
homogeneous sphere whose radius is r, 

V 

where X, if, N are the moments of the forces round tho axes. 

Let X and Zbe the components of friction along two horizontal axes, a;and^ 
the coordinates of the centre of the sphere, u and v the components of the velo- 
city of its point of contact M'ith tho rough plane ; then, by Art. 266, 

dx dtf 

The equations of motion are 
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Combining the first and last of these, we have 


du ^ d^x ^ d<02 


In like manner 


, y 

“ S’ a\\f 


, du X 
whence — = — . 
dv ¥ 


Now if there be slipping, 


V(tt'‘ + »•■“)' ^ V(a» + t»2) ’ 


w yi — Tii‘* 

whence - = constant = cot a = — where Vu V2, fli, 122 are the initial 

dx d\f 

values of — , a»i, and Hence 

at at 


wdtf Vvif 

values of — , a»i, and Hence 

at at 

^ = — cos a, y = — gSSiig sin a. 

These are the components of a constant force in a fixed direction. Hence in 
general the centre of the sphere describes a parabola. If, however, the initial 
axis of rotation bo perpendicular to the direction of the initial motion of the 
centre, i.e. if ^1111+ ^2^2=0, the centre of the sphere continues to move in 
the direction of its initial motion. 

' Substituting the values of X and Y in the equations of motion, we find that 
. 2(^1 -rn-i) 

slipping ceases along the axis of x when t = -- , and along the axis of y 

, . 2(Fi+rni) . K2+rXli Ki - rft2 v • i . 

when t =s ^ ; but . — = , hence, slipping along each axis 

7/4^ sin a sin a cos a 7 xjr o o 

ceases at the same time, where 

, „V{(ri-rn2r-+(r:2-M-xiir-} 


After pure rolling begins it will continue, since the values which X and Y 
must take in order to maintain it are zero ; the components of the velocity of 
the centre are then given by the equations 

dx 5 Ki + 2/^2 dy 5 Fb- 2rni 
di 7 ’ d? ^7 

and the remainder of the path is a straight lino. If /3 be the angle which the 
final lino of motion of the ball makes with the axis of a*, 

. ^ 5r2~2rfti 

6V1 + 2 rai’ 

The result hero obtained, that the centre of the sphere may describe a 
parabola, enables us to explain a well-known phenomenon in billiards, which 
may bo stated as follows : — 

The angle at which the striker^ shall goes off the ball aimed at, in order to make 
a cannon, seems to be less according as the distance of the third ball is greater. 

2C2 
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Let A be the striker's ball, B tbe^ ball first struck by If ^ be struck in 
the ordinary way, without side, it will have, when it strikes B, a rotation 
round a honzont^ axis CR at right angles to 
SCf the line of original motion. This rotation 
will continue round the same axis after im- 
pact. Suppose the motion of translation after 
impact to be in the direction CT^ then CR not 
coinciding with CR\ the horizontal lino per- 
pendicular to CT^ the path described by the 
ball is the parabolic arc CPR\ Hence, if P' 
be more remote than P, PCS* is greater than 
P'CS*. 

It is well known that a skilful billiard 
player can make a ball describo a very marked 
curve. This is done by an impulse having 
a vertical component which imparts a rotation 
round the line of original translation of the 
centre. 

If the original impulse be horizontal it 
produces no moment round a line through 
the centre parallel to itself, and this latter 
being the original line of translation of the 
centre, there can be no rotation round it; 
hence in this case the ball must move in a straight line. 

2 . A sphere rolls along a rough horizontal plane. Taking into account the 
couple of rolling friction determine the forces brought into play and the path 
described, the motion being pure rolling. 

The equations of motion are 





dt^ 


dt^ 




with the oonditions 




whence = ■y= — 

V r « r ta 2L 02 


Hence the path is a straight line. Multiplying the third equation of motion by, 
«i, the fourth by «2, and adding, we have 

dt , ■ 


whence 


ru 


- I ^ + rft, 


fi being the initial angular velocity. 


Eccamplet. 
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The sphere will come to rest when t = ->-7-. 

Again, multiplying the third equation of motion by «2f the fourth by 01, and 

Ctfl 

■subtracting, we have U2dui - mdu2 = 0. Hence — = constant =~tan a, where 

612 

a is the angle which the path makes with tho axis of x. 

3 . A sphere is projected obliquely down a rough inclined plane, the motion 
beiiup pure rolling ; determine the friction brought into play, and the path, neg- 
lecmg the couple of rolling friction. 

iJS&B as axis of x the intersection of the inclined plane with a vertical 
db le at right angles thereto. 

!rhe equations of motion are 

dt at 


L the conditions 


r = 0, Z = - f ally sin i. 


Tho whole force, therefore, is ? sin i parallel to the axis of a?, and the 
•centre of tho sphere being acted on by a constant fpree parallel to a fixed direc- 
tion, describes a parabola. Also, since 


dx dy 


the instantaneous axis of rotation is at right angles to the tangent to tho path 
of the point of contact on tho inclined plane. This is otherwise immediately 
obvious, since the motion is pure rolling. 


279. Equations of Motion of a Solid of Revolu- 
tion. — If one point 0 of a rigid body be fixed in space, and 
two of the principal moments of inertia at the point be ec^ual, 
the equations of motion of the body can be expressed in a 
ciemparatively simple form. 

"f Let OC (Art. 258) be the axis of revolution of the 
ihomental ellipsoid of the body, and A and C its principal 
moments of inertia at 0, then, by considering the motion of 
% point situated on 00, it is plain that the angular velocity 
the body round an axis 08 perpendicular to 00 in the 
' pltm« 1^00 is i/r sin 0, and the moment of momentum round 
i&^fore a4 sin 0. Hence 

^ Sa •= 44 shi’ 0 + OuH cos 0. 


(62) 
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Again, the angular velocity of the body round OE perpen- 
dicular to the plane ZOC is and therefore we have 

2T = A (;^*sin*0 + d*) + (53) 

If 0x9 ^y} Gz be the moments round the space-axes of the 
applied forces, and Y the force function, we have then, as the 
three equations of motion of the body, 

^ (Aif^ sin*9 + CtjJz cos fl) = Gz 

A (^*sin® 0 + 6^) + Catz = 2Y + constant 

0 ~ = = sin fl {Ox cos Oy sin cos fl 


We may if we please substitute ^ + )poos 0 for ws in (52), 
(53), and (54). ^ 

Equations similar to (64) hold good for a free body if 
two of its principal moments of inertia at its centre of inertia 
be equal. In this case OZ is a parallel through the centre 
of inertia to a line fixed in space. 

Examples. 

1. A homogeneous solid of revolution terminating in a cone w placed with 
the vertex of the cone on a perfectly rough horizontal plane, the initial condi- 
tions being given, find the equations of motion. 

Here the vertex of the cono is the fixed point 0; and if a vertical line 
through 0 be taken as the space-axis OZy since gravity is the only 
and N are each zero. Then by (54) wo have W 3 = constant = w, and therefore 
the first two of cqoations (54) become 

^^sin*e+C«C08 9 = ir, ^(t^*8iii»0 + 9®) + C>i* = £-2«»jAoos9, («) 

where h is the distance of the centre of inertia from 0, * • /v 

If wo take a point P on OC the axis of revolution at a distance I from (/ 
such that mhl = Ay this point P is the centre of oscillation of the body for an 
axis perpendicular to ZOC, Assuming Kl = Cnay and {E — CtJ^) I = 2fwyA5, we 
have, then, to determine the motion of P the equations 

mhl^ tp ss Cn (a ~ I cos 0) \ 

P (ij/^Bin?0+ 0^) = 2y (5 - d cos 0) j 
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2. Give a geometrical construction for the yelocity of P in any position. 
Take*on OZ two points P and P such that OD = a, OF— h, and let x tilie 
angle which PD makes with the plane of the horizon, then at any instant the 
yelocity of P is that duo to the depth of P below the horizontal plane through 
P, and the component of this yelocity perpendicular to the plane ZOG is 


fnh 


tanx. 


;3. Show that the motion of the axis of reyolution may be represented by 
that of the conjugate line (Art. 270) in a body not acted on by any force. 

The equations of motion of 66^ in Ex. 1 are of tho same form as those of 
the conjugate line in Ex. 3, Art. 270, and by properly determining the dis- 
poeable constants in the latter they may be made identical with the former. 

This theorem was first giyen by Jacobi, but the mode of investigation here 
adopted is duo to Dr. Eouth. 


4. Determine the limits of the inclination of the axis of revolution to the 
vertical. 

Eluninatmg rjf from equations (d) of Ex. I we obtain 


P = 2y (A - / cos 


.X fCny fa^lcosey 


(») 


Now when $ attains its limiting value, 0 = 0, and therefore to determine the 
limiting values of 0 we have the equation 


2^ V ^ cos 0)(1 - cos2 0) _ (72^3 ; cos 0)2 = P (cos 0) = 0. (b) 

From equation (a) it is plain that F cannot be negative for any value of 0 
attained in the actual motion of the body. lienee, if i be tho initial value of 
0, P is positive or zero when cos 0 = cos i. Again, it is easy to see that P is 
negative for cos 0 = — 1, or cos 0 = 1, and positive for cos 0 = oo . We con- 
clude that tho equation F (cos 0) = 0 has three real roots, two between — 1 
and + 1, and one between + 1 and oo . This last root is an impossible value for 
cos 0. In general, then, tho angle 0 oscillates between two limiting values 
ai and a2, one less and the other greater than the initial value t. That this 
oscillation should be possible, it is necessary, however, that F should vanish 
before any point of the body above the point of support comes into contact with 
the horizontal plane. If 0 be the value of 0 for the position in which such 
contact takes place, in order that an osciUaiion should be possible, P(cos 0) must 
be negative, and therefore 

(a -I cos 0)^ > (b^l cos 0) sin*i3. (e) 

In terms of the original constants, F and E, this condition becomes 
(A sin*i3 + C COB^0) Cn^ - 2KCn eos0>A{E- 2mgh cos 0) sin^jS - JT*. {el) 

5. Show that tho character of tho oscDlating motion depends on the relative 
magnitudes of a and b. 
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If in equation (a) Ez. 4, we maJce f ooeO •• a, we get 

If 0 be less than h this gives the value of 0 when ^ = 0 ((d) Ez. 1.) lx 
this case the angular motion of the plane ZOC changes its direction at the 
point corresponding to 0 = / cos 0. 

Again, ^ 0 > the relation 0 = d cos 0 leads to an imaginary value for 0, 
and consequently ^ cannot vanish during the motion. Hence in this case tae 
axis OC rotates constantly in one direction round the vertical line OZ. 

6. Determine in any particular case of the motion whether 0 or d is Jbe 
greater. 

Ti? I AX. ^ -D -i t ^ JS-Cn^ 

Ifa>»,th<«..byEx.V, 

7. If the ams of revolution rotate constantly in one direction round the 
vertical, and if ij/o be the value of tj/ which conresponds to either the greatest or 

least value of 0, prove that ^0 < 

Un 


8. Find the conditions which must be fulfilled in order that the motion of 
00 should be steady. 

In this case, if it can occur, the inclination of 00 to the vertical and the 
angular velocity of the plane ZOO are constant. If we eliminate 0 between the 
two equations obtained by differentiation from ( 0 }, Ex. 1, we get 

A$ = -4^2 sin 0 cos 0 - Onrjf sin 0 + mgh sin 0. ( 0 ) 

Hence if 0* « 0, we have 

sin 0 {A^'^ cos 0 - Ornjf + mgh) = 0. (d) 

If sin 0 = 0, we have 0 = 0. In this case the axis is vertical throughout 
the motion. Again, if 

A cos 0^* ” Cn\jf + mgh = 0, 


we obtain 




On ± V((7*n* - 4Amgh cos 0) 
2 A cos 0 


If then i the initial value of 0 fulfil the condition 
O^n^ > 4Amgh cos i, 
and if likewise initially 0 = 0, and 

. On ± \/{0^ - i Amgh cos i) 

^ 2Acosi ’ 


(«) . 


all the successive differential coefficients of 0 and ^ must vanish initially, as 
readily appears from^ the expression for 0 and the first of equations ( 0 ), Ex. 1, 
and therefore 0 and tp remain constant, and the motion is steady. 

9. Prove that if the motion be not steady initially it cannot become so sub- 
sequently. 

In order that the motion should become steady it would be necessary that 
0 and 0 should vanish simultaneously. 0 is given in terms of 0 by equation ( 0 ), 
Ex. 4, which is of the form = J'(cos 0), where h is constant. If we 
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differentiate this equation, divide both sides by 6 sin 9f and then make d and d 
each zero, we obtain F' (cos 0) = 0. Hence if 0 and 0 vanish together, the equa- 
tion ^*(008 0) = O must have equal roots. Now (Ex. 4), 

^(cos 0) = 2A‘^gl (cos 0 - cos a\) (cos $ - cos aa) (cos 0 - A), 

where A is always greater than 1. Hence if the equation i^(cos 0) = 0 have 
equal roots, we must have ai = aa, and as 0 in the actual motion always lies 
between ai and aa, the double root must be cos t, where i is the initial value 
of 0. Consequently, if the motion be not steady oiiginally it can never become 
so. 

10. A peg-top is set spinning on a rough plane, determine the motion. 

In this case the only initial motion is a rotation round OC, and therefore, 
if i be the initial value of 0, we have 

K—On cos if ^ - Cw® = 2mffh cos i. 

Hence a = b = Icoai, and equations (b) Ex. 1, become 

mhl^ 8in*6 = Cn (cos i - cos 6), I sin*8 + 0*) = 2g (cos i - cos 0) . (a) 

The latter equation shows that cos i > cos 0, and therefore that 4^ has the 
same sign as n. Hence the rotation of the top round its axis is in the same 
direction as the rotation of the latter round the vertical through the point of 
support. 

Again, if we put « ^vtnghA =^vm^gh'^l, equation (b), Ex. 4, becomes 

(cos t - cos 0) { 1 ~ 2if cos i + 2i^ cos 0 - cos*0} = 0. (b) 

Hence 0 = i or i', where i' is determined by the equation sin^ i' = 2y (cos i - cos i'), 
and 0 oscillates between its least value i and its greatest value provided »' < 0, 

that is 2if > — r. It is plain that the latter equation is what (c) Ex. 4 
cos t - cos /3 

becomes in the present case. 

Jl. Show that steady motion is impossible in the case of a top, except the 
initial position of its axis bo vortical. 

12 . Investigate the small oscillations of the axis of a top about its mean 
inclination to the vertical. 

We have seen that if u or n fulEl the condition given at tho end of Ex. 10, 
0 vanishes when 0 = i, and also when 0 = At some position of the axis of 
revqlution intermediate between these two 0 - 0. If tj and a bo the values 
of iff and 0 corresponding to this position, wo have 

Ato^cob a — Cnzs + mgh *= 0 

Azs sin^a + Cn cos a = Cn cos i 

The motion would now bo steady if 0 were zero. We have seen that this is 
impossible ; but as 0 is now of tho opposite sign to 0 the axis of tho top will 
oscillate about this position, provided 0 is small. 
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To determine these oscillations, let ^ ® + o’, 9 = a + s. Then, g and e 

being small, by substituting in (a) £z. 8, and in the first of equations (a) Ez. 1, 
we have 

A — =(^«7*(cos*a-8in*a)+(m^A - Cfm) cos a}€+(2-^iz!j8ino cosa-CS» Bina)(r, 

Aff sin^a -f sin a {^A'a cos a - C») € = 0. 

Substituting for mgh - Cnia its value given by (a), wo get from the first of 
these 

dU 

-4 — + Atsh sin^a = (2-4ur cos a - Cn) <f sin a ; 

but from the second we have 

Atf sin a = (Cn — 2A7S cos a) e, 
whence, eliminating o*, we obtain 

£p€ ^ sm®a + {2Ars cos a — Cn)^ _ ^ 


and therefore € => sin + 7 ), where j and 7 are arbitrary constants, and yi is 
given by the equation 

A^fj? « A^'sP sin*a + {2^'BT cos a - Oi)®. 


From the expression for ^ given by {a) Ex. 4, it is easy to see that by 
properly determining n, wo can make B small throughout the motion, and thus 
the condition requisite for a small oscillation can bo secured. 

13. Find the vertical pressure on the plane on which the top is spinning. 

If z be the vertical coordinate of the centre of inertia of the top, and P the 
vertical force exerted on the top by the plane, we have P= wy4 wz; but 


s = J 



^ 

d C08$ 



and from (a) Ex. 4 and Ex. 10, we have 


Hence 


sin*0 0* =s ~ (cos i - cos 0) { I - 2if cos i + 2 v cos 0 - cos*d } . 
P= wy 1 1 + ~ (3 cos- 0 - 2 (cos i + 2y) cos 0 + 4i^ cos i - 1) | . 


14. A solid of revolution, having a great angular velocity round its axis, and 
terminated by a spherical surface of small radius, is placed, with its axis inclined 
to the vertical, on a rough horizontal plane. The moment of inertia round the 
axis of revolution being not less than that round an axis perpendicular thereto, 
and the distance of the centre of inertia from the lower end being considerable, 
show that after some time the axis of revolution will become vertical. (Jellett, 
Theory of Friction^ Chapter VIII.) 
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Let the axis of s through the centre of inertia 0 be vertical, and let OC' be 
the axis of revolution, which must pass through 8^ the centre of the terminatmg 
spherical surface. ^ Accordingly the point of contact T lies in the plane Z08. 

The forces acting on the body are gravity, and the resultant of the normal 
reaction and friction at T. The friction may bo re- 
solved into two, one along TZ\ the other at right 
angles to the plane ZOC, Galling this latter com- 
ponent Ff and putting 

TS^a, 80 = by ZOC=6y 

the moments of the applied forces round OZ and 00 
are respectively 

Fh sin 6y and - Fa sin 
Hence, by (54), 

dt 


• sin*fli^+ (7(W3 cos 5^ = Fb sin 9; 


also, 


= -^ Fa sine ; 
at 



d i \ b dot% 

therefore — ( A ein ^ cos $ ) = — 

at \ / a dt 

b 

Hence, putting » = -» 

A sin^flifr + Cm cos $ + 9iCm = constant = CCl (cos Oo + »), 


where fl and $o are the initial values of 03 and 9, since xjf = 0 initially. 

As the force F constantly diminishes the angular velocity, after some time 
m must become equal to 

n + cos $0 

a — . 


When this happens, we have 5 = 0. For, substituting in the previous equation 
the value just obtained for cus, we get 

(1 - cos 5) I 2A cos^^etff - Cn ® * 

but as n is greater than 1, iff small as compared with n, and 0 not less than Ay 
the second factor of the above expression cannot vanish, and therefore wo must 
have 5 = 0. 

The result obtained here may be regarded as holding good in the case of 
a humming-top. 
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CHAPTEE XII. 

ENERGY AND THE GENERAL EQUATIONS OF DYNAMICS. 

Section I. — Energy. 

280. Energy. — Work and Energy have been defined, 
Arts. 118 and 129, and the equation of Energy for a rigid 
body has been obtained by two different methods (Arts. 182 
and 200). In the present section we propose to consider 
the subject in a somewhat more general manner, and to show 
that on the equation of Energy may be based the whole 
theory of the action of forces on a connected system. 

281. Equation of Energy. — If a system of material 
points be acted on by any forces, we may suppose the con- 
straints and connexions of the system replaced by correspon- 
ding forces, and thus regard each point as entirely free. 
Assuming then the principles which govern the resolution 
and composition of forces acting at a point, and the relations 
between force and acceleration, we have 



d^Vl y 






d^y2 „ 

d‘Zi „ 

y. 

II 



^tc., &c., 


where Xi, Pi, -Zi, &c., include the components of the forces 
which replace the constraints, if any, acting at the points 
&c. 

Multiplying the first equation by <foi, the second by rfyi, 
&c., and adding, we have 

dx + dy + = ^{Xdx + Tdy + Zdz ) ; 
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or, putting T = i ^mv\ " 
dT 

^.dt = ^{Xdx^-Ydy + Zck). ( 1 ) 

In virtue of this equation, T is called the kinetic energy of 
the system (Art. 129). 

282. Conservation of Energy. — If the mutual forces 
of a material system are independent of the velocities^ the system 
must be conservative (Art. 124). 

To prove this we have to show that, in going from any 
configuration A to the configuration the work done by 
the forces of the system is independent of the mode of trans- 
formation, and depends only on the initial and final con- 
figurations. 

Suppose that in one mode M of going from Aio B more 
work is done than in another mode N. Let us imagine two 
systems precisely similar, and let the first, going from A to B 
by the mode Mj be made to bring the other from B to A hy 
the mode N. This will be possible, because the work consumed 
in going from B to A through N is equal to the work per- 
formed in going from A to B through JVi since the forces in 
any particular position are by hypothesis independent of the 
directions in which the points of the system are moving, 
and therefore each element Xdx of the total work retains the 
same magnitude, but changes its sign, when the tranforma- 
tion is reversed. Hence the transformation from A to B 
through M will bring the second system from Bio A through 
JTi and leave an overplus of work. Let us now suppose the 
second system to go from A to B through My bringing the 
first from B to A through N. There will again be an over- 
plus of work. This process may be continually repeated, 
and thus an inexhaustible supply of work can be obtained 
from permanent natural causes without any consumption of 
materials. The whole of experience teaches us that this is 
impossible. Hence the work done in going from A to B is 
independent of the mode of transformation. 

If a system he acted on by no external forcesy the work 
done by the forces of the system is equal to the change of 
kinetic energy ; whence it appears that the kinetic energy T 
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in any particular configuration depends only on the values of 
the variables by which the configuration is indicated, and on 
the initial state : in other words, we have the equation 

T “ Tq = 0 (tj?!, pij Zij &c#) . (2) 

It is essential to the validity of this demonstration that 
the work consumed by the forces of the system, in any trans- 
formation, should be equal to the work performed by them in 
the mme transformation reversed. If the force acting on any 
point changes sign with the direction of the motion of that 
point, the condition of reversibility is not fulfilled. In the 
ease of friction, for instance, so far as it is considered in 
Mechanics, the forces change sign with the motion, and 
oonsume work both in the direct and reverse transformation. 
The same is true of the resistance of a medium. Again, if 
the forces are not equal in magnitude when the points occupy 
the same relative positions, as in the case of the collision of 
imperfectly elastic bodies, work is apparently consumed with- 
out any corresponding increase of potential energy. The ex- 
periments of Joule and others have established that in such 
cases the energy which seems to be lost is really preserved in 
the form of heat, which may be regarded as kinetic energy 
resulting from molecular motions not directly sensible. In 
applying the equation of energy we must, however, remember 
that in cases such as those mentioned, the conservation of 
energy, so far as sensible motion alone is concerned, does not 
hold good. On the other hand, if we take into account every 
form of energy^ the conservation of energy may be considered 
as an absolutely universal fact of nature. 

Equation (2]^ may bo written 

r-r,=Y-y„, (3) 

where Y is the force function given by the equation 
Y = ^j{Xdx + Ydy -H Zdz). 

Equation (3) is the same as (12), Art. 200, where it was 
arrived at in a different manner. 

If we put Y = - F, we have 

T+r^To+Fo. (4) 

We can now give an exact definitioli of potential energy. 
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The Potential energy of a conservative system in any par- 
ticular configuration is the amount of work required to bring, 
it to that configuration against the mutual forces of the system 
in its passage from any chosen configuration. 

The principle of the conservation of energy may then be 
stated thus : — 

In any comervative system unacted on by external forces the 
sum of the kinetic and potential energies is constant. 

283. Of the intimate Permanent Forces of UTatnre. 

— In his Paper on the Conservation of Force [TJeher die 
Erhaltung der Krafty 1847), Helmholtz observes that we 
must regard the forces of nature as caused by the action of 
portions of matter on each other, and from a mathematical 
point of view must consider matter as composed of an infi- 
nite number of material points. The ultimate permanent 
forces of nature must result, therefore, from the action of 
these material points on each other. 

If the conservation of energy hold good for these forces, 
the mutual forces between two material points must be in the 
line joining them, and be a function of the distance between 
them. 

This proposition is proved by Helmholtz as follows : — 

In this case the kinetic energy of the system composed of 
the two points is given by the equation 

T=i[Xdx+ Ydy + Zdz + Tdx + Tdf + Z'dz) + c. 

Since the conservation of ^energy liolds good, 7* is a 
function of the relative position of tlie two points. Again, as 
they are points, all directions must bo supposed indifferent as 
regards either of them considered alone. Hence their relative 
position must depend solely on the distance between them, 
and T is therefore a function of this distance r, ov T = ^ (r). 

Equating the two expressions for 1\ and differentiating, 
we have 


— .dr __ .. , dr ^ . dr 


dm' 

dr 


dr 


dr 




df 


dz' 
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or 


x-x 




Hence the point xijz is acted on by a force 0'(r) in the 
direction of the line joining to xi/z ; and the latter point 
is acted on by an equal force in the opposite direction. 

Conversely it is easy to see that, if two material points 
acted on each other with a force depending as regards mag- 
nitude on their mutual distance, but not in the direction oftJie 
line joining them^ they would be capable of producing in each 
other an over-increasing velocity, and of thus generating an 
unlimited amount of energy. 

In order to bring about this result we have only to suppose 
the points connected by a rigid rod. The whole system would 
then be acted on by a constant couple. 

284. Forces whicb appear In the Fquatlon of 
Energy. — For any system entirely free we have obtained 
the equation dT = ^{^dx + Ydy + Zdz)^ and have seen that 
this equation holds good for a system restricted in any way, 
provided the constraints are replaced by equivalent forces. 

If the constraints of the system consist of smooth curves 
or surfaces along which the points are restricted to move ; of 
rigid bars or inextensible strings connecting the different 
points with each other or with any external fixed points ; or 
in general of any connexions such that the distance between 
each pair of points immediately acting on each other is in- 
variable, the whole work done by all these constraints and 
connexions is zero, and may therefore be omitted from the 
right-hand side of the equation (Arts. 124, 127). 

If the potential energy (Arts. 129, 282) of any portion of 
the system be a function of a single variable quantity the 
work done, by this part of the system in any displacement 
must be of the form for V = 0 (w), and therefore 

dV = 0'(w) dn. 

If between any points of the system there be a connexion 
which is capable of being expressed by means of an equation 
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between their coordinates, such connexion can be effected by 
means of constraints of an invariable character ; such as smooth 
fixed surfaces or curves, or rigid bars or inextensible strings. 

Hence we may conclude that, in any motion of the system^ 
the work done by the forcee replacing any connexion between the 
points of the system which ie capable of being expressed by equa^ 
tions between their coordinates^ is zero. 

A formal proof of this important proposition may be given 
as follows : — 

If ZT" = 0 be an equation between the coordinates of any 
points in a moving system, the forces which the corresponding 
constraint introduces into the system must be functions of 
the coordinates and of the other forces. lienee, if the latter 
be conservative, so are the forces caused by the constraint, 
which for brevity we shall refer to as the constraint U. 

Again, if at any time the condition Z7’= 0 be actually ful- 
filled, the imposition or removal of the material bonds by 
which the corresponding constraint is effected cannot require 
any expenditure of energy ; since this imposition or removal 
does not change the position of any point of the system. 

Let there be now a system which without U is conser- 
vative, and let A and B be two configurations in which the 
condition Z7 = 0 is fulfilled ; then, as we have seen, the forces 
replacing U are conservative, and if they consume work in the 
motion from B to Aj they produce work in that from A to B. 
Let the external work W bring Si from A \x> B subject to 
the constraint U. Let Q be the amount of potential energy 
thereby produced in the system, and E the work done by the 
forces replacing TJ ; then, the whole amount of work produced 
i^W- Q + E. Now let this be used in bringing S 2 (precisely 
similar to Si) from Bio A without the constraint ZT", whereby 
Q is produced, and in doing such an amount of other work 
that Si may come to rest in tho position B and 82 in the 
position A. We may then without any expenditure of 
work impose the constraint U on 82 and remove it from Si. 
Things are now in precisely the same state as at starting, and 
in the whole process, by an expenditure of work TT, we have 
produced work whose amount is IV + E. Hence in any 
motion of the system the work E done by tho forces replac- 
ing the condition Z7’=«0 must be zero. 

2D 



As the amount of work done by these forces in an un- 
reversed motion cannot be influenced by the character of the 
other forces, but only by their amounts and directions, the 
work done by the forces replacing ZT" = 0 must under any 
circumstances be zero. 

285. £quatloD of Energy In General. — If we have a 
system acted on by any forces external or internal, and sub- 
ject to any constraints or mutual connexions, the equation of 
energy assumes the form 

r- Fo= W. (5) 

To and Fj) are the kinetic and potential energies in the 
initial position, T and V those in the position under con- 
sideration, and W the work done in going from the initial^ 
to the actual position by the external forces and by those 
internal forces which are not conservative or reversible in their 
character. 

As regards constraints and connexions, they may be di- 
vided into three classes. 1. Those producing forces whose 
work during any motion of the system is zero. Such con- 
nexions we have already considered ; they have no effect on 
the equation of energy. 2. Those which are capable of alter- 
ation under the action of external forces, and such that their 
alteration produces or consumes a corresponding amount of 
potential energy. The work done by the forces replacing 
these constraints and connexions is included in the expression 
Fo-K 3. Eesistances or connexions which introduce forces 
of a non-conservative character. Such are the friction of 
rough surfaces, the resistance of a medium, the forces deve- 
loped by the alteration of an extensible body which does less 
work in its recoil than the amount required to stretch it, &c. 
All such forces must appear as forces in the equation of 
energy, and the work done by them is included in JF. 

286. ¥lrtual WelocI ties.— The principle of energy may, 
as we have seen, be expressed for dynamical purposes in the 
following form : — 

The work done on a system in any interval of time by 
external applied forces, diminished by the work consumed in 
the same time by the non-conservative forces of the system, 
is equal to the sum of the increments of the kinetic and 
potential energies. 
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We have seen likewise that this principle holds good for 
a system- subject to any invariable constraints or connexions 
internal or external as well as for a free system. 

We are now able to obtain the conditions which must be 
fulfilled in order that any system should bo in equilibrium ; 
they can be expressed in a single statement, viz : — 

In order that any system should he in equilibrium^ the work 
done by the applied forces in any possible infinitely small displace-- 
menty diminished by the increase of the potential energy of the 
system^ must be either negative or zero ; and^ if this be true 
for every possible infinitely small displacement^ the system is in 
equilibrium. 

The truth of this statement readily appears from the 
equation of energy. 

A position of equilibrium is one in which if the system be 
placed at rest it will remain at rest. Now the system will 
not remain at rest if there be auy possible mode of displace- 
ment, in which the united action of the internal and external 
forces can produce a velocity in any of the points of the system. 
On the other hand, if the system move from rest in any 
manner, it will acquire a positive kinetic energy. Hence, if 
there be no possible way in which it can do this, its position 
must be one of equilibrium. 

In applying the principle of equilibrium we must regard 
the non-conservative forces of the system (if any) as applied 
forces, and introduce them with their proper signs. In the 
case of actual motion, forces of this kind always consume 
work, but in the case of virtual displacements this is not ne- ' 
oessarily the case ; c. g, suppose a heavy particle is placed 
on a rough inclined plane, and it is required to determine the 
condition of equilibrium. In this case we must consider the 
force of friction as acting upwards along the plane. If now 
we imagine a virtual displacement down the plane, friction 
will consume work ; but if we imagine a displacement up the 
plane, friction will produce work. In the case of actual 
motion, whether slipping take place up or down the plane, 
friction will consume work. 

Again it is to be observed, that if every possible set of 
displacements be also'possible when reversed, the condition of 

2D2 
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equilibrium becomes simply that the total work done hy all the 
forces internal and external be zero. 

In fact, if SPSp be negative and P remaining unaltered 
the sign of each be changed, SPSj? becomes positive ; but 
this is inconsistent with the principle of equilibrium as stated 
above ; hence SPSp must be zero. 

If we combine the principle of Virtual Velocities with 
D’Alembert^s principle, we obtain the equation which embraces 
the whole theory of Kinetics, 

s|(l- >» »*)si,+(z- ».g)8. j . 0. 

From this equation that of energy was deduced in 
Chapter IX. In the present chapter we have reversed this 
mode of procedure. 

287. Equivalent Sets of Forces. — Two sets of forces 
acting on any material system are said to be equivalent when 
the motions produced by one set are identical with those 
produced by the other. 

If each of itco sets of forces be capable of equilibrating the 
same third set, the two are equivalent 

For let P be a force of the first set, Q one of the second, and 
R one of the set which each of the first two can equilibrate. 
Suppose the P set only to act. Introduce at the point where 
R would act two forces R and - R. This being done for each 
point of the system, the motion remains undisturbed. The 
system is now acted on by the three sets of forces P, R, and 

- R ; and, since the sets P and R are in equilibrium, the sets 
P and - R are equivalent. In like manner the sets Q and 

- R are equivalent. Hence the sets P and Q are equivalent. 

In moving a system from one given position to another, equi^ 
valent sets of forces produce the same amount of work. 

The motion being the same whichever set of forces is 
in action, the intermediate positions of the system are at each 
instant the same ; consequently, since the two sets of forces 
are each capable of equilibrating the same set, we have SPS^ 
= SQSg' at each instant. Hence the whole amount of work 
produced in one case is equal to that produced in the other. 

It can be shown in like manner that the work required to 
move a system from one given position to another, against the 
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aotion of any set of forces, is equal to that required to move it 
against the action of an equivalent set. 

288. Wrenches. — A wrench in Kinetics corresponds to 
a twist in Kinematics. 

If a rigid body be acted on by any forces, these forces can 
be reduced to a single force along with a couple whose plane 
is perpendicular to the direction of the force. 

Such a system is called a torench about a screw^ the axis of 
the screw being the line of direction of the force, and the pitch 
of the screw the line which is the quotient obtained by dividing 
the moment of the couple by the force. The magnitude of 
the force is called the intensity of the wrench. 

The wrench to which a set of forces acting on a rigid 
body is equivalent has been termed the canonical form of the 
set of forces. 

The canonical form of a set of forces is in general unique ; 
for, as may be easily seen, if two wrenches be equivalent, 
they must either be identical or else consist of equal couples 
in parallel planes. 


Examples. 


1 . A particle of mass m moves with a simple harmonic motion ; determine 
its mean energy. 

If r and a be the periodic time and amplitude of the motion (Arts. 87, 88), 
and T the mean energy, 



T 


f T mv^ IT* 

I dt — m-z a*. 


2. If the motion of the particle m be the resultant of any number of simple 
harmonic motions having different periods and amplitudes, find the mean value 
of the energy. ^ ^ 

If 0 be an interval of time which is very great compared with the longest 
periodic time, 


_ 1 C^mv^ , „ a* 


3. Determine the mean energy of a system of vibrating particles. 

The rectangular components of the displacement of any particle are periodic 
functions of the time, and can therefore be expanded in a series of terms of the 
form 





7 ^ ■ 


Hence, 



m 


4. A rigid body is acted on by a couple whose moment is ; determine 
the work done by the couple in any small motion of the body. 

If de be the angular displacement of the body round an axi^ perpendicular 
to the plane of the couple, the work done by the couple is PpdB, see 128. 

6. Express the kinetic energy of a body having a fixed point in terms of 
the angles $, 0, (Art. 258), the body-axes being the principal axes at the 
fixed point. 

As «i, « 2 , 013 are given in terms of 0, 0, Ex. 5, Art. 260, we have, 
Art. 263, 

2T = {A sin* ^ + i? cos*^) 0* + { (^ cos* ^ + -B sin*^) Bin*0 + Ccob^B} 

+ C<I>^ + 2(B — A) ejf 8in0 sin^ cos 0 + 20^^^ cos0. 


6. If T be the kinetic energy of a body having a fixed point, and oi«, uy, u» 
its angular velocities round three rectangular axes fixed in space passing 
dT dT dT 

through the point, prove that - — - — , - — are the moments of momentum of 

d(6y du^ 

the body round the axes. 

Let d, y, s be the components of the velocity of any point of the body, then 


hence (Art. 255), 


dT 

— = %m{yz-zy), 
awx 


7. Determine the amount of energy W which must bo expended on a rigid 
body in order to effect a given twist in opposition to a given wrench. 

Let 0 bo the amplitude of the tw'ist round the screw a whose pitch is 
Q the intensity of the wrench round tho screw whose pitch is y, and A the 
angle between a and 

Take a as axis of x, and tho shortest distance from a to iS as axis of a, 
denoting its length by c. Bcplace tho wrench at each instant by the forces 
Xy Yy Zy possing through a point coinciding with the origin, and the couples 
Ly My N, Then the system A, T, Zy X, My N being equivalent to the wrench, 

z = Q cos n, r= (2 sin n, z= o, 

L - Qq tOBSi - Qe sin fl, M— Qq sin Sl^Qc cos fl, N= 0. 

Hence (Exk 4, and Art. 123), 

dW= Qp coBn«f0 + (Qq cos n- Qe sinfl) <f0= Q [(p-^q) cosfl-c sinfl} d9y 
and therefore 


W= Q {{p + q) aoBd - c sin^} 0. 
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The expression (p + 9) cos A - 0 sin A is called (Ball, Theory of SerewSf § 13) 
the virtual coefficient of the pair of screws a and /3. 

If e be regarded as always positive, A is the angle through which the axis 
of the screw a must be turned round the axis of z in order to be codirectional 
with the axis of i3> the positive direction of z being always from a towards jS* 


8. A smooth rod having one extremity fixed moves on a smooth horizontal 
table, and drives a particle of mass equal to its own, which starts from rest from 
a point indefinitely near the fixed extremity of the rod. Find the inclination of 
the rod to the direction of motion of the particle when the latter has reached any 
definite point of the rod. 

As the moment of momentum and the vis viva of the system are constant {see 

Art. 201), we have, if ijf be the angle required, tan = where h is the 

radius of gyration of the rod and r the distance of the particle from the fixed 
extremity. 


9. A triangular prism rests with one rectangular face on a smooth horizontal 
plane. A rough cylinder, having its axis parallel to the edge of the prism, rolls 
down ono of its faces starting from rest, the centres of inertia of tho prism and 
cylinder being in the same vertical plane ; determine the angular velocity of the 
cylinder when it reaches the horizontal plane, and the distance through which 
the prism has mqved. 

Let the axis of a be the intersection of the horizontal plane with the vertical 
plane containing the centres of inertia, the axis of z being vertical. Let* a;' be 
the coordinate of the centre of inertia of tho prism, m' its mass ; ar, z the co- 
ordinates of tho centre of tho cylinder, a its radius, m its mass, h its radius of 
gyration, ^ the angle through which it has turned, and s tho distance on the 
prism perpendicular to its edge through which the line of contact of tho cylinder 
has moved, at any time ; then, % being the angle which the face of the prism 
makes with the horizontal piano, 


X — x' = xq — -i- s cos i, z = ^0 — « sin I, s = a<l>; 


and from tho conservation of the motion of the centre of inertia and tho equation 
of vis vivay we have 


mx + m'x' = mxQ + + m {x^ + = 2ym (zq - z). 


Hence, if h be tho initial height of the centre of the cylinder, and 0 its 
angular velocity when it reaches the horizontal plane. 


2 (m + m') g {h — a) 

(m' + sin'^i) a'^ + (/« + m') A** 


x' - Xo 


m 
m + 


{h - a) cot i. 


10. Show that the velocity v with which a fluid, under a uniform pressure 
j», escapes from a small orifice is given by the equation v® = 2yA, where h is the 
height of a column of the fluid which would produce the pressure p. 

Suppose a small mass m of fluid forced through an orifice, whose section is <r, 
into a large volume of fluid under the pressure p. If a; be the distance through 
which the surface <r of the fluid is pushed in by this operation, the work ex- 
pended is pxtr. 
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Energy. 


Hence the potential energy lost whenm escapes is pxir^ and this must be the 
kinetic energy acquired by therefore ^ =pflr<r. Now, if p be the density of 
the fluid, p s gph, and m = pxir. Substituting, we have 

e® s» 2gh. 

11. Determine the total energy, kinetic and potential, of a planet and satel- 
lite moving as in Ex. 3, Art. 213. 

If Y be the total energy 

+jr, 

where K is an undetermined constant, and &c., have the same significations 
as in the example referred to. 

12. A planet and a satellite move as in the last example. If with a given 
moment of momentum it is possible to sot them moving as a rigid body, it is 
possible to do so in two ways — ^for one of which the energy is a maximum, and 
for the other a minimum. 

If in the equation of Ex. 3, Art. 213, wo substitute x for rl, y for «, and put 
h for the moment of momentum, we have 

A =r my^x. 

Again (Ex. 11), 

2r-K=Cf-idUm^- 

By a proper selection of the units of mass, length and time, we can make 0, 
fi^Mm (M + and gMm each equal to unity. We obtain thus for the unit of 

mass for that of length | and for that of time ( 

M + m ( Mm ) ( g^M^w? ) 

Wo have then 

A = y+ir, 2r-jr=y*-^- 

If the whole system move as a rigid body, the angular velocity » of the 
satellite round the centre of inertia of the system must be equal to n\ but 
= and in the special units adopted p\(M + m)^ = 1 ; hence 

1. Again, if Fbc maximum or minimum, we have 

y 

sflA-j'-ij-O. » .-k.l.,, 

which is the same equation for determining x as before. Hence, if the whole 
eyatem move as a rigid My, the total energy E’is a maximum or a minimum. 

Again, let /(a?) ~x*- hx^ +l=z^(x-h) + I, If .r be negative /{x) is positive, 
and therefore the biquadratic /(a;) = 0 has no negative root, and cannot therefore 
have more than two. real roots, since the coefficient of a;* is zero. If «> A, /(x) 
is poutive, and therefore the biquadratic has no positive root greater than A ; 



m 


but if a; be positiye and less than A, /(x) may be negative, and therefore the 
biquadratic may have two positive roots between 0 and h. As - 3A), 
if the biquadratic have two real roots, one is greater than f A and the other less. 


The greater root makes /'( a;), and therefore — positive, and Fa minimum; 


d^T 


the lesser root makes negative, and Y a maximum. 


13. Apply the preceding examples to determine the secular elFects of tidal 
friction on the Earth-moon system, the moon being supposed to move in the 
plane of the equator. 

If the Earth’s radius be denoted by Cia approximately and = 82e}. 

Hence the unit of mass is the unit of length 5*26^, and the unit of time 
83 

2 hours 41 minutes. Again, in the special units, the present value of r is 1 1 *464, 
and that of n is 0*704, whence x is 3*384 ; also h = 4*088. It is plain that for 
this value of h the biquadratic/(a;) = 0 has two real roots. The lesser of these, 
X\^ makes Y a maximum, and the greater, X 2 y makes Y a minimum. Again, 
f{x) is positive for values of x between 0 and x\y negative for those between xi 
and X 2 i and positive for those greater than X 2 . As x is positive throughout, 

when f(x) is positive we have i > y, i.e. <a>n\ and ~ < y, i. e. « < «, 

when f{x) is negative. At present f(x) is negative, and therefore the present 
state of things corresponds to a value of x which lies between Xi and a? 2 . 


We can now determine the efPects of tidal friction. Since the friction 
resulting from tho lunar tides constantly diminishes the sensible or mechanical 
energy of the Earth-moon system, Y must continually decrease (Art. 282). 
Hence, as at present / {x) is negative, x must increase and y decrease until Y 
reaches its minimum, after which the whole system will move as if rigidly 
connected. 

It appears accordingly that the friction caused by the lunar tides diminishes 
the angular velocity of the Earth, i. e. increases tho length of tho day, and at 
tho same time increases tho Moon’s distance and the length of the month. This 
process must go on till the day and month are of equal length, after which the 
lunar tides will cease. If at any past period tho Moon moved as if rigidly con- 
nected with the Earth, this must have been when Y was a maximum. Such a 
state of things was dynamically unstable, for tho least disturbance of the rigidity 
of the motion would have produced tides whose friction would have diminished 
the energy, and caused the system to depart farther from the configuration of 
maximum energy. The departure from this configuration might have taken 
place in two ways, according as tho Moon approached the Earth or receded 
from it. If tho former event had occurred, the Moon’s angular velocity in its 
orbit would have become greater than tho angular velocity of the Earth’s rotation, 
and the Moon must ultimately have fallen upon the Earth, as x must have de- 
creased continually along with Y. If on tho other hand, the Moon had receded, 
the present state of things would have been reached. The value of x which 
makes Y a minimum lies between 4*073 and 4*074, and the corresponding 
value of n lies between 0*015 and 0*014. The ratios of the present value of n to 
these two values arc 46*9 and 60'2. Tho present investigation would therefore 
lead us to conclude that, when the lunar tides cease and the day and month 
become equal, tho length of the day wiU be between 46 and 60 times its present 
length. . 
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Examples 11, 12, 13, and Example 3, Art. 213, are taken from a Paper by 
Professor 6. H. Darwin, first published in th6 Proceedings of the Royal Society 
for 1879, and subsequently, with some alterations, in Thomson and Tait’s 
Naiwral Philosophy^ Port ii. In this Paper Mr. Darwin gives diagrams of the 
curves represented by the equations 

7i=^ 2Y^ K=F {x)t x^y=ly h = x + y, 

by means of which the results arrived at are exhibited to the eye. 

14. A great number of smooth perfectly elastic particles are moving with 
great velocity in various directions within a rectangular parallelepiped, two of 
whose opposite faces are large compared with the others. If one of these faces 
be movable, determine the force required to keep it steady. 

Let u bo the velocity of one of the particles whoso mass is m, and ^ the angle 
which the direction of its motion makes with the normal to the face. Before 
striking the face the particle has a normal velocity u cos 0, and after the shock 
it acquires an equal normal velocity in the opposite direction. The momentum 
communicated to the face is therefore 2mu cos 0. Having reached the opposite 
face, the particle rebounds and strikes the movable face again ; the interval of 

. . 2<i 

time between two successive shocks against the movable face being , 

14 008 0 

where a is the perpendicular distance between the faces. The whole momen- 
tum communicated to the movable force by the particle m in the time 0 is 

therefore — fl, and the whole momentum M communicated by all the 

e 

particles in the same time is - :Smu^ cos^0. 

In order to determine the value of cos’^0, describe a sphere of unit 
radius, and draw from its centre lines parallel to the directions of motion of the 
various particles at the beginning of tho intcrv.al of time 0. Since the number 
of particles is very great and tho direction of tho motion of any one undeter- 
mined, wo may assume that the energy of those particles whose directions of 
motion make an angle <p with a fixed direction is to the total energy of the system 
as that portion of the surface of tho sphere comprised between the cones whose 
semi-angles arc 0 and 0 + d0 is to the whole surface. If The the total energy 
of the moving particles, wo have then 

cos*0 = ^ J CO8*0 sin 0fl?0 = -T. 

2 TB 

Hence — . Now the required force F must be such as to communi- 

3 Or 

cate to the movable face tho momentum if in the time 9, and therefore 

2 TB 2 T 

FB^M^--^, oxF=--. 

3 a 3 a 


15. A number of particles move as in the last example ; determine the 
pressure which they exert on the unit of area. ^ 
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If S be the area of the movable face in the last example, and p the pressure 

2 T 

of the particles on the unit of area, pS= F=s - — . Hence, if v be the volume of 

3 a 

2 

the paralMepiped, pv=s - T. 

o 

The results obtained in Ex. 14 and 15 are made use of to explain the pressure 
which a gas exerts against its envelope. The mode of investigation employed 
is due to Clausius. 


16. Determine the mean kinetic energy of any system in stationary motion. 

A system is said to be in stationary motion when the coordinates and the 
velocities of its various points fluctuate within determinate flnito limits. 

If we integrate by parts, we get Ix-dt-xx- f xxdt ; and similar equa- 
tions may be obtained corresponding to the other coordinates. Again, supposing 
each point of the system to be free, wo have mx = X Hence, if 0 = 


1 1 

- I 7^ 'Xm{x\x\ + yiyi + z\zi - (xqx^ + yoyo + ao^o)} 

9 Jta ^9 


- “ 2 f ' {Xx + Yy + Zz) dt, 

^9 

If 9 bo made sufficiently large, the first term on the right-hand side of this 
equation may be neglected, and we find that the moan value of T is equal to 
the mean value of 


- -JS {Xx + Fy -f Zz), 

This latter quantity is termed by Clausius the virial of the system. Hence, the 
man kinetic energy is equal to the virial. This theorem, and its application 
given in Ex. 17, 18, arc due to Clausius, whose investigation will be found in 
Philosophical Magazine for August, 1870. 

17. If n be the virial of a system which is acted on by no external forces 
except a uniform pressure on its surface, prove that 

where r is the distance between any two points of the system, v its volume, and 
p the pressure which it exerts upon the unit area of the surface of the surround- 
ing medium or envelope. 

If r be the distance between two particles of the system whose coordinates 
are x^y^z\ x\ y', s', the portion of ndue to the mutual action of these particles 
is the mean value of an expression of the form 



or -r^(r). (Art. 283.) 
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The General Equations of Dynamics. 

Again, if dS be an element of tbe bounding surface of the system the di- 
reotion cosines of whose normal are /, n, the part of n due to the external 
pressure is 

\pU{xl+ym + zH)dS^\p{llxdtfdz-]rllydzdx+llzdxdy}^ipv, 

1 ct^ 

Hence n = ipv - - 1 , (r) dt, 

18. Determine the pressure of a gas in terms of its volume and the mean 
kinetic energy of translation of its molecules. 

A gas may bo regarded as composed of a number of molecules which exert 
no action on each other except when in contact. If the gas be enclosed in an 
envelope, and its condition remain unaltered, its molecules must be in stationary 
motion. Hence, if T* be the mean value of that part of tho kinetic energy 
which results from the velocities of the centres of inertia of the molecules, and 
n the corresponding virial, we have T* = U; but n = ^pv (Ex. 17), since the 
time during which a particle is in contact with other particles is negligible 
compared with the interval between two such contacts, and therefore the other 
term of n may in this case be neglected. Accordingly pv = f 


Section IL — The General Equations of Dynamics. 


289. Cfeneral dqaatloiis of lUotloii for any System. 

— The general equations of motion for any system are ob- 
tained in precisely the same manner as the general equations 
of equilibrium. 

If 2^= 0, 6r = 0, 0, &c., are the equations of condition 

representing the connexions and constraints, we have 


dF dF^ dF dF^ « . 

■-j — Oil?! + cyi + -j- + &c. = 0. 

dxi dyi dzi dx^ 


^ Sxi + &c. = 0, 




8*1 + &0. = 0, &0. 


Multiply the first by A, the second hy fi, the third by v, 
&o., and add to D’Alembert’s Equation, and we obtain 


..dF dG dU „ . a /.v 

JTi ~ m^ — + X -r- + tX 3 1- V 3 h &0. I 0^1 + <jCO. =* 0. (1) 

^ dt^ dxi dxx dxi ) ' 


If there be n equations of condition we can assign to 
A, ju, V, &c., such values as to make the coefficients of the first 
n displacements in the above equation^ vanish. By means of 
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these displacements we can satisfy the n equations = 0, 
ZQ = 0, &o. The remaining displacements are then entirely 
unrestricted, and their coefficients in (1) must therefore be 
each zero, and we have for the equations of motion 


.dF dO dS . 

dt dx\ dxi dxy 

cPyi — . dF dO dH - 

dj/y dyy dyy 

d»2, „ ^dF dQ dS . 

flfl\ ~T^ =» -Zi + A H /il -y- + V y— + &0. 

dt^ dzi ^ dzi dzi 

(Px2 ^ ^dF dG dH ^ 

nh -yjr- = Xi + X— + U J — + V y— + &C. 

dt dx2 dx2 dx2 


From these equations we can obtain the Equation of 
Energy, if' we multiply the first by dx^^ the second by rfyi, 
&c., and add. In this manner we obtain 

fdF dF \ 

dT = 2 {Xdx + Tdy + Zdz) + X f — dxi + ^ J + 

Now, if the equation -F = 0 involve only the coordinates 
of the various points, 

dF. dF , ■ , 1 :, n 

— dxi + — dtjx + &o. = dF^ 0, 
dxx difx 

and the condition expressed by the equation F = 0 has no 
effect on the kinetic energy. 

This result was obtained from first principles in Art. 284, 
and by its means the Equation of Virtual Velocities in its 
usual form was deduced from the Equation of Energy. 

290. £qaatlon of Energy when Equations of Con- 
dition InTOlve the . Time Expiieitly. — ^If the equation 
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The General JEqmiione of Lynamiee. 


0 involve the time explicitly, the Trork done in any actual 
motion of the system hy the forces capable of replacing the 
condition = 0 need not he zero. In a virtual displacement 
the work done by these forces must still he zero, heoause in 
such a displacement no lapse of time is supposed to take 
place. So far, therefore, as the equation of virtual velocities 
is concerned, i must he considered constant in the equation 
F=0, and as in Art. 200 the virtual displacements must 
fulfil the condition 


dF- dF^ dF. dF^ . . 

■y-Sxi + -r-oyi + ^ Szt + — Sxi + &o. = 0. 

dsBi dyi dzi dxt 


The actual displacements on the other hand fulfil the 
condition 


dF, dF, dF , dF, , fdF\.^ . 

dxi dyi '' ' dzi dxt \dt J 

Hence in this case the Equation of Energy becomes 
dT = S (Z(te + Frfy + Zdz) - X dt-y j dt - &o. (3) 


291. Similar Mechanical Systems. — Two systems axe 
geometrically similar when each line of the one is equal to 
the corresponding line of the other multiplied by the sg.me 
constant. 

Similar Mechaaiical systems are not only geometrically 
similar, but have also a similar distribution of mass, and a 
similar distribution of force, and work in a similar manner ; 
Le, each mass of the one is equal to the corresponding mass 
of the other multiplied by a constant, each force of the one 
is equal to the corresponding force of the other multiplied by 
a constant ; and the systems are always geometrically similar 
at instants of time whose intervals from two fixed epochs are 
in a constant ratio. 

Let iT be a coordinate of a point in the first system, m a 
mass, X a force, and t an interval of time ; and x\ m\ X\ t 
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the corresponding quantities for the second system ; we have 
then the equations a!' ^ lx, m' = jum, X' = AX, If = vt. 



and S (X'SiP' + Tly' + Z'lz') = AJS (XSir + PSy + Z^z). 


In order, therefore, that D’Alemhert’s equation should 
hold good for each system, we must have fil = Av’. 

T1^ equation of condition may he put into another form 
by expressing v in terms of the ratio of the corresponding 
velocities in the two systems. If we denote this ratio by a, 

we have ^ = o — , but also, ^ ^ ; therefore I = ov, and 

at at at v at 

the equation of condition becomes XI = jua®. 

If, as is generally the case, gravity be one of the moving 
forces in both systems, we must have A = ja ; hence a* = /, or 
the velocity in each system must be proportional to the 
square root of its linear dimensions. 

292. Cfeneralized Coordinates. — If a system have n 
degrees of freedom its position is completely determined at 
each instant by the values of n independent variables, which 
may be termed coordinates^ and be denoted by £i, ^ 2 , • • • 5n- 

The Cartesian coordinates a*, y, z of any point of the system 
are expressible in terms of these new coordinates, and- are 
therefore functions of the n variables £i, ^ 2 , &o., these latter 
being functions of the time. 

If we differentiate the equation x = /(5i, ^ 2 , Ssy . • • 5n) 
with respect to the time we obtain 


dx {, dx i, dx 


( 4 ) 


This equation shows ^hat i is a function of the velocities ^i, 
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&e., and of the coordinates |i, &o., and is linear 'with respect 
to the velooities. From (4) we have 


di dx di dx p 

4. rfg, 

dx 


( 5 ) 


Again, if we differentiatja jj.- with respect to we get 

agi 




g cPx ^ ^ . 


but by (4) this is the expression for the partial differential 
• dx 

coefficient — . Hence we have 

d^i 


d dx dx d dx o 


( 6 ) 


Any set of n independent variables which completely deter- 
mine the position of a system may be taken as the generalized 
coordinates of the system. The number of these coordinates 
is fixed, but the actual coordinates are in general to a great 
extent arbitrary. 

293. Kinetic ^Energy and Generalized Coordinates. 

— The kinetic energy T of any system in motion is given by 
the equation 22’= + s®) If we substitute for i, 

y, fie., their values given by (4) and the corresponding equa- 
tions, we 9 btain a hornogeneous quadratic function of the n 
velocities ^i, ^ 2 , . . . the coefficients of I 2 , &o., 
being functions of the coordinates ?i, ^ 2 , &o., and of the con- 
stants of the system. If we denote these coefficients by 3Eii, 
23 Ei 2 , &e., we have the equation 

2T = Xul’ + + &c. + + 2 XJJ 3 + &o. (7) 

294. Equations of motion for Impulses. — If a 

system start from rest under the action of any set of impulses 
X, Yf Zy &c., the initial velocities are determined from 
D^Aiembert's equation by equating to, zero the coefficient of 
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each independent variation. Now, if Si, S» &o. be the 
generalized coordinates, 


+ J85.+ &0., = + &o.. 


where SSi, £^2, &c. are independent arbitrary variations. 
Hence, substiWting for Suf, 8y, &o. in D’Alembert's equation, 
we obtain as the equation of motion corresponding to the 
variation 8^1, 


^ / . dof ^dy . ds\ ^dx ^dy r^dzX 

V dll ^ dll dh) \ • dh • dh • dhj 

The left-hand member of this equation becomes, if we sub- 
dx dtt 

sttiute for -j^, &o. their values given bj (6), 

ah ah 

„ / . dx . dff . dz\ dT 
Hence, if we put 

we have for a system starting from rest 


4i 




( 8 ) 


In these equations T is supposed to be given by ( 7 ), and 
&o., are the generalized resultant components of the 
impulses tending to alter |i, &c. 

It follows from what precedes that, for a system starting 
from rest, D’Alembert’s equation 


Sw {x^x + yhj + zlz) = 2 (XSx + YSy + J^z) 
becomes by transformation of coordinates 
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This equation may be -written in the form 

(9) 

If a ^stem he in motion, and pi, p^, &o. be the general- 
ized impulse components which would give its actual motion 
to the system starting from rest, these impulses pi, &o. are 
determined by the equations 





( 10 ) 


dT dT 

The difiPerential coefficients &c. are the gene- 

ralized components of momentum of the moving system. 


If a system in motion be acted on by any set of im- 
pulses whose generalized components are 1^,, &c., the 

changes of velocity produced by these impulses are given 
by the equations 


dT (dTY „ dT fdTV „ - 

( dTY 

— v ) , &c. correspond to the instant immediately 
dT 

before, and &c. to that immediately after the action of 

dqi 


the impulses. Since the values of fi, &c. remain unaltered 
during the impulse, equations (11) may by (7) be written 


(?t - In + X,, {I. + dc^niln - In') = Sit \ 

(I, - 1/) + 3£» (I, - 1/) .... + (|„ - In') = ?!,[. (12) 

&o. &c. 


& 0 . / 
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295. KlneUe Energy and Componente of Momen- 
tnm. — Since I* is a homogeneous quadratic function of 
ti, Is, &o., we have, by Euler’s Theorem, 

22’ = I. ^ + 1,^ + &o. =p, I. +i), . . . . pJL. (13) 

This equation may be written in the abbreviated form 

2T=2(pI). (14) 

If we suppose the same system occupying the same posi- 
tion to have successively two different motions, in the first of 
which the velocity-components are |i, &o., and in the second, 
|i', &o., and if we put 1/= |i+ ai, &o., and express the cor- 
responding values of T by and , we have, by Taylor’s 
Theorem, 

T^* a= + 2j9a + Tag i« e. + Sp "• ^) + (15) 

If now we suppose a system to start from rest the values 
of certain components of velocity being prescribed, and if 
the system be sot in motion by impulses such that there are 
no components of impulse except those corresponding to the 
prescribed velocities, the initial kinetic energy is a minimum. 

Let |i, &c., be the velocity-components of the initial 
motion produced in the manner described, then /?i, &c., are 
the impulse-components ; and if any impulse-component pq 
be not zero, the corresponding velocity-component is pre- 
scribed. Let us now suppose the system to be set in motion 
in any other way, the prescribed velocity-components being 
the same as before, and let |i', &o., be the velocity-components 
of the new initial motion. Wo.have, then, = 0, 

since whenever^ is not zero, Hence 

and therefore is a minimum. 

This is Thomson’s Theorem, Art. 199. 

Again, if ^i, &c., joi, &c. be the components of velocity 
and momentum of a system in any given position, and 
&o., Pig &c. the corresponding quantities for a different 
motion of the same system in the same position, we have 

S(J»|') = S(/|). (16) 

2E2 
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The truth of this equation appears readily by substituting 
li + for li, &o. in and equating the two expres- 

sions which by Taylor’s Theorem can thence be obtained. 

296. Energy of Initial Motion. — If we substitute ti^t 
for 8£i, ^zdt for 852, &o. in (9), we obtain for the initial 
energy jT of a system starting from rest the equation 

2r= S(B:^). (17) 

Let us now suppose that on a system having 5x9 &o. as 
its generalized coordinates constraints are imposed capable of 
being expressed as in Art. 284 by equations connecting the 
coor&nates 5i) ^ 2 ,- • •• 5n* The coordinates are then no longer 
independent, and if the system be set in motion by impulses 
Sfi, &c., equations (8) no longer hold good, but (9) and (17) 
remain valid, |i, &o. being the velocity-components of the 
actual motion. Also T is the same function of |i, &c. as 
it was before the imposition of the constraints, the only 
difference being that certain relations hold good in the 
constrained motion connecting these velocity-components. 

In order to compare the initial kinetic energies of the 
system in the unconstrained and constrained motion, let |i, 
&o. be the velocity-components corresponding to the former, 
and ^i', &c.‘ those corresponding to the latter, then by (17) 
wejhave 

2T^ = = S(ij|'), also 2Ti = Ipl 


Substituting in (15) , we obtain 

(18) 

This proves Bertrand’s Theorem, Art. 199. 

297. I<agrange’8 Equations of Motion. — We saw in 

Art. 294 that 
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if we differentiate each side of this equation with respect to 

d dx 

the time, and substitate for -r -nr, &o. their values given 

dt d^\ 

bj (6), we obtain 

( dx ..dy ..dz\ _ ( .dx . dy . dz\ d dT 


t i. ^ • # . dz\ . , . , dT 

but Smlas^ + s-;^ + s- 5 r is plainly ; 

\ di, dgi dSj ^ ^ dl,' 

hence we have 

( ..dx .. dy ..dz\ d dl dT 

V rfS/ ^ ® dS J " dt 

Now in D’Alembert’s equation for continuous forces the 
coefficient of the independent yariation SSi is, 


„ / . dx .. dy dz\ ^ dx ^ dy - rfs 
^mlx^ + y— + s-^)-SX:^ + F + 

\ rfgi V rfSi d^i 

Hence, if we put 

we have, as tho equations of motion of any system. 


1 a 

4i rfSi " ‘ 

1 gj 


£ a 

dt d%n d^a 

The work which would be done by the forces of the 
system against the displacement is - BiS^i, accordingly 
S„ &c. are the generalized components of force tending to 
alter the coordinates %, &o. It is to be observed that the 
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foroes X, Y, Z, &o. are not equivalent to the forces Si, S>, 
&o., unless the variations Sm, Sy, Sz, &o., and the correspond- 
ing variations &o., result by orthogonal projection 

from the same possible displacements of the system. 

For a conservative system equations (21) become 

d " 

dt dt dKi d^x ~ 

y ( 22 ) 

dt d^2 d^2 d^z 

• • • 

• • • 

d dT dT dV 

dt dt~dKn^dKn 



Equations (21) and (22) were first given by La^ange, 
and are known as Lagrange’s equations of Motion in 
Generalized Coordinates. 


The proof given above for Lagrange’s equations holds 
good even though the time appear explicitly in the equations 
which determine the Cartesian in terms of the Generalized 
coordinates. In this case =/(?i, ? 2 , . . . • Km ^ 


contains the additional term ^ ; but the equations 


dx dx p d dx d x . 
d^, dtd^, dK: ’ 

are still true, and therefore the proof of Lagrange’s equations 
remains valid. 

If we put L = T - Vj the function L is the difference 
between the kinetic and potential energies of the system, 
and is called Lagrange’s Function. 

Equations (22) may now be written in the form 


d dL dL Q d dL dL 
Jt4x~^x° ’ ‘ ' dtdi,' d^^ 


( 23 ) 
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This form of the equation of motion is likewise due to 
Lagrange. 

298. Deduetlon of the Eqnatfon of Eaergy. — ^If we 

multiply the first of equations (22) by |i, the second by |a, 
&o., and add, we get 




Now 




«>dth».ore 

hence 

^(diT dT\ dT (,dT fdT\_dT 


since 




dt \ 
Substituting in (24), we obtain 


hence we have 


dt ^ dt ’ 


T+ 7’‘‘E. 


(26) 


299. Elliect of Conatralnts. — If a system having n 
degrees of freedom be subjected to additional constraints 
capable of being expressed by q equations connecting the 
coordinates of the form = 0, 6 = 0, &o., we may either 
select a new system din - q generalized coordinates, or else 



424 


The General Eqmtvme of Lynamiee. 


retain the old system, and proceed according to the method 
of Art. 289. Equations (22) would then become 

d dT dT dV .dF dG . 

dt ^ d^^ 

d dT dT dV _.dF dG 

dt d^i ^ d^t ^ ^ d^t ^ 

d'^ dT dV _.dF . dO 

dt d|„ ■ dl, ■ d?/ 

In the case of impulses we may proceed in a similar 
manner, and still make use of equations (8) or (11), provided 
we introduce additional terms into 2?i, &c. representing the 
impulses by which the constraints may he replaced. It is 
plain that both in the case of continuous and also in that of 
impulsive forces the terms in Lagrange^s equations repre- 
senting the action of the constraints disappear from the 
equation of energy. 



Examples. 


1. Determine in polar coordinates the equations of motion of a particle 
which moves freelj in a fixed plane. 

Here T=^m[i^ + whence 

d dT dT „ . ddT dT d . ... 

dt dr dr ^ dt de d9 dt^ * 

and the equations of motion are the same as those which would be given 
by (11) and (12), Art. 28. 

2. Determine in polar co-ordinates the general equations of motion of a 
free paHicle. 

Here T = Jm {f® 4- r* (0® + sin® 0^®) } , 

and the equations of motion are 

f» {r - r (0® + sin®0^®) } = i?, 

« (r® 0) - r® sin 0 cos 0^®| = Pr, ^ ^ W sin®0^) = Qr sin 0, 
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whore B, and Q are the components of the force acting on the particle, along 
the radius vector from the origm, perpendicular to the radius vector in the 
meridian of the particle, and at right angles to these two directions. 

3. Provo Euler’s equations for a body having a fixed point. 

The body-axes being the principal axes at the fixed point, the expression for 
Tin terms of 9, is given in Ex. 5, Art. 288. Hence 

d . . . 

— { 67^ + cos 0} - (.4 - 2?) sin cos tp (0* - 8in*0) 

+ {A — B) sin 0 (cos^0 - sin* ip) Ojf = 

If we substitute »3 for ^ + if'C 0 s 0 by (12), Art. 258, and then make 
0 = 0 = Jit, we have 

= * = (Ex. 4, Alt. 288.) 

At 


4. Generalize Euler’s equations for the case in which the body -axes are not 
principal axes. ' 

In this case T is a quadratic function of 01, W2, 03, with constant co- 
efficients (Art. 263). Hence, by Ex. 6, Art. 260, 

dT dT dia\ dT do »2 dT daz dT 
40 dai 40 4»2 dip duz dtp dvz 


dT 

dip 

and we havo 


dT da>\ ^ dT dtoz ^ dT dwz dT dT 

dui dip doo2 dip dwz dtp dwi dtaz ’ 


4 /^\ 
dt \4«3/ 4«i 


dTl dT 

«2 + T- wi = W = iv. 
4(02 


5. Two particles m and m' arc connected by an incxtensible string passing 
through a smooth hole at the edge of a smooth horizontal table on which m rests ; 
determine the equations of motion of the particles, and the tension of the string. 

Let r and 0 be the polar coordinates of m with respect to the hole as origin 
then 

2T=(m-\- m') 0^, 


and the equations of motion are 


4 


{m m') r - mr 0* = - w'y, ^ (wr® 0) = 0. 

At 

If r be the tension of tho string, and h the value of mr* 0, we have 
mr - mr0* =s - r (Ex. 1), 


whence 


mm i A* \ 
» + V ^m*r*/ 


6. A smooth particle descends the upper edgo of a thin vortical lamina, 
which is capable of sliding 'freely down a smooth inclined plane with which 
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its whole lower ledge is in contact. If the plane of the lamina be perpendicular 
to the intersection of the inclined plane with the horizon, and the particle and 
lamina start from rest, determine their position at any time. 

Let X he the distance at any time of a point in the base of the lamina from 
its initial position, ( the distance which the particle has moved along the edge of 
the lamina, a the angle which this edge makes with the inclined plane, ^ the 
inclination of the latter, m the mass of the particle, and M that of the lamina. 

The kinetic energy of the lamina at any time is \ and that of the 
particle is 

Jm { (i + i cos a)2 + ^ sin® a} . 

Hence 

2T= (M + m) + mi® + 2inx i cos a. 

Again, - F = Mgx sin j3 + my { {x sin jS + | sin (a + jS) } , 
and therefore the equations of motion are 

(if + m)af + mi* cos a = (if + m) g sin iS, m (i* + x cos o) = mg sin (a + jS), 


whence 


X 



m sin a cos a cos 3) . , 


(if + m) sin g cos 3 
if + m sin® a 


300. Ignoratlon of Coordinates. — If there be no force 
tending to alter one or more of the independent variables 
by which the position of a system is defined ; if moreover 
the expression for the kinetic energy of the sjrstem does not 
contain these variables, but only their differential coefficients ; 
and if the system start from rest ; then T may be expressed 
as a function of the other independent variables and their 
differential coefficients, and be treated as if these latter vari- 
ables completely defined the position of the system. 

Let £i be one of the independent variables satisfying the 
conditions supposed ; then, as there is no force tending to 
alter 


d dT dT ^ - ^dT ^ n dT . . 

^ = but — = 0 ; and therefore = constant ; 

dt d^i dl^i d%x d\x 

also as the system starts from rest, and T is a homogeneous 
quadratic function of |i, I 2 • • . this constant must be zero ; 
dT 

hence — = 0. In like manner, if I 2 be another variable 
d%\ 

. dT 

satisfying the same conditions, we liave^ ^ ~ 
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dT dfT 

Erom the linear equations - 7 - = 0, -g- = 0, &o., |i, &o. can 

dqi ^ 

be found in terms of the remaining differential coejfficients 
; . . In* Thus T becomes a function of ^q... 5», and of 
their differential coefficients, that is 


T = U &o., I,, &o.). 

If now we regard 1^, &o. as completely defining the 

position of the system, Lagrange’s equations are 


d dF dF 

It d^q~dfq 


= s;„ &o. ; 


but these equations are true, for 

dF dT dT 4i dT dtt » 

___ =. ___ + — - 

4? 4? 4i 4j 4i 4» 

dF dT dT 4i dT 4» p 

4» 4j 4i 4* 4« 

whence, as ^ = 0 , ^ = 0 , &c., we have 

4i 


dF^^ 

4 » 4 / 4 , ” 4 *’ 


The proposition proved above is given by Thomson and 
Tait {Natural Philosophy), and is the simplest case of what 
they have termed Ignoration of Coordinates. 


ExAUFItSS. 

1. A particle descends from rest along one face of a smooth triangular prism 
which is supported by a smooth horizontal plane. The initial position of the 
particle lies in the vertical plane containing the centre of inertia of the prism 
and perpendicular to its edge ; determine the motion. 

Lot X be the horizontal coordinate, in the vertical plane in which the particle 
moves, of the centre of inertia of the prism, M its mass, m that of the particle. 
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( the distance it has moved at any time along the face of the prism, and a the 
angle which this face makes with the horizontal plane ; then 

2T=i(M-\- m) + 2mxi cos a, F = - sin a ; 

and the equations of motion are 

( Jf + m) X + mi cos a = 0, mi 4- mx cos a^mg sin a. 

Hence, as the particle starts from rest, 

(H + m) i cos a, ( Jf + w sin® a) i={M-\-m)g sin a. 

The student will observe that if T wore expressed by means of the first of 
these equations as a function of { alone, and treated as such, the second equation 
would be obtained directly as Lagrange’s equation. 

2. In the preceding example, if tho face of the prism down which the par- 
ticle descends be rough, determine the equations of motion. 

The force of friction tends merely to stop the relative motion of tho particle 
and prism ; hence, F being this force, Fif « — where F is tho perpen- 
dicular pressure of the pariicle on tho face of the prism. Now P = m (y cos a 
+ X sin a), and therefore the equations of motion are 

(M + «a) i? + mi cos a = 0, 
mi + mx cos a = mg (sin a - /a cos o) - gmx sin a. 

The latter of these equations can be reduced to the form 

i cos A + i: cos (o - A) = y sin (a - A), 

where tan A = /x. 

3. A sphere, having no motion of rotation, and under the action of a force 
passing through its centre of inertia, moves through a liquid extending indefi- 
nitely in all directions on one side of an infinite plane : the liquid being origi- 
nally at rest, and not acted on by any force, determine the form of tho equations 
of motion of the sphere. 

Let the origin be anywhere in the fixed plane, the axis of x being at right 
angles to that plane ; and let x, y, z be the coordinates of the centre of the ' 
sphere at any time, and | d coordinate of any particle of the liquid, which may 
be defined as matter which is incompressible, devoid of resistance to change of 
shape, and incapable of exercising any friction against a surface with which it 
is in contact. 

dT 

If T be the kinetic energy of tho whole system, we have = C, since 

there is no force, acting on the liquid; but as the liquid was originally at 
rest, and no impulse was imparted to it, C = 0. Hence P is a function of 
y, 2, y, 2. Again, tho motion of the system at any instant could be pro- 
duced from rest by placing the sphere in its actual position, and giving it an 
impulse sufiicient to impart to it its actual velocity, since the impulses which 
should be given to the. liquid particles are zero (10), Art. 294. Hence, as the 
initial circumstances are unaltered by changing the values of y and x;, P is a 
function of x^ y, z. Again, a change in the sign 6f y or z can make no change 
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in the value of T, which must therefore be of the form + 0 (y* + «*)}, 
since the coefficients of xy^ yz^ zx must be zero. 

The equations of motion are then 


Qy + ~ iy = r, Qz-^-^xz = 

ax dx 

4. Prove that a sphere projected through a liquid perpendicularly from an 
infinite plane boundary is at first accelerated, and then tends towards a con- 
stant velocity. Show also that if projected parallel to the boundary it moves as 
if it wore attracted towards the boundary. 

Initial circumstances in Ex. 3 are altered in the same manner, whether we 
suppose introduced into the liquid a second bounding plane parallel to the 
first, and between it and the sphere, or suppose tho sphere placed initially 
nearer the original bounding plane. Hence a diminution of tho initial value 
of X is equivalent to the introduction of additional geometrical constraints 
into the system. From this it follows by Bertrand’s Theorem, Art. 296, that 
if X* < Xf and P'a:’ = 1% the value of Px* must exceed that of and therp- 
foro df <Xf and P' > P, or P decreases as x increases. Similar reasoning can be 
applied to If a; bo infinite, or tho liquid unbounded in every direction, P 
and Q are constants. 

The statements made in tho enunciation of this example follow then imme- 
diately from the equations of Ex. 3, by making X and Y zero. 

Examples 3 and 4 are taken, with some slight modifications, from Thomson 
and Tait (Natural Philosophy), 


301 . Components of momentum and ¥elocltles. — 

Equations (10), Art. 293, enable us to express the velocities 
li, &o. as linear functions of the components of momentum 
Ply &c. If these values be substituted for |i, &c. in Ty as 
given by equation (7), a new expression for T is obtained 
which is a homogeneous quadratic function oipiypzy ... pn. 
We shall represent the two expressions for T by and Tp, 
Equation (7), Art. 293 gives and tho corresponding 
equation for Tp is of the form 


Tp = PnPv + + &c. + 2 Pi 2 Pip% + &c. (28) 

In this equation Pu, P 22 , &o. are functions of ^ 1 , I 2 , &c. 
Thus T^ and Tp are each functions of |i, I 2 , &o. ; but these 

coordinates, so far as they appear explicitly, do not enter in 
the same manner into the two expressions for T Equation 
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(14) gives an expression for T whioh is sjnunetrioal in and 
pi, &o., and vrhioh becomes or Tp according as we express 

Pi, &o. in terms of |i, &o., or ii, &o. in terms of pi, &o. 
dT 

If we seek for^ from equation (14) we obtain 


^dT i ^ dt 

dpi ^ dpx 

(IT 

Again, if we seek for — from (7) we have 


dpi dt\ dpi d%t dpi dp^ 

dT 

Substituting this value for ~ in (29) we get 


(29) 


(30) 


2 


dpi 


i. dT . dT i. 

. 5, + whence . S, ; 


and as a similar result holds good for each component of 
momentum, we have 


dpi ~ dp^ -«»’••• dp„ ■ 


(31) 


The partial difEerential coefficients of T with respect to 
|i, &o. are different according as T is expressed by or Tp. 

dT 

If we seek for from equation (14) or (7) we must in 

each case regard ii, &c. as functions of pi^ &c. ; fi, ^ 2 , &c. 
In this way we get from (14), 
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aad from (7) 

dTp dTi dTi dTid^^ 

sa 5 + J + ^ 0 ^ 

d^\ d\\ d%\ d%\ 

dT. 4 4 

■cr v /oo\ 

Hence, by (32), ^ = f + 2 

e/?i e/gi e/gi 

and therefore _ 0 

rf§. ^ d§, ^• 

We have then the system of equations 


dTp dTi dTp dTi dTp dTi 

rfSi e?5i d^n 


(34) 


It is plain that the reciprocal relations between compo- 
nents of velocity and momentum are analogous to the polar 
properties of cuiwes and surfaces. 


302. Hamilton’s liquations of Hotion. — If we put 

Tp + V= J7, we obtain a function U of pi, pzy &c., §i, &o., 

which represents the total energy kinetic and potential of the 
system, and whose value is constant. By the employment 
of U Lagrange’s equations of motion may be expressed in 
another very symmetrical form due to Hamilton. 


By (10), Art. 294, |^= and by (34) - 
Hence Lagrange’s equations (22) become 


d?, ■ dl ■ 


dpidU dp.dU dpn dU 


Equations (35) have been termed The Equations of 
Motion of a system expressed in the Canonical Eorm. 
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It is easy to see that the equations which nve the motion 
of the centre of inertia and the changes in the moments of 
momentum for any system are particular cases of equa- 
tions (35). 


ExAUTLSa. 


1. In a moving system the total elementary change of momentum corre- 
sponding to one of the generalized coordinates is made up of two parts, one 
resulting from the forces acting on the system, the other from the previously 
dT 

existing motion. Show that — dt expresses the latter, { being the generalized 


coordinate. 

If jt?, &c. be tho impulses which would give the existing velocities at any 
dT 


At the next instant 




instant, 

From these equations it appears that the total elementary change of mo- 
mentum p’-p corresponding to { is 


U|/ ”4 dt di 


Now, by Lagrange’s equations, 


^ dT 

- ^dt=m+-dt. 


whence, as Udt represents the change of momentum resulting from the applied 
dT 

forces, -j-dt must represent that duo to the previous motion. 

H 

2. Apply the method of tho last example to determine the components of the 
centrifugal couple in the case of a body having a fixed point. 

Here Aai^ + + CWa*. If now wi, « 2 , ws be expressed in terms of 

». q, 9 . 

V 

dT ^ dT dai dT dcat ^ dT du>n 

dip dijji d<p dw2 d<p d(02 dip ’ 


then when ^ = 0, we have. Art. 268 and £x. 5, Art. 260, 

, l A 7l\ 

V • = B)u>\ (» 2 . 

€lip 

3. If the Cartesian and generalized coordinates -be connected by linear 
equations with constant coefficients, show that there are no terms in.the equations 
of motion resulting from the previous motion. 
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303. Calculus of Yaiiattons. — ^In the Calculus of 
Variations the form of the function which determines the 
dependent variable y in terms of the independent variable x 
is supposed to vary, and zs being the symbol of a given 
operation or set of operations, the fundamental problem of 
the Calculus is to determine the variation of zsy. 

If y -f[x)y a change whose magnitude is infinitely small 
in the function f[x) must be of the form i\p (a?), where i is an 
infinitely small constant. We have then Sy = ^ {x). In 
consequence of y becoming /(ip) + i\p{x)y the differential co- 

efficient -t— becomes — + i 

Henoe wo hove S ^ (36) 


It 

the variation SO, is the change in S2 in consequence of y 
changing from /{x) to f{x) + ixp{x). As the result of this 
change of y the function F becomes F + 8.7^’, where 

■ dF d-Sy 
dy Jdy\ ^ Jd>Ui\ d^ ’ 


and Q becomes J Fdx + J "^Fdx, Hence we see that 

80 = 8 J Fdx = / mix, (37) 

In the case of a definite integral whose limits are 
variable the complete variation is the sum of two parts, one 
resulting from the variation of the limits, the other from the 
variation of the expression under the integral sign. Hence 

ra/' 

if Q = Fdx^ and if be the complete variation of 12, we 

DQ = 2!’ W' - F'dx + 1* IFdx. (38) 


In general the complete variation Lu of a dependent 
variable u is the sum of two parts, one resulting from a 
change of the independent variable x^ the other from a 

2F 
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change in the form of the relation connecting u with x. In 
the Calculus of Variations the symbol 8 is restricted to varia- 
tions of the latter kind. Hence, in general, 


Du = ^ (fo + 8w. 
dx 


(39) 


Examples. 


1. A particle under the action of gravity is constrained to move from one 
given point A to another B along a smooth plane curve ; determine the nature 
of the curve so that the time of descent may be the least possible. 

The curve obviously lies in a vertical plane passing through the points 
A and B, 

Idjfijl Let the axes of x and y be a vertical and horizontal line in this plane, tlie 
positive direction of x being downwards, and let v be the velocity of the paiticle 
in any position, then, if the origin be properly selected, 

da 

= 2ya:, and therefore dt = — 

V 2ya: 

( *i /l-f«* du 

we have to determine y as a function of x so that a may bo a minimum, and 
therefore = 0 for all possible variations of y. Now 

f*i P dSy 
Jx() Y2ya;(l+i?*) dx 

hence, integrating by' parts, and neglecting the terms outside the integral sign, 
since y\ and yo are given, and therefore Byi = dyo = 0, we have 

Jxo dx \\/2yx (1 + jr) / 

but 8y being arbitrary, this equation cannot bo true for all values of Sy, except 


dx ^'l(jx (1 + pf 

Integrating, we have = 2g^x (1 -f p*). 

1 dy 

If we put and p = tan 0, we get X’=^a sin*0, = tan S. 

^ 2ge^ dx 


Affain ~ ^ ^ sin-tf ; hence w.o obtain, as the equations of the 

® dS dx dS ^ 

curve, « = « sin-(#, y = « (d - sin 0 cos 0) + J, where a and h are arbitrary 
constants. 

The curve is therefore a cycloid (Differential Calculus ^ Art. 272). 

This problem is one of great interest in the history of Mathematics, as its 
proposal by John Bernoulli in 1696 led to the invention of the Calculus of 
Variations. 
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2. Prove that for any system of coplanar forces the curve of quickest descent 
is such that at each point the pressure on the cuive due to the forces is equal to 
that due to the motion. 


Here 



'0 V 


dx ; hence, putting 8n = 


0 , 


we have, after integrating by parts, — ( ^ — = 0. 

dx \v ^/ 1 +p'^/ dy 

If we put » = tan this equation becomes \ + — -i — ^ = 0, 

• dx \ V ) v^cos % dy ’ 


that is, 
whence 


1 <fsin0 

V 


dx 


sin 6 


+ tan 0 


1 


dv 


cos 6 dy 


= 0 ; 


cos 0 


\ tdv . ^ dv \ 

= - ( — sin a - ~ cos a 1 . 
V \dx dy J 


Now cos a = sin a = — , and therefore = v i-r -r 1 ; 

ds ds da \dx da dy da/ 

d0 

also ^ = p> where p is the radius of curvature, and = 2 j(Xdx +Ydy) ; 

hence, substituting, wo obtain 

2!!!!? - Y ^ r ~ 
p da’' da' 

which proves the theorem in question. 

The curve of quickest descent is called the Brachystochrone. The propo- 
sition here proved is a case of a more general theorem in tho Calculus of Varia- 
tions, for the discussion of which tho reader is referred to Jellott’s Calculua 
of Varintiona^ p, 140, or to the Encyclopmdia Briiannica, vol. 24, p. 86. 

3. Deduce Lagrange’s equations of motion in generalized coordinates and 
the corresponding equations for impulses from D’Alembert’s Principle by means 
of the Calculus of Variations. 

If 57, y, z be the coordinates of any particle w, T is given by tho equation 
T= 'S,m{x^ + y' + s®) ; but T can also be expressed as a function of tho geno- 
ralizcd coordinates {i, &c., and velocities &c. As those two expressions for 
Tare always identical, so also are the expressions for J 5 derived from them ; 
wo have Ihcroforo 


f ( .d0x .dSy .d0z\ {fdT dT dS(i , ' 


di. 


If WO integrate by parts each side of this equation, the terms remaining 
under the integral sign on one side must be equal to those remaining under that 
sign on the other, and a similar equality must hold good for the terms outside 
tho integral sign at each limit. Hence wo have 


/^dT 

\dt d^i <f|i / \dt d^2 



+ &c. = 2m {x0x + y0y + zSz), 


and 


dT' dT' 


2F2 
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Since the limits are arbitrary the latter equation may be written 
dT dT 

TT [xZx + y^y + zSz), 

a^i d^2 

If we now employ D’Alembert’s Principle, the equations of motion are 
immediately obtained. 

304. Ijeast Action. — ^The integral {2Tdt taken between 
two given configurations of a system is termed the Action of 
the system in passing from one of these configurations to the 
other. If we denote the action by .4, we have the equation 

A = (40) 

where If and f correspond to the initial and final configura- 
tions of the system. 

If V be the velocity, m the mass, and s the path of any 
particle of the system, it is plain that A may be expressed 
also by the equation 

A = S/ii vds « 

where d and are in any individual motion the values of b 
for the particle m in the initial and final configurations. 

The Principle of Least Action asserts, that subject to the 
condition imposed by the equation of energy the mode in 
which a conservative system passes from one configuration to 
another is such that the action is a minimum. 

The equation of energy is T + V = Ey where E is con- 
stant, and V a given function of the coordinates. This 
equation determiues 2" as a function of the coordinates, but 
not V the velocity of an individual particle. Hence the value 

f*" 

of ^ vds depends not only on the initial and final positions of 

the particle, but also on the relation which in any individual 
actual motion exists between v and s. If we consider the ex- 
pression for A given by (40) it is plain that the value of A 
depends on the equations which are supposed to determine 
the coordinates in terms of ^ in any individual motion of the 
system, and the Principle of Least Action asserts that in 
the actual motion of the system these equations are such as 
to render A a minimum. The student should observe that 


J [xdx + ydy + zdz)y (41) 
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in (40) the limiting values of ^ are not given. In faet^ when 
the initial and finu configurations are given the correspond- 
ing values of t depend upon the actual motion of the system. 

To show that A ia a minimum in the actual motion we 
must euppose the forms of the functions by which &c., are 
express^ in terms of t to vary, and prove that the consequent 
variation of A is zero. 

We have then by (38) 

LA = 2rw' - 2rdt + /28m 
Now ST+ SV= 0, and therefore we get 

LA = 2T"dt" - 2rdt + / (ST - 8 F) d# ; 
also, since 2T= (i* + y* + z’) , 

we have 87*= («8i + ylij + z8z), 

hence |8H(.|s».(i^ + j5!+ (42) 

If we integrate each term by parts, and substitute in the 
expression for LA., we obtain 

LA = 2r'df -2rdr 

+ Sm(i"8a:" + y"8y" + z"8z") - {if 8/ + y'8/ + z'8/) 

"1 ^ K^'*’ 

Now by D’Alembert’s equation the part under the inte- 
gral sign must be zero, and therefore if the part outside 
Qiat sign be likewise zero, we have LA = 0. 

But 2T"dt" + Sm {x"hf' + fhf+ z"8z") 

= Sff»{i"(i"rfr + 8a^') ^fdf'df + If) + z"(«' + 80}, 

and ^'df + 8/', &o. are by (39) the complete variations of 
ic", &o., and therefore must each be zero, since f, s", &c. 
arc invariable, being the coordinates of the particles of the 
system in its final configuration, which is given. Hence, as 
similar results hold good for the other limit, we obtain 
LA = 0, and therefore may conclude that .4 is a minimum 
or a maximum. 
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If the potential energy of a system be given as a function 
of the generalized coordinates, the Principle of Least Action 
enables us to arrive at its equations of motion. 

To obtain the equations of motion in this manner we must 
seek to determine the generalized coordinates as functions of 
t in such a way as to make A a minimum, subject to the 
condition that T + F = constant. This condition gives 
8 T+ 8 ^“= 0 , and therefore if X be an indeterminate quantity 
we must have, when -4 is a minimum, 

DA+fX(ST+SF)cll = 0. (44) 

In this equation the variations 8 ?i, &o. may be regarded 
as independent and arbitrary, provided we can determine A 
so as to satisfy the equation T +F = constant. 

If we substitute ^ + — S^i + &c. for ST and 

d^i dt d^i 

dF 

8^1 + &c. for SF in (44), we get, after integrating by 

UQi 

parts, for the terms under the sign of integration, 




Hence, as the part under the integral sign must vanish 
independently of the terms outside that sign, and as 8 ?i, &o. 
are independent and arbitrary, wo have the system of equa- 
tions 


dt diJ ^ rfg. dt 
\rf?j dt d^J d^t d^3 dt 


If we midtiply the first of these equations by |i, the 
seoond by li, &o. and add, we have 

(2 + A)sf— - + (46) 

\dii dt d% J ^t d^ 
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Hence, by (25) and (13), we obtain 

-f2 + XI - 0 

_(^ + a)^-+a— - 2r^-o, 


that is. 


dT X dV 2T dX 
dt 2 + \ dt 2 + A dt 


(47) 


This equation becomes the same as the equation of con- 
dition T+V = constant, provided X = - (2 + A), or X = - 1 . 
Equations (45) then become the same as Lagrange’s Equa- 
tions (22). It is easy to see that if X = - 1, the terms outside 
the sign of integration in (44), after integrating by parts, 
vanish of themselves when the limiting values of ^i, ^29 &o. 
are given. 

Some eminent mathematicians have deduced the equa- 
tions of motion from the Principle of Least Action in a 
strangely illogical manner. 

305. Hamilton’s Characteristic Function. — The 

motion of a given system having n degrees of freedom whose 
potential energy is a given function of the coordinates is 
completely determined if the initial values of the generalized 
coordinates and velocities be given. At any subsequent un- 
determined time t we have n equations connecting t with the 
corresponding values of the coordinates and the 2n quantities 
previously assigned. If t be eliminated from these equations 
w - 1 remain. Again, the kinetic and potential energies are 
at any time connected by the equation T + V = Ey which 
gives another relation between the 2n assigned quantities. 
Hence we conclude, that if the initial values of the coordi- 
nates be given, and also their values at any subsequent 
undetermined time, along with the total energy E of the 
system, the motion is completely determined. 

It follows from what has been said that the action A oi a 
system in passing from one configuration to another is a 
determinate function of the initial and final valuer of the 
coordinates and of the total energy. This function is called 
by Hamilton the Characteristic Function. Whenever it can 
be assigned it furnishes us with the first and second integrals 
of the equations of Qiotion, as we proceed to show. 
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Suppose each of the initial and final coordinates, as well 
as the total energy of the system, to be slightly altered, then 
each coordinate, at any intermediate time, receives a corre- 
sponding variation, and so likewise does jT, the kinetic energy 
of the system. Now -4 = 2/ Tdt^ and therefore SA = f2STdt ; 
but Sr+Sr=«i:, hence 

SA=f(ST+8^-‘SF)d^. (48) 


If in this we substitute for J STdi its value given by (42) 
and integrate by parts, we find, as in (43), that the part 
under the sign of integration must, in virtue of D’Alembert’s 
equation, be zero. Hence 8A must consist entirely of the 
terms outside the sign of integration. To ascertain what 
these are when T is expressed as a function of the generalized 
velocities and coordinates, we must put for 8T in (48) tlie 
expression 

\rf| J 


Since 8A as shown above consists entirely of the terms 
outside the sign of integration, if ^i, ^ 2 , &c., ^ 2 ^ &o., be 

the final and initial coordinates, we obtain thus 

SA=(e-0SB+^ S^, + ~SMo.-f^S^i'+ 

d^i dg2 ^S2 ' 


Now DA = 2Tdt - 2Tdi! + BA, and 2T= '2 St, 

d% 

hence by (39) we get s. 

DA = 0 + PM 2 + &o. - {piD^i + P 2 D ^2 + &c;) 


where;?!, &o. have the same meaning as in (10). 

Again, A being supposed to be expressed as a function of 
the initial and final coordinates and total energy of the 
system, we have 


DA^ D%^’+&o.AE. 

dgi d^2 dof 1 2 dJbi 



Hamilton's Characterktic Function. 


441 


Oomparing the two expressions and remembering 

thatDSi, 2)52, &o. 2)5/, DtU &o. and 8-B are independent and 
arbitrary, we get 


dA 

dA 

dA 

(49) 


0^ 

C9 

II 

II 

' dA 

dA 

dA 

(50) 

dX,( ’ 

Sil 

■si 

II 



dE 


(51) 


Equations (49) and (51), if E be eliminated, furnish ex- 
pressions for fi, ^ 2 , &c., in terms of the coordinates and the 
time, in other words, the first integrals of the equations of 
motion. Equations (50) and (51), if E be eliminated, enable 
us to express the coordinates themselves as functions of the 
time, and so furnish the second integrals of the equations of 
motion. In each case the initial coordinates 5/, &o.y and 
components of momentum &c., are supposed to be given. 
It is to be observed that if we desire to have the first inte- 
grals in their usual form, in which the arbitrary constants are 
determined from the initial velocities, we must employ all the 
equations (49), (50), and (51), and eliminate 5i, &c., as well 
as E. 

In the case of a set of free particles, equations (49) and 
(50) become 


dA , dA . dA . dA , ^ 

ST-”'"’ 


(« 2 ) 




dA 

dlJ^ 





dA 

dxi 


— &o. (63) 


The function A satisfies certain partial differential equa- 
tions by which it may sometimes be determined. These 
equations are obtained thus : — Multiply the first of equations 
(49) by |i, the second by &o., and add, and we have 


JA . n A . 

+?F + &C. = 2T= 2 (.E - F). (54) 
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In like manner, from (50) we get 

A • HA . 

+ &o. = - 27' = 2 ( r - E). (55) 

«M “S3 


In equation (54) we must remember that |s, &o. are 
supposed to be expressed as functions of pi, pz, &o., and thus, 
finally, as functions of 


dV 


dA . 


A similar remark holds good for (65). 

In the case of free unconnected particles, equations (54) 
and (55) take the simple forms, 


m {\(i 


si 

m 


dx 


dA\ 

dx) ^ 


dAY (dAY) 
dy) (rfcj) 

\dy'j ^UV) 


2{E- V). 

2{E- vy 


(56) 

(57) 


Examples. 


1. Find the characteristic function, and the initial and final integrals in the 
case of a body falling vertically. 

Here there is only one coordinate, z the height of the body from tho 
ground. Since gravity tends to diminish Zf tho potential energy V = mgzy 
and E-T-\‘ mgz. We have, then. 


1. 

m \dz) 


2[E-mgz), 


1 


where z* is the initial height. If we attribute tho negative sign to the square 
root in tho first of these equations, we get, by integrating. 


3^1'"^;; — j 


In this equation is a function of z\ and is to bo determined from the second 
differential equation for A, Eemembering that A must vanish when z = z\ 
we get finally 

m ( I2(E ~ mgz)\^ f2{E- mgz')\^] 

«. I ■ — ) r 
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Wc hATe, then, 

i(M-mg 2 ) dA _ li(E-mgz') 

- m ’ 

_ 1 ( f2(E-ittgz)\i /2(E-mg/)\i) 
dE g\\ m ) \ m ) ]' 

If we eliminate E and z' from these three equations, and put s' = - v', we 
get the ordinary first integral of the equation of motion in which the initial 
velocity is supposed to bo given. If w'e merely elindnatc E between the last 
two of the above equations, and put s' = - v\ wo get the ordinary final 
integral. 

The resulting equations aro s = - {gt + v'), s = — ^ + s'. 

The signs which wo have attributed to the square roots correspond to the 
motion of a falling body projected vertically downwards. Tlio results which 
hold good in the other cases of the motion of a body falling vertically are 
deduced from the general equations by giving the proper signs to the square 
roots. 

2. A material particle is acted on by an attractive force passing through a 
fixed point, and varying directly as the distance ; find the characteristic 
fimction. 

Let m be the mass of the particle, and g.r the magnitude of the force at tho 
distance then 

- ^ - M-n and 7 = ^ + y*). 

Hcncc wo have 

If we assume 



the equation (a) is satisfied, provided 

<?! + <?2 = 2 E . { c ) 

Since tho differential equation to be satisfied by ^ and — is similar to («), 
and since A must vanish when x = x' and y = y', wc have 


dA I 


Vm Cl 

2V^ 
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In this expression for A the constants €i and €% are subject to the condition 
Cl •¥ C2SS 2JS. In order that A should be expressed as a function of a, y, of, 
and J?, a second ejiuation connecting ci and 62 with these quantities is required. 
Tliis equation is, in fact, 




Its truth may be proved as follows : — 

By equation {d) A ia expressed as a function of y, jr', y', cij C2, so that 
we may write A = ^ y, xf, y', ^2). An equation must exist between 

C2i t/i i/*y by means of which ^ can be transformed into \lf{x, y, x\ y', Ci-i-ez), 

We have, then, 


d}p^ d^ ^ d<f> dc2 d<p dip de\ ^ 

dc\ dc\ dc2 dc\ dc2 dc-i dc\ dc2 dc\ dc2 


and therefore ^ = X f ^ ^ dci+^ dc2 = 0. 

de\\ dc2l dc2\ dc\} dc\ dc2 

Again, dci + lica = 0 , since +C2 = 2 E. and therefore we have ^ 

aei d02 

Hence the required relation between ei and C2 must, in virtue of (c), be capable 

of being expressed in the form, ^ . The expressions for ^ and ^ 

® ^ * dci dc2 dci dC2 

are found most easily from (^]. From these equations we have 


dA /— / , d^A V m 

— = Vci - whence = 7 • 


Integrating, wo have 


dA ■ y— f* dx 


In like manner 




hence, since ^ we have W. 

dci dc2 
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OHAPTEE XIII. 

SMALL OSCILLATIONS. 

306. Introduetory Considerations. — When a material 
system in equilibrium under the action of any forces is 
slightly disturbed, the several points of the system in many 
cases tend to return to their original positions. In such 
cases, if the distance of each point from its position of equi* 
librium remains during the motion very small as compared 
with the other magnitudes on which the motion depends, 
the system performs %mall oscillations. 

Some cases of small oscillations have been already con> 
sidered in Articles 102 and 193. The simplification of 
the problem in the case of small oscillations has been exem- 
plified in the articles referred to, and consists in neglecting 
the squares and higher powers of small quantities. 

Before proceeding to the general theory of small oscilla- 
tions we shall illustrate the method by the consideration of a 
few elementary cases. 

307. Oscillation on a Plane Curve. — We commence 
with the small oscillation of a particle, under the action of 
gravity, on a smooth vertical circle. 

Taking the lowest point on the circle as origin, the 
vertical diameter as axis of 2 , and the tangent as that of ;r, 
the equation of the circle is 

2az = + s*, (1) 

where a is its radius. 

Also, by D’Alembert’s principle (Art. 196) we have 

xlx + sSz + ffSs = 0, (2) 

Now, for a small oscillation x must be small throughout 
the motion, and consequently s is a small quantity of the 
second order. ^ 
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Hence, to the degree of approximation required, we have 
aSz = xSx, and az = xx‘, therefore az = scat + d? ; 
we may accordingly neglect z, and equation (2) becomes 

(ai + - X] ^ = 0, or ai + - X = 0. 

\ a J a 

The integral of this equation is 

x = kdn^tj^ + x'j, (3) 

as in Art. 102. 

In like manner, if any curve be taken instead of the circle, 
its equation, referred to the tangent and normal at its lowest 
point, may be written 

2z = + 2cix% + + &c. 

Accordingly, neglecting terms of a higher order than the 
second, we have 8s = and it is readily seen that z may 

be neglected as before ; also observing that Co = - Oal.^ 

P 

Art, 230), where p is the radius of curvature at the origin, 
we get immediately from (2), 

sin + x). 

This shows that in all such cases the motion is represented 
by a simple harmonic function. 

308. Oscillatioii on a Smooth Surface. — We shall 
next consider the case of a small oscillation, under gravity, 
on a smooth spherical surface. 

Taking the origin at the lowest point on the sphere, and 
the z axis vertical, the equation of the sphere is 

2az = ir* + y* + zK (4) 

Also, from D’Alembert’s principle, 

xSx + y/8y + s8s + =7 0. 


( 5 ) 
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Here we may neglect and 2 as before, and thus we obtain 
immediately 



Hence x + - i^ + - 2 ^ = 0; 

a a 

accordingly we have 



where m, xu X* arbitrary constants. 

These equations may also be written in the form 

;r = a sin ^ p + a' cos t 

ya 

U = j3 sin ^ + /3' cos i 

in which a, j3, a, |3' are small arbitrary constants, whose 
values depend on the initial circumstances of the motion. 

Hence, if the particle be set in motion with a small 
initial velocity from a point near the lowest point on a sphere, 
its motion will be given by equations (6). 

Also, if we eliminate t from these equations, we see that 
the horizontal projection of the path of the particle is an 
ellipse. (Compare Art. 193.) 

A^e shall now consider the oscillatory motion of a particle, 
under gravity, on any smooth concave surface. 

Neglecting, as in the former cases, small quantities of a 
higher order than the second, the equation of the surface, 
when referred to the normal and tangent plane at its lowest 
point, may be written 

2s = ax^ + 2hxy + bf. 

This gives Sz = (ax + hy) Sx + (hx + by)Sy. 



( 7 ) 
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Also 8 may be neglected, as before, and equation (6) beoomea 
{^ + jr («KE + %) } &» + ly + ? (^ + Jy) ) = 0. 

S + g{ax + hjf) = 0, y + g {hx + by) = 0. (8) 

Now, these being linear differential equations, we may put 
« = »» sin + x)» y = « sin + x) i 


this leads to the equations 

[ga -X)m + ghn = 0, ghm + {gb-\)n = 0. 
Accordingly k must be a root of the equation 


and 


ga - X, gh 
gh, gb-X 


= 0 , 


n = 


X-ga 

gh 


m. 


( 9 ) 


Hence, if Xi and X 2 be the roots of (9), we see that the com- 
plete integrals of (8) may bo written 

ir = w, sin f x>) + (< -/X* + xs) 

y mi sin (t yXi + xO + sia /X* + xO 

in which »h, t>h, Xu X* a™ arbitraiy constants, of which the 
two former must be very small, in order that^ the motion 
should be one of small oscillation. It' is readily seen that 
this solution would fail if either Xi or Xj were negative ; thus 
if X be negative, instead of 

nil sin {t v^X, + xi)> 



■we shall have the terms 
where jin = - Xi- 
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The motion mil then not be a small oscillation, as this 
expression will increase continually with unless in the 
exceptional case where Jci = 0. 

Again, if Ri and R 2 be the principal radii of curvature at 
0, it IS readily seen that 

\ -i- A - ^ 

" nT- 

Xt2 

For let the ellipse ax^ + 2kxy + b'tf =c be transformed to its 
axes, so that 

ax^ + 2hxy + Sy® = a'X^ + i'F® ; 

then, since a + J = a' + 5', and ah - = a'b\ 

the equation {ga ~ \){gb - A) - y®A® = 0 

becomes {ga' - X){gb' - A) = 0. 

The roots of this equation are ga' and gh ' ; but, as in Art. 307, 
we have 



accordingly for a small oscillation both Ri and R 2 must 
be positive, i,e. the surface must be convex towards the plane 
of xy. If Ai = A 2 , we have JBi = JB 2 , and the origin is a point 
of spherical curvature. In this case a small oscillation is 
the same as on the surface of a sphere, and is given by 
equations (6). 

Esiamfles. 

• 

1. A bar of mass m hanging froely from one extremity is slightly displaced ; 
•determine its motion. 

Take two horizontal lines at right angles to each other passing through the 
point of suspension for axes of x and y. Let the small angular displacements of 
the bar at any time round each of these axes towards the other be B and ^ ; 
then, r being the distance of any point of the bar from its extremity, 

x = y- re, - y ^ ; 

s = r(l - ie^ — i^®)» Bz = — r {BBB + ^80), 

^ 2 G 


therefore 
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thus we may neglect and have 

(0Se + ^d<f>) + gXtimr($S$ + gt94>) « 0. 

Hence} if J* f^dm = mk^, ^rdm = m/, we have 

..I - I 

0 = a sin^l v^J/ + Xj^, <#> = ^ • 

2. Two balls connected by a horizontal bar, whose mass may be neglected, 
are suspended by two vertical cords of equal len^h. The bar receives a slight 
displacement of rotation round a vertical axis midway between the cords ; find 
the motion of the system. 

Let be the angle which the bar makes with a horizontal line parallel to its 
initial position, 0 the inclination of one of tho cords to tho vertical (see figure in 
£z. 4, Art. 244], I its length, 6 tho distance from the middle point of tho bar to 
one of tho balls ; then 

» = i cost|> = i (1 - y = % z = ^(1 - Je-*) ; 

>ut ie = i<H = 

and »•' = -«, / = -y, *’ = s: 

then X, aT, inay be neglected, and equating to cipher the coefficient of 5^ in 

D’Alembert’s vSJLiiation, we have 

\ V; + |<- = 0; 

thenforo ; = < + x]» 

where a and x ’ c-rljitrary constants. 

This shows the peri(Ml of vibration is the same as that of the pendulum 
whose length is ^ 

3. A bc^avy bar is suspended and displaced as in tho preceding example ; 
investignate its motion. 

Le^ ^ the distance of any point of the bar from its centre, and k the 
distaTAce from its centre to the point of attachment of one of the cords ; then, 
as iy^ the preceding example, 

l,t 

^ {r^dm + g j jdtnssO; 

= a sin + X j , where Jr* = mk’. 


therefore 
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4. How must the bar in the preceding example be suspended in order that 
its yibrations should be isochronous with those of a ball hung by one of the 
supporting cords P 

Ans. h = k. In the case of a homogeneous bar whose length is 2a, 



6. A uniform rod of mass m hangs from a horizontal pivot passing through 
one of its extremities. An inextensible string, whose weight is negligible, 
attached to the other extremity, passes through a smooth ring situated on the 
vertical line through the pivot at a distance below it equal to the length of the 
rod, and sustains a mass p. The rod being slightly displaced from its position 
of equilibrium, determine the motion. 

The equations of motion are 

f ma^ = — mga sin d — 2a T, pz = T — pg, 

where a is half the length of the rod, and z the vertical coordinate of p. If z 
be measured from tho position of p when the rod is vertical, z = 4a sin ^ 0. 
Since 0 is always small, we may take sin 0 = 0 ; substituting for z and elimi- 
nating T, we have 

= 0 . 

Hence the rod returns to its vertical position in a lime 

/jl«(l + ggV{cos-.— 

\ 1 \ mj ) * 2 ^ + m0o 

where 0o is tho initial value of 0. 


J a(^» + 3;?) 0 + mff 


(<) 


309. Stable £quillbrlaiii. — A position of stable equi- 
librium is, one from which a system has no tendency to depart 
far if it be slightly disturbed. 

In a conservative system if the potential energy be a 
minimum the corresponding position is one of stable equi- 
librium ; as may be shown in the following manner : — 
From equation (4), Art. 282, we have T + K - Vo - To. 
Neftv since T = ^ it is always essentially positive ; also, 
Vo being the minimum potential energy, V - Vo is positive 
for all small values of the variables, and may therefore be 
reduced to a number of squares with positive coefficients. 
Therefore if be small, each term both of T and of F- Vo 
must be small, and must always remain so. Hence, if the 
original disturbance be slight the system can never depart 
far from the position of equilibrium nor attain a high velo- 
city. The position ia therefore one of stable equilibrium. 

2 G 2 
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310. JBquattoiis of motion for an 0§cillatlng Sys- 
tem. — In the following investigation of the small osoillations 
of a system about its position of equilibrium, it is assumed that 
the forces which act at the different points of the system are 
functions of the coordinates of those points, and that the 
constraints and mutual connexions can be expressed by means 
of equations between the coordinates. 

In virtue of these equations the coordinates of the points 
of the system are functions of n independent variables, and 
these again are at any time functions of their values in the 
position of equilibrium, and of the increments resulting from 
the disturbance from this position and subsequent motion. 
If the system perform small oscillations the increments of 
the variables are all small quantities, whose squares and 
higher powers may be neglected. 

Hence the equations of motion involve only the first 
powers of the variables and of their differential coefficients. 
In other words, they form a system of linear differential 
equations with constant coefficients. 

Let ai, aa, . . . a,j represent the values of the generalized 
coordinates in the position of equilibrium, and 

Oi + 02 + ... On + 

their values at . any time during the motion. Then x, y, z 
being the Cartesian coordinates of any point of the system, 
we have 

=/(ai + 02 + ?2, . . . + ^n) 

=/(«., ...+ ?„ + &o., (11) 

whence, differentiating, we get 


itdi acL2 ^o„ 


since the squares and higher powers of ^i, &c. may be 
neglected ; similar equations hold goocj^.for y and z. Hence 





% 
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r, the kinetic energy of the system, is a qnadratio function 
with constant coefficients of |i, &o., and we may write 

+ &o. + + &o. (18) 


Again, if F be the potential energy, we have 
F = F[a\ + a2 + • On + 5 n)* 


Expanding by Taylor’s Theorem, putting Fo = i^(ai, az, . . . a„), 
and neglecting powers of ^i, &c. higher than the second, we 
get 


F-Fo+ 


? IE® 

da\ ^ da% 





(14) 


Now since Fo is the potential energy of the system in a 
position of equilibrium, 8 Fo = 0 for all possible variations of . 
ai, 02 , . . . On, and since these variations aro independent and 
arbitrary, we must have 

da^ ’ da^ 


Hence, if we put 


d^Vo d^Fo__ 

rfa,* rfo," 


(PF„ „ 

T , - qvii »c., 

aCLxCiCLz 


(14) becomes 

F = Fo+ + &c.) 


(16) 

(17) 


If we substitute the values of T and F given by (13) and 
(17) in Lagrange’s Equations (22) Art. 297, we obtain 


^IS?1 +^81!?* 


• +/inl» + ?I1?I + • • • + 7 i»5» = 0 \ 

. +./s»*5» + dliSi + • . . + — 9 I 


k(18) 


• • • +^n^n + ?ln5i + ftnSz • • • + ^nnHu — 0 / 
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311. liolatlon of EqaatloiiB of Motloii — Harmonic 
Determinant. — ^A b in Art. 308, if we assume 

= Kai sin [t -v/X + x)> ?2 = ko^ sin \/A + x)> &o., 

and substitute in the equations of motion, we obtain the 
n equations 


(/lA “* yn) a\ + {friX " 712) ^2 . . . + (y^inX — = 0 ^ 

(^i2A— ^ 12) a\ + (^wA — g'22) . . . + = 0 

• • • 

• • • 

• • • 

(yinA — S'!!!) + (^nA — ^2n) ^2 • • • + (^nnA — = 0 


. (19) 


These can be satisfied by the ratios of the n determinable 
constants e?2, . . . an^ provided A is a root of the equation 


./iiA — ([uy yitA — $'12, . . . yinX “ ([in 

./laA “• |7 i2» ./ 22A “ $'22> • • • *” 5^2n 

• . • • • • 

./in A “ <l\ny /2«A — • • • fnnk ~ ^nn 

The symmetrical determinant which enters into this 
equation we shall call A. It is usually termed the harmonic 
determinant of the motion. 

If the roots of the equation A = 0 be all real and positive, 
and be denoted by A„ A2, . . . An, the complete values of 
5i, &i &o., are given by the equations 

|i = K1«11 sin (t Vai + xi) + K2ai2 sin (# + X2) • • • + K««in sin (< + xJ^ 

{2 = *1021 sin (t V\i + xO + «2«22 sin + xs) • • • + «»«2n sin (ty/Tn + Xn) 

h ( 21 ) 


U “ «l«nl sin (<Vai -i- Xl) + K2an2 sin {t}/\2 + X 2 ) • • ••+ «w«nn sin (t)/ An+Xn) 


= 0 . ( 20 ) 
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where ici, xu x*> arbitrary constants, 2n in number, 

and any . . . a^i satisfy the n linear equations for aiy ^ 2 , . . . an 
obtained by putting Xi for X in (19) ; «i 2 , . . . «n2 those 

obtained by putting X2 for X ; and so on. 

If any root of the equation A = 0 be real and negative, 

instead of ici«ii sin {t y/Xi + xi)j there will be in a term of 
the form 


where jui = - Xi ; and there will be corresponding terms in 
K 29 Kzy &o* In fact if we substitute for for 

§2, and BO on in the equations of motion, we get a system of 
equations which differ from (19) in having - /i instead of 
X, and which can therefore be satisfied by ai : a^y &c. pro- 
vided - /Lc be a root of the equation A = 0 . Corresponding 
therefore to every real negative value of X there is a real 
positive value of \x> In this case, since ^ 1 , <S:c. contain in ‘ 

general terms increasing without limit with the time, the 
motion cannot consist of small oscillations. 

If we suppose a^y « 2 , • • • dn substituted for ^ 1 , ? 2 , . . . in 
Ty and for ? 2 , . • • iu F*, and denote the results of 
these substitutions by T' and F', equations (19) may be 
written 

^ (Xr- n - 0. £ (xr- n .0, . . .± (xr-n-o. W 

312. liemma In the Theory of Determinants. — If 

A be any determinant, and if the determinants obtained by 
erasing the first row and first column of A, the second row 
and second column, the first row and second column, the 
sebond row and first column, bo denoted by An, A22, - Ah, - A21, 
and if also the determinant formed by erasing the first row 
and first column of An be denoted by Aiui, then it is a well- 
known property of determinants that 

All A22 *“ Ai 2 All = AAi122« ( 23 ) 

For the convenience of the student we shall give here a 
proof of this theorem, 
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If we have the n linear equations 


OllXi + . . . + Clinitn = f/i 

chitKi + a^t + flsaiPa . . . + aj«ar„ = 

(tn^i + ffjjiPj + daaffa . . • + Clmifn “ t/i 

««i*i + an ^2 + (Ina^Ka . . .+ «„„!»„ = 


( 24 ) 


and solve for a?i, &c., in terms of f/i, &o., we get another 
system of n equations, of which the first two are 

AiTi = Aii^i + A2iy2 + &o., 

AiTa = Aiayi + A 22 y 2 + & 0 . ; 


whence, eliminating ^2, we obtain between the w + 1 variables 
^19 ^19 y\9 2/3, . Vn, the linear equation 

A{A2^i - AaiiTs) = (All Aaa ~ Ai2A2i)yi + &C. (25) 


Again we may obtain a linear equation between the same 
Variables in another way, viz., by eliminating aja, fl?4, . . • Xn from 
the {n- 1 ) equations got from equations ( 24 ) by omitting the 
second. The result of this elimination is 


aiiSCi + ^12^2 ” 


<?13, 

<^14, 

... a\fi 



+ a3^2 “ 


<3^33, 

^^34, 

• • • ^3»* 

= 0, 

( 26 ) 


yn9 

^n3, 

^n4, 

. . . a<ixn 




which expanded becomes 

Aaa^. ”• Aai»J ?2 “ Aii 22 yi + & 0 . 

Since only one linear equation can exist between w + 1 vafi- 
ables of which n are independent, ( 27 ), when multiplied by 
A, must be identical with ( 25 ). Hence we have 

AAi 123 = A11A22 “ Ai2 A21» 


In the case of the harmonic determinant, since it is 
symmetrical, we have Aai = Aw, and therefore ( 23 ) becomes 


(28) 


A11A22 "" Ai 2* = AAiiaa. 
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313. Transformation of the Harmonic Determi- 
nant. — If we denote the quadratic function of n variables 

+ &c.), 

by ^and the function 

+ <722^2* + 2(712^1^2 + &c.), 


by the harmonic determinant A is the discriminant of 
A •9'- and the equation A = 0 is therefore unaltered by 
linear transformation of the variables in ,9" and ©. 

Again, when &o., are substituted for the variables 

in ^.it becomes the kinetic energy T oi the system. Now, 
li, I2J being generalized components of velocity, whatever 
small values be assigned to them, these values will belong to 
a possible motion of the system. Hence the quantic 9 " is. 
positive for all real values of the variables, and may there- 
fore be transformed into the sum of n positive squares. If 
this transformation be effected we have 


29'=iyi* + ii2* + u/... + »?n% (29) 

2@ = Siiiji* + 522 IJ 3 ® + 2sunin’£ + (30) 


and the harmonic determinant is given then by the equation 
A — Siiy — 5 i 2 , — Si 3 > ... — Sin 

^ _ — 5i2j a — §22, — §23, ... — Sin ^ (31) 

• • ’ • 

”■ ^ 1 M> ■” ^ 2 »> ” ^ 3 n> ... A — Sfin 


314. Reality of the Roots of the Harmonic Deter- 
minant Rquatlon. — If the first row and first column of the 
harmonic determinant be erased, and a similar process be 
applied to the determinant so obtained, and again to the 
determinant thus formed from it, and so on, we fpt a series 
of determinants beginning with the harmonic determinant 
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itself, whose degrees in X are n, n- 1, n - 2, &o., and which 
in the present Article will be denoted by An,An-i, . . . Ai. 

It is to be observed that An* An-i, An -2 are identical 
with A, All, Aii22, and that Ai is simply A - Snn* If we place 
+ 1 at the end of this series of determinants we obtain a set of 
{n + 1) quantities, such that when any one intermediate be- 
tween the first and the last vanishes, the two on each side 
of it take opposite signs. When An-i (that is An) vanishes 
this appears from (28), and it is plain that a similar equation 
holds good for any three successive determinants in the 
series. Its last three terms are, 


X («-!)} “■ ®(n-l) n 

“ ®(n-i) fi> X — Srtn 


X 


“ Sftnj 


1 , 


of which the first is negative when X - = 0. 

If now we substitute + oo for X, each term in the series 
is positive, and if we substitute - oo the terms are alter- 
nately positive and negative. Hence n variations of sign in 
the successive terms of the series have been gained in the pro- 
cess of diminishing X from + oo to - cx? ; but, since when one 
of the intermediate terms vanishes no variation is lost or 
gained, a variation can be gained only by passing through 
a root of the- equation An = 0. In this way, therefore, 
n variations must have been gained. Hence the n roots of 
the equation An = 0 are real, and a variation is gained in 
passing througli eacli. 

Prom this last observation it follows that when An first 
vanishes An-i is positive, and that it must become negative 
before An vanishes a second time, then again become positive 
before A„ vanishes a third time, and so on. Hence the roctts 
of the equation An-i = 0 separate those of An = 0. In like 
manner the roots of the equation An -2 = 0 separate those 
of An-i = 0, and so on. 

If we denote by and the quantics obtained, from 

and @, by omitting all terms containing 5i the minor 
determinant A«_i belonging to An in its most general form, 
as written in equation (20), is the discriminant of X.^"- 
and the special form of An-i, considered jn this Article, is the 
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discriminant of the same quantio after linear transformation. 
Hence the general and special forms of An-i vanish for the 
same values of X, and we conclude that in general the roots 
of the equation Aw-i = 0 separate those of An = 0. It is 
obvious that similar considerations apply in the case of 

The results in this Article might have been obtained 
directly for the determinants An, A«-i, &o., in their most 
general form by using the conditions which must be fulfilled 
[Biff. Calc.,, p. 460) when the quantic is always positive. 

315. Stability of the JHotlon. — If we make X zero in 
the series of determinants An, An-i, &c. of Art. 314, we 
obtain a new series which may be denoted by (- 1)" Dn, 
(- 1)”"' &o., where Dn is the discriminant of and the 

remaining determinants, 2)n-i, &c. are formed from Dn by a 
process similar to that employed in obtaining the former 
aeries. 

It is clear, from Art. 314, that the number of positive 
roots of the equation An = 0 is equal to the number of vari- 
ations of sign in the successive terms of the series (- l)'^Dn, 
(-l)'»-‘Dn.i, . . . - A,l. 

Hence it follows that if Dn, Dn-i, &c. be all positive, the 
harmonic determinant equation has n positive roots. We 
conclude, therefore {Dif. Calc., p. 460), that in order that the 
roots of this equation should be all positive, the quantic @ 
must be positive for all values of the variables, and vice versa. 

Without assuming the truth of the conditions referred to, 
we may obtain the same result in another way by employing 
the following transformation : — 

We shall suppose that and © are of the form given by 
equations (29) and (30), and that the roots of the equations 
A = 0 are all unequal. 

Apply a linear transformation which will change 
rti + + &o. into + U + &o., 

end at the same time reduce © to its canonical form 
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In order to show that it is possible to do this by a real trans- 
formation, assume 


* mZi + V1X2 + + &o. \ 

m = V2Z1 + 112X2 + m'Xi + &c. L ( 32 ) 

Vn -nX + nX + + &c. i 

where the ratios ?ji' : : 1J3' : &o., are determined by the equa- 

tions 

SiilJi' + 5121/2' + Sisl/s' . . . + SinW = ^ 1 *?/ \ 

^isl/l + ®22l/2 + ^ 231/3 . . • + 82n1ln — ^ll/2 T, ( 33 ) 

^inl/i + 52nl?2 + ^anl/a . . • + ^tm^n = Ail/n 


the ratios i//' : 1/2" : 1/3'" : &c. by the equations 


5iilji + 513IJ2 . . . + Sin 1 }n — A2I/1 

^121/1 + 523l?2 . . . + Sonlln “ ^2l?2 

• • • • 

®inl/i + ^ 2 nl /2 • • . + Sfinlln ~ ^ 2 ^» 


h ( 34 ) 


and so on. 

From equations ( 30 ) and ( 33 ) it follows that when Ai and 
A2 are unequal, 


Hi ni + Vi V2 + Vz Vs 


/ n 
Vn Vn 


= 0. 


( 35 ), 


For A, (.,/ m" + u/ n" + &o.) = m" f?Y + u /' ( + &c. 

\(*Vl/ \^V2/ 

= m' (^ ) + 1./ ( ^ ) + &o. = A, (m' m" + m u," + &o.). 

\^VlJ \^V2/ 


We shall now show that @ becomes ipf the required form.. 
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. , rf@ ,rf@ 

rf»Ii ^ *** rfjja ■ ■ ■ 


(d<B\ 

= ’'‘Wj 


/rf@Y 

^ j + »/« ( ^ j + &0. = Xi + ijaV , . . + 


= Xi { (»j/* + W* + W* + &C*) Si + iniVi" + + & 0 .) ^2 + &c. j 

= Xi (jii'* + ija'® + Jia'* . . . + !}„'*) Zi, by (35). 

It can be shown in a similar manner that 


^ = Xa (nr + nr ...+ •»„"*) Sa, and so on. 

If then we assume, as is allowable, 

nr + nr ^ nr... + l, nr + nr + nr ...+ nr = 1, &c., 

we have the equations 

d6 > „ d@ \y s 

-Jy- — Ai 4 i, — A2C,2 j O^C. 


Hence 2© = + KU . . . + \nKn\ (36) 

and at the same time 

i?i* + T,./ . . . + u.r - fi* + ^2 . . . + K,?. (37) 

The constants ij/, ija', &c. ; ij/', 173", &c., are obviously the 
values which ^21, &c. ; ^12, ^^22, &c. (Art. 311) take in the 
particular case in which is of the form rji® + ijs** . . . + n^. 
As the transformation above is real, it follows that if © be 
reduced in any way to a form which contains only the squares 
of the variables, the signs of the coefficients of the different 
squares are the same as those of Ai, A2, &o. 

In order that every term in the general values of 5i, ^2, &o. 
should be periodic^ it is necessary (Art. 311) that all the roots 
of A = 0 should be positive. This condition, as we have just 
seen, is fulfilled if © be reducible to the sum of a number of 
squares with positive coefficients — in other words, if the func- 
tion V (Art. 310) b^ a minimum for the position of equilibrium 
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of the system. In tliis case, the system being slightly disturbed 
in any manner from its position of equilibrium has no ten> 
denoy to depart far from this position, and consequently 
must remain small throughout the motion. The 
motion is then stable in its character whatever be the direc- 
tions of the initial disturbances, and the position for which 
^ 1 , ^ 2 , &c. are zero is one of stable equilibrium. 

If V be not a minimum for the position of equilibrium of 
the system, that is, if some of the coefficients in @ when 
reduced to the above form be negative, terms will in general 
occur in ?i, which increase without limit with the time. 

In this case the position is not one of stable equilibrium, 
and the motion will not consist of small oscillations, unless 
the original disturbances be such that the arbitrary constants 
multiplying teims in ?i, &c., which increase without limit with 
the time, are each zero. 

316. Case of Equal Roots. — When the equation A = 0 
has equal roots, the solution in Art. 310 of the differential 
equations (18) seems to fail from not containing the requisite 
number of arbitrary constants ; and we might suppose that 
terms containing as a factor would occur in the values of 
5ij £ 2 , &o., and therefore that a stable motion of oscillation 
would not take place for all possible small disturbances* 
Lagrange and Laplace both fell into this mistake, which was 
first pointed out. by Dr. Eouth. 

The true theory depends upon the circumstance that when 
the equation A = 0 has a double root Ai, the system of n linear 
equations for determining aiy a.y &c.. Art. 311, are no longer 
independent, but can be satisfied by {n - 2) of these quanti- 
ties, the remaining two being arbitrary. 

This may be proved as follows : — 

If we put 

Ai — Sii^ — 5i 2, ... — &*in 

— A3 ” ®22j • • • “ Ssjj 

A'- , 

• r • 

“ '^inj “ ^2«> • • • An” Snn 

where Ai, Ao, ... A» are functions of X, .we have 
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d^d\n . 

d\ ~ dA: <#A rfAa "rfA ' ■ • ^ 

If 'we next suppose A i= As = Aj . . . = A„ = A, (38) becomes 
rfA 

— All A22 • • • + Anti# 

Now, from (28) it appears that when A vanishes An and 
A 22 have the same sign, and this holds good for any two of 
the determinants on the right-hand side of (39) ; but if Ai be 
a double root of the equation A = 0 the right-hand side of 
(39) must vanish for this value of A, and as all its terms have 
the same sign, each must vanish separately. Again, when 
A and An vanish it appears from (28) that A 12 must vanish 
likewise, and the same is true for every first minor of A. 

We conclude that when A is a double root of the equation 
A “ 0, the system of n linear equations (19) of Art. 311 can 
be satisfied by {n - 2 ) of the quantities . rjnj the 

other two remaining arbitrary. 

A case of equal roots has been already considered in 
Art. 308. 

We can now show that when two roots, Ai and Aa, are 
equal, the method already given of effecting the orthogonal 
transformation still liolds good with a slight modification. 
In fact we have, as before, Art. 316, 

/ /// , / ftr , o _ (\ n nr ft w , P ^ A 

Vl + V 2 tin + OCC. = U, til IJi + rii tin + <&C. = 0, 

&C. = 0, &C. = 0 ; 

but in the present case : riz and : ijj" are both arbitrary, 
and the two systems »//, ti/^ &c. and ?ji", 1 ^ 3 ", 1 J 3 ", &c. differ 
on\jr in consequence of different values having been assigned 
to these two arbitrary ratios. By moans of one of these ratios 
we can now satisfy the single equation 

+ tl2 t\2 . . . + IJn tin = u, 

whilst the other still remains arbitrary. Hence the transfor- 
mation's complete, but one of the ratios which is determined 
in the case of unequal roots remains arbitrary in the case of 
equal. 
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The results obtained above for the determinants An, 

&o. may be extended, as in Art. 314, to the first minors of A 
in its most general form. We may then assert, in general, 
that when A is a double root of the equation A = 0, the 
system of n linear equations (19) can be satisfied by (w - 2) 
of the quantities ^o, . . . the other two remaining 
arbitrary. 

The conditions to bo fulfilled in the case of equal roots 
might have been deduced at once from the consideration that 
the roots of the equation An = 0 separate those of A = 0, as 
shown in Art 314. 

If, on the other hand, some method different from that 
of Art. 314 be adopted to prove the reality of the roots of the 
equation A = 0, then the method of the present Article may 
be employed to investigate, as above, the case of equal roots, 
and also to show that the roots of the equation An = 0 separate 
those of the equation A = 0. 

317. Crencral §olution of the Differential Dqua- 
tlons in the case of Dqual Roots. — When the roots of 
the equation A = 0 are all unequal and positive, equations 
(21) may be written 

= an sin t + a'n cos t VaTi + au sin t + a'u cos t Vaz + &c. ) 

|2 = «2i sin t y/\\ + an cos t Vai + ^22 sin f V\2 + a'22 cos t + &c. f » 

&c.= &c. J 

where the 2n constants an, a'n, a^, a' 12 , &c., in the expression 
for are all arbitrary, and the corresponding constants in 
^2, &c. may be found in terms of these arbitrary constants 
by the solution of linear equations, the equations connecting 
an, a 2 i, am . • • ani being the same as those connecting a'n, 
a 21 , a 31, ... « «!• 

If now two roots Ai and A 2 of the equation A = 0 become 
equal, equations (40) are reduced to the form 

|i = an sin ty/\i^-\-a’n cos t\/\i + aiz sin + d u cos ty/\3 + &c.^ 

^2 = 021 sin iVm + a 21 cos tV\i (i2i + a'23 cos ^ t/Aa + &c. 1 . ( 41 ) 

: : : : ; : / 

a . • • . • I 

(ft ^fii Bin «v'a.+ a’ni cos ty/\i + anz sin ^ v/as + a\z cos ^ \/a 8 + &c. 
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In this case there axe only 2{n - 1) arbitrary constants in 
but since the system of n linear equations corresponding to 
Ai can (Art. 316) be satisfied by {n - 2) of the unknown quan- 
tities, the other two remaining arbitrary, we may in the 
present case, in addition to the (2n - 2) constants in ^i, con- 
sider ^21 and ^ 2 / also as arbitrary. We thus have still 2n 
arbitrary constants altogether, and the solution of the diflEe- 
rential equations (18) is therefore complete. A particular 
case of this has been already considered in Art. 308. It is 
easy to see that we may still, if we please, express the values 
of ?i, &o. by equations (21), but when Ai = A 2 the constants 
0,21 and 022 are arbitrary, as well as k 2 ^i 2 , 
in terms of these six we can express the four artotrary 
constants which belong to the solution of the differential 
equations. 

If there be several distinct double roots similar considera- 
tions apply to each of them, and in general, corresponding 
to each double factor of A there are four arbitrary constants 
in the solution of the differential equations. 

The preceding investigation can be readily extended to 
the case in which the equation A = 0 has r equal roots. 

In this case 2r constants «ii, « 2 i, . . • Ony « 2 i'> • . • (iri 
are arbitrary, and the n linear equations corresponding to the 
multiple root, which in general determine (^^ - 1) quantities 
in terms of the remaining one, are equivalent to only {n - r) 
independent equations. 

In fact, from what has been proved above, it appears that 
every double root of the equation A = 0 must be a root of 
All = 0. Hence if the former equation have r equal roots 
the latter must have (r - 1). Again, it is plain that An is 
related to Aii 22 iu the same way in which A is related to An, 
aifd so on. We may therefore conclude that if the equation 
A = 0 have r roots equal to Ai, then (r- 1) successive minors 
of A must vanish for that value of A. 

318. Principal Coordinates and Directions of 
Darmonic Vibration, — Since in the present case the 
equations are linear which connect different sets of co- 
ordinates, the generalized components of velocity are ex- 
pressed in terms of each other by the same equations as 
those which connect* the corresponding coordinates. Hence 



466 


Small Osoillations. 


N. 

the transformation of coordinates by which 29^ becomes 
+ ? 2 * . . . + Zn\ reduces 2r to the form . . . tn. Now, 

816, 2© is in this case of the form Ai?i* + Xafa® . . . + KZn^ 
and therefore by the solution of the differential equations for 
this particular set of generalized coordinates we have 

fi = Aisiii^(Vri + xi)» fa = ^asm(« Vxa+xa)*--- fn = ArH8in(«VAli + Xn), (42) 

where Ai, &c. are the roots of the equation A » 0, and 
Ai, * 2 , . . . An* Xi> X2> • • • X» arbitrary constants, 2n in 
number. 

The coordinates ^ 2 , &o. are called the Principal Co- 
ordinates of the oscillating system. 

The Cartesian coordinates r, y, z of any point of the 
system are given in terms of the principal coordinates by 
equations of the form 

r = iUo + + >^2^2 . . . + ^nZn \ 

V = ^0 + P\Z\ + PzZz • • . + PnZn I , (43) 

S = So + Citi + CiZz • . . + CnZn ) 


where ro, yo, So are the values of r, y, s respectively for the 
position of equilibrium, and J 5 i, C 7 i, -dg, jBa, C^y &o. are 
constants depending (Arts. 310 , 315 ) on the coefficients 
f 119/129 &c., r/11, g'la, &c., that is on the connexions between the 
several particles, and on the forces acting on the system. 

From ( 42 ) it appears that the motion of each particle is 
in general resolvable into n simple vibrations whose periods 
are 

27r 27r 27r 


v^Ai v^Ag V^An 


The motion of any one particle being determined, that of any 
other consists of simple vibrations having the same periods, 
i, e, harmonic, with the former. 

The direction of motion for the particle arising from 

the simple vibration whoso period is is found by suppos- 
ing K29 Z29 • • • Zn to be each zero, anii depends upon the 
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constants Ai^ Bu Ci. Hence the directions of the several 
component vibrations, as well as the ratios of their amplitudes 
for thedifiEerent particles in any one harmonic set, depend on 
the particulars of the system, i.e. on the connexions and 
forces ; and are independent of the particulars of the motion, 
e. e. of the initial positions and velocities. 

The several systems of directions 

{A^B,c^, A^Brcr, &o.), 

{A^B^C2, AiBlCU ArBi'C^'\ &c.), 

&o. 

along the constituents of any one of which if the particles 
xyz^ &c. were simultaneously displaced they 

would all vibrate in the same period or harmonically, are 
termed the directions of harmonic vibration. 

The simple harmonic functions of the time which occur 
in the expressions for |i, &o. given by equations (21) differ 
in general only by constant multipliers from the values of 

&C. 

If we put ici sin {ty/Xi-v xO = v^As + x?) = ^29 

&c., we may express ^2, &c. in terms of ^1, ^2, &c., as 
follows : — 

Let 29^1 =fl\a\\ +,/22^31* +^33^^31* + 2Ji2^’u^2\ + + &0. 

29^2 ^ + 2/12^1^12^^30 + ^13^13^32 + &C. 

9^12 J 22^21^22 +^^31^32 +^12(^11^^22 *•' ^J2^3l) + &0. 

<S;c. &c. &c. &o. 


and let @i, @2, @12, &c. denote the expressions obtained by 
the substitution of r/u, ^12, &c. for/11,/12, &o. in ,/i, ^2, ^12, &c. 
■^e have, then, 

d9ri dff, d9r, 

29^1 — a\\ —j — + ^21 "7 . . . + Uni "7 , (44) 

d(h\ dOnx ^ ' 

_ ^^2 . - d9f2 . _ d9^2 /.e.v 


d9r2 d3^2 

29^2 — (l\2 'T + ^22 y 
da\2 da2% 


dan% 


^ dS^i d9^\ a d9^2 d9^2 

^12 = -5 + fl^22 7 — au ■} + a 2 \ — J — 

claw aa2\ uaw aa22 


2 H 2 
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and Bimilar equations hold good for &o. It is 

eae^ to see that d'n, ff'ia, &o., @ii, Su, &c. are each zero. In 
fact by (22) we have 

. rfSi . d9', _ d@, d3^^ _ rf®, 

^'dau~dau’ ~ 

from which by multiplication and addition we get 

In like manner, X2«£7i2 = © 12 , and therefore in general J,^i 2 = 0, 

and @12 = 0. 

From (47) we have also @1 = Xi57i, and in a similar 
manner ©2 = X 2 ^? 2 , &c. 

If now we multiply the first of equations (21) by the 

second by the third by and so on, and add, all the 

simple harmonic functions of the time except disappear. 
In like manner we can find \p 2 , &c. and thus we obtain 

CCCtin CtCl2n (v^nn ' 

Since is a homogeneous quadratic function of an, a^, 
&c., and ^the same function of |i, ^n, &c., it is plain that the 
first of equations (48) may be written 

dSr 

- ail ~yy + ^21 . • • • + <7nl \ 

«5i w§2 dqn ' 

now from (21) we have ^ = an, ^ = a 2 \, &o., and there- 

' ' #1 #1 

dcr 

fore we obtain . 


In like manner 25^2^2 « - 77-5 ; hence we have 

dipi 


( 49 ) 
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In a precisely similar manner we can show that 
@ = ©1^1* + @2^2*. . . + @n^n®= X 2 W- • • + Xn^nl/^*«. (50) 

^ If we select the constants «ii, <«is, - . . so as to 
satisfy the equations 5^1 = 1, i9i = 1, . . . = 1, the simple 

hamonic functions \p 2 j &o. express the values of the 
principal coordinates of the system. 

When the harmonic determinant equation has equal roots 
the orthogonal transformation which reduces @ to its canoni- 
cal form though valid is no longer determinate Art. (316), 
and there are an indefinite number of sets of principal coordi- 
nates. 

819. KITect of Increane of Inertia. — If the mass or 
inertia of any part of a moving system be increased, the 
expression for the kinetic energy receives thereby the addition 
of one or more terms of the form vfls where v is a positive 
constant, and ^ is a linear function of the generalized com- 
ponents of velocity. The coordinates may be transformed 
in such a way as to make the Knear functions 9, &c. identical 
with an equal number of the generalized coordinates &o- 

If the forces acting on the system remain unaltered, and 
if there be only one additional term in the expression for the 
kinetic energy, the harmonic determinant A' of the system 
in which there has been an increase of mass or inertia, is 
given then by the equation 

X(./' 11 + v) — Qiij X/* 12 — j'i2 

^ Q\2 


where A is the harmonic determinant of the original system. 

If the original position be one of stable equilibrium all 
the roots Xi, . . . X„ of the equation A = 0 are positive, and 
are separated by the roots jui, . . . fXn-\ of the equation An = 0. 
Hence A' is positive for X = Xi, negative for X = jui, negative 
for X = X 2 , positive for X = iU 2 , and so on. Consequently the 
roots of the equation A^ = 0 are each less than the correspond- 
ing root of the equation A = 0, but are all positive and are 
separated by the ropts of the equation An « 0. 


= A + vX An> 
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It follows from what has been said, that when the forces 
remain unaltered an increase of mass inoreases the several 
periods of vibration. 

If the generalized coordinate 0 or were rendered 
invariable the system would have only (n - 1) degrees of 
freedom, and the harmonic determinant would become An* 
Hence no root of the equation A = 0 is diminished by an 
increase of inertia as much as it would be by rendering the 
corresponding coordinate invariable. 

It follows that if any period of oscillation belong to a 
system both before and after a certain coordinate has been 
rendered invariable this period belongs also to the system 
when the mass corresponding to this coordinate is increased. 

The substance of this Article is taken from South’s 
Rigid Dynamics. 

320. Energy of an Oscillating System. — ^If we put 

t \/ Ai + = ^1, t X® ~ &0., 

and substitute in T the values of ^i, ^2, &c. obtained by dif- 
ferentiating equations (42) we have 

2T- \iki cos* 01 + cos® 02 + &c. (51) 

Again, substituting in V the values of ?i, ?2) &c. we have 

2V=2Vo + Xiki^ sin® 01 + X2A-2*sin*02 + &o. (52) 

Hence, 2(r+ F) = 2^0 + Xi*i® + Xik/ . . . + Xnkn. (53) 

From' equations (51) and (52) it is plain that the sum of the 
kinetic and potential energies corresponding to each oscilla- 
tion is constant at each instant and equal to double the mean 
value of either. 

It is plain also that'' the mean value of the total kinetic 
energy is equal to that of the total potential energy due tb 
the oscillatory motion. 

The general expression for the kinetic energy is found by 

substituting if/i for \f/i, ^‘2 for 1^2, &o. in (49). 

We have thus 

T = XilCi® ^1 OOS®01 + X2fC2® ^3 COS®02 . . . + XnKnd^n COS®0n. (54) 

From (50) we obtain 

F-Fi+Xiici*^isin®0i4 X2ic2®5'2sin®02.. . -KXnicw*^nSin*0n- (55) 
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Examples. 

In the following examples the small oscillations of the system are to be 
determined in each case : — 

1. A number of balls suspended by a fine cord hang in 
a yertical line, and are slightly displaced in tlie same vertical 
plane. 

Let z \ ; X 2 t Z 2 f &c. be the horizontal and vertical 
coordinates of the balls ; ai, &c. the distances from 
the point of suspension to the first ball, from the first ball 
to the second, and so on ; 9i, 02 , &c. the angles which ai, 

« 2 , &c. make with the vertical at any instant. The weight 
of the cord being neglected, the distances ai, &c. are inva- 
riable; then 

= ai 01 , *1 = ai cos 01 = fli (1 - Wh 

X2 = 01 + fl203, Z2 = fll (1 - J01*) + fl2 (1 — -2^2®), &C. 

Substituting in the general dynamical equation, neglecting 
5*1, &c. and equating to zero the coefficients of 00i, 002 , &c. we have, after 
dividing the first equation by ai, the second by ^ 2 , &c. 

(»ll +fM 2 + #M3 + &c.) ai0i + (W 2 + -f &C. ) <*2 + (»»S + &C.) ^3 §3 + 

+ (mi + fM2 + &C.) y0i = 0, 

(»»2 + »*3 + &c.) «i 0’i + (m 2 + mz + &c.) az 02 + (mz + &c.) os + &c. 

+ (»i 2 + &c.)y 02 = O, 

mnaiBi + mna 2 02 + mnazBz + &c. + mna„’0n + f^nffOn = 0. 

Hence, assuming 

01 = ka sin Va + x)i + x)» 

where k and x arc arbitrary constants, wo get to determine a, fit Y, &c., and X 
the equations 

(m\ + aw* + &c.) (aiX - y) a + (m 2 + a »3 + &c.) az \fi + (»i3 + &c.)az \y + &c. = 0, 
(mz + a«3 + &c.) ai\a - 1 - (»i 2 + aw3 + &c.) (azK-ff) fi+(mz-\- &c.) az\y + &c. = 0. 

• («ia + azfi + « 3 y + &c. + Una) \—ffv = 0, 

^ This problem can also be treated by the general method of Art. 310. For, 
since the vertical motion of each ball is very small in comparison with its hori- 
zontal motion, the velocities si, 52 , &c. may be neglected ; and we readily find 

2 T = mi flfi® 01® + mz (<?i 0 i + 02)® + mz [di 0 i + <*2 O2 + <13 O3)* 

. . . + aWn (Cl 01 + <*2 02 + . • • + 0n)®. 

Also, if the poten^al energy be estimated from the position of equilibrium of 
the system, 

2 miffai 01 ® + m 2 Si(ai 0i® + az 02®) + . . . + mnff (ai 0i® + 02 02® + . . . + «n0n*). 

The preceding differential equations immediately follow from these equa- 
tions by the method of Art. 310. 
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2. The system of halls suspended as in the last example are displaced in 
different vertical planes. 

In this case, 9i and being the angular displacements of ai towards the 
axes of y and Xy 9z and ^2 those of 02, &c. 

xi = a\ 01, y\ = aiBu = «i (1 - &c. ; 

then 01, 02, &c. are independent of 0i, 02, &c. as in Ex. 1, Art. 308. The 
values of 0i, &c. are therefore the same as in the last example, whilst those of 
01, &c. differ from them only by having a different set of arbitrary constants. 

3. A number of rigid bars are hinged together in the same vertical line, 
and are displaced in the same vertical plane. 

lixiy zi be the coordinates of any point of the first bar, Xz, zz those of any 
point of the second, &c. and 0i, 02, &c. the inclinations of the bars to the 
vertical ; xi = ri0i, zi = n (1 — xz = «i0i + r202, *3 = (1 — 

+ r2 (1 - J02*), &c. 

Proceeding as in Ex. 1, we obtain 

{mz + mz + &c.) oi*} e\ 4 {mzhz + («*3 4- &c.) az) ai02 
4- {wizhz 4- {n%i 4 &c.) az} ai6z 4- &c. 4- {jwi^i 4* (wi2 4- mz 4- &c.) fli} y0i = 0, 
{iit2^2 4" (wi3 4- &c.) az} ai$i -t- {wi2^*2® 4- {mz 4* &c.)<f2*} 0*2 
4* [mzhz 4- (»4 4- &c.) az] ozdz 4- &c. 4- {^2^2 4- (m3 4- m4 4- &c.) az] gBz = 0, 

• ... 

mnin®101 4* ntfJffiazBz 4* mnhnaz^z 4" &c. 4' mn^n*0ii 4* mnhngBn = 0, 

where k\y kzy &c. are the radii of gyration of the bars round their extremities, 
and h\, bzy &c. the distances from their extremities to their centres of inertia. 
The solution of these equations is obtained in the same manner as in Ex. 1 . 

4. Two balls, m\ and m2, arc suspended by 
cords, whose lengths are ai and ^2, from the extre- 
mities of a bar whose position of equilibrium is 
horizontal, and which hangs from a fixed point by 
another bar e rigidly attached to the former at a 
point whose distances from the extremities of the 
horizontal bar are and hz. The system is dis- 
placed in the vertical plane which it occupies when 
in equilibrium. 

^t 01, 02. 03, be the inclinations of ai, 03, and e 
to the vertical ; xiy zi, and xz,^zz the coordinates of mi and m2 ; then « 

Xi = ai0i 4- (1 — J03*) 4- cBzt (1 - J^i®) - 4 (1 - iBz“), ^ 

Xz = ^232 — ^3(1 “ ^^3^) + ISz = az (I — ^02®) 4* ^308 4* (1 “ 

Also let di and dz be the distances from 0 to the extremities of the lever. 

Then, neglecting small quantities beyond tho second order, wo readily get 

2T= mi (<ii*0i* 4“ 2aic0i^ 4- rfi®03*) 4" m2 (<72*02* 4- 2azcBzBz 4- <f2^03*) 4* m3A3*08*, 

where mzkz^ is the moment of inertia of the lover round the point 0. 

Also, if th weight of the bar c be neglected, 

2 r = miyai0i* 4- mzgazB^ 4 MgeBz^, 

Jf = mi 4- m2 4- m3. 



where 
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Hence the differential equations for small osoUlatory motion are 

aiBi + c6z + ffdi = 0 , 0202 + <^08 + 002 = 0 , 

and «»iioi0i + 17120202 -f Ma^dz + MgBz = 0, 

where midi^ + f» 2 rfa* + = Maze. 

If we now assume 

«i = o8m «2 = 38in (< +x), »3=y8in ^ + x). 

it is readily seen that A is a root of the cubic 


M{\ - oi) (a - 02) (a - 03) - A(#niOi + *0202) + (wii + m2) oi02<f = 0. 

It should bo noted that if the cords aro equal in length, i. e. oi = 02 » ^en oi 
is a root of this cubic, and tho remaining roots are given by the quadratic 

J^(a “ oi) (A - 03) - (mi + fM2) oic = 0 . 

This latter furnishes the solution of the small motion of a beam and scales, 
oscillating in a vertical plane passing through the beam. [See Camb. Math. 
Journal, vol. ii., p. 120.] 

6. The halls and cords in the preceding example are replaced by two bars 
which hang freely from the ends of tho lover. 

Let l\ and h he tho distances from the ends of tho arms of the lever to the 
centres of inertia of the bars a\ and 02 , respectively ; and let m\k\^ be tho 
moment of inertia of the bar a\ round its upper extremity, and the corre- 
sponding quantity for az ; then we readily find 

2r= mi {Jci^Bi^ + 2lieBik + + m 2 (^*2*02* + 2fcc02^3 + <f2*03®) + mzh'B^, 


and, making the potential energy zero in the position of equilibrium, and 
neglectiDg the mass of c, wo have 

, 2 F" = miy^i0i* + m^ghB^ + MgcB^. 

Proceeding as in last example, and putting 


hi 




ym get, for the determination of A, the cubic 


• (a - Ai) (a - A2) (a - <13) — he {mih + nnh) + e (m\lih2 + m2/2^i) = 0 . 

As in tho last example, if h\ = hz, then h\ is one value of A, and the other 
roots of the cubic are those of the quadratic 

Jlf (A - Ai) (a -a 2 )-e {mih + m 2 h) = 0 . 

6. A rigid body, having a fixed point and in stable equilibrium under the 
action of a conservative system of forces, is slightly disturbed. 

Let the axis, a rotation round which would bring the body from its position 
of equilibrium to its actual position at any time (Art. 249), make angles with 
the principal axes of the body dt the fixed point whose direction cosines are 
If m, n. Let a be the yiagnitude of the required rotation, which by hypo- 
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thesis is a small quantity. The coordinates of each point of the body are 
then at any time Unctions of constants and of the Tariables, tr. It m, n, or, of 
the three independent yariables erf, am, an, which may be denoted by 0 ^ A, 
Hence, as 0, 0, ^ are small, and the initial position is one of equilibrium 
• (Art. 310 ), 

r -Fb + J (jll0* + + ^ 33 ^^ + 2^120^ + 2^130^ + 2^23^^). 

Again, neglecting small quantities of the second order, «i <= 0 , «2 ^ ^ ; 

and dereforo (Art. 263 ) 

T= J(2t0* + 592 + e 7 i^«), 

neglecting small quantities of the third order. 

Hence equations ( 18 ) become 

-40 + qii0 + gi 2 ^ + ^ 18 + = 0, 

+ ^120 + ^22^ + ^ 23 + = 0, 

+ ?130 + 023 ^ + 033 ^ = 0 . 

0 = A;osin(^Vx-^x)f ^ = ^0 sin (iVx + x)» <'=^7ein(< t^ + x)» 

we haye, for the determination of a, fi, y, A, the equations 
- 4 Aa = 0iia + 0123 + 0137 , 

J9A3 = 012a + 0223 + 0237, 

C\y = 013a + 0233 + 0337* 

If ai, a2, &c. be the values of a, &c. corresponding to Ai and A8, two of 
the roots of the cubic’ for A, it is easy to see that 

(Ai — A2) (- 4 oiat + + C^7i72) = 0 ; 

henco Aaia2 + ^3i32 + Cyiy2 = 0, 

and therefore also 

«• 

a2 (01101 + 0123 i + 0137O + 32 (01201 + 0223i + 0237l) 

4 

+ 7a (31301 + 0233 i + 03371) = 0. 

Accordingly the lines whoso direction cosines are proportional to 01, 3i, 71 ; 
02, p2t 72 ; 03, 33, 73 ; are conjugate diameters of the momental ellipsoid, and 
likewise of the quadric A', whose equation referred to tho principal axes of the 
body at the fixed point is 

0iifl;’ + 022y® + 033 *® + 20i3ary + 2013a?* + 2028 y* = JT. 

Since the initial position is one of stable equilibrium, E must be an ellipsoid 
(Art. 315 ). 
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An angulp displacement in from the position of equilibrium brings l^e body 
into a position whose potential energy, relative to the initial position, is 

, ri being the semi-diameter of E round which the rotation ci is 

effected. Hence all small angular displacements, which are proportional to the 
diameters of E round which they are effected, bring the body into positions having 
the same potential energy. On this account Sir Robert Ball calls E the ellipsoid 
of equal energy t or, the potential ellipsoid correspon^Ti^ to the initial position of 
equilibrium. The results arrived at may be stated as follows : — The harmonic 
axes of a rigid body, having a fixed point and in stable equilibrium under the 
action of a conservative system of forces^ are the three conjugate diameters 
common to the momental and the potential ellipsoids. This theorem is due to 
Sir Robert Ball. 


7. If gravity bo the only force acting 
on tiie body in the last example, show that 
the potential ellipsoid becomes a circular 
cylinder, and determine the positions of the 
harmonic axes. 

Let 0 be the fixed point, O the initial 
position of the centre of inertia, G' its posi- 
tion resulting from a small angular displace- 
ment er of the body round the line OR whose 
direction cosines are m, n. Draw OP 
and G'P perpendicular to OR, and G*S 
perpendicular to OG, Then o* = Z GPG\ 
and the potential energy due to the displace- 
ment is . GEi. Putting OG = a, and 
L GOP = p, we have 



G(P^ PG^.fP « 2 • 2 

GU = -77—.= — ^ = n 9' 

%a 'la 2 


Again, if \, ft, v be the direction cosines of OG^ 

O’ cosp = O' + m\k + nv) = flA. + 

Hence, the potential energy due to the displacement is 

and the quadric E is determined by the equation 

+ y® + a* - (Aa? + /uy + vz^ = JST, 

which represents a right cylinder having 00 for its axis. 

This can also be easily seen diicctly as follows The amount of energy T 
required to turn the body through an angle a round any semi-diametor r of is, 

O’* 

us we have seen, J JT— . Now, if r be vertical, 7=0, and therefore r = « . 
Also, if r be horizontal, 7,= (where h is the height through which the 
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centre of inertia is raised), and is therefore constant if o* he constant, hence 
r is constant : accordingly the corresponding section of £ is a circle. 

To determino the harmonic axes — One is the vertical, OQ, the other two are 
found as follows : — Draw the diametral plane of the momental ellipsoid which 
is conjugate to a vertical lino through the fixed point ; it will meet the cylinder 
JS and the momental ellipsoid in two ellipses ; the pair of conjugate diameters 
common to those two are the lines required. Also, since a horizontal section of 
is a circle, the projections on any horizontal plane of the two non-vertical 
harmonic axes are lines at right angles to each other. If the body be displaced 
without initial velocity there will bo no oscillation round the vertical axis ; and 
if the periods of vibration round the other two axes be different, the instanta- 
neous axis of rotation will either oscillate or revolve continuously in the plane of 
the non-vertical harmonic axes. If after displacement an initial velocity be 
imparted to the body, in order that there should be small oscillations, this initml 
velocity of rotation must be round an axis in the plane of the two non-verticnl 
harmonic axes. 

8. If the system of forces acting on the body be constant in magnitude and 
direction, determine the values of gu, &c. in Example 6. 

Let Xf F, Z be the components of the constant force acting at any point of 
the body parallel to the initial direction of its principal axes, and let x, y, z be 
the coordinates of the point of application referred to space axes coinciding with 
these initial directions, its coordinates referred to the principal axes themselves 
being (, (. Then, if (?*, Gy, Gz be the moments of the forces round the 

space axes, neglecting small quantities of the second order, we have 

= 2 {(yF- zY) = 2 {(i, - fd + irli)Z-(C’‘ ^<t> + Tie) Y] 

= 2 (ijF- (Y) - d2 (7»r+ (Z) + 02|r + i^2{F 

= <r (nF + CF) -i f»2| F + «2fF}, 


since 2 - (Y) = 0. 

The work done by the forces in turning the body through dir is 
{IGa + mGy + nGz) d<r. 

If we substitute for Gx its value given above, and make similar substitutions for 
Gy and Gz, we obtain, by integration, the terms of the second order in — F. ftnee 
we have 

^11 = 2 (^F+ (Z), 2^13 = - 2 «F+ nX), &c. • 

9. If a system whoso position is determined by three independent variables 
perform small oscillations, prove that the hainionic axes are the three conjugate 
diameters common to the quadrics whose equations are ^ = constant, @ = con- 
stant (Art. 313). 
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OHAPTEE XIV. 

THERMODYNAMICS. 

321. ]IEectaaiiical£quivaleiit oflleat. — The experiments 
of Joule and others have shown that whenever sensible kinetic 
energy disappears without a corresponding increase of poten- 
tial energy, an amount of heat is produced proportional to the 
quantity of sensible kinetic energy which has disappeared. 

A similar result takes place in all cases in which work is 
expended without producing a corresponding increase of 
energy ; and, conversely, a definite amount of heat can be 
transformed into a definite amount of work. 

The number of units of work which the unit of heat can 
perform is called the mechanical equivalent of heat^ and maybe 
designated by the letter J. If the quantity of heat required 
to raise the temperature of the unit mass of water from 
0^ to 1° Centigrade be taken as the unit of lieat^ and the 
amount of work expended in lifting the unit mass through 
a height of one metre as the unit of work, the value of J is 
found to he 424. In Englisli units, i. e, if a foot be taken as 
the unit of length, and temperature be estimated by Fahren- 
heit's thermometric scale, the value of J is 772. 

If Q bo the number of units of heat imparted to a body ; 
U its total energy, kinetic and potential ; W the work done 
bj^the body against external forces; and AQ, &c. the in- 
criments of these quantities at any time reckoned from the 
same instant, the experiments of Joule, already mentioned, 
conduct to the equation 

/AQ = A?r+Air. (1) 

If we desire to give this equation a purely theoretical 
basis, we have only to assume that heat is energy resulting 
from molecular motion, and that the principle of the con-, 
servation of energy, holds good. 
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If we seek to determine J from Equation (1) by measur- 
ing the amount of AQ, &o. in any particular case^ we are met 
by the difficulty that the value of A Z7" is in general unknown. 
This difficulty can be got over by bringing back the body 
which is being experimented qn to its initial condition : A U 
is then zero, and we have JaQ = ATT. 

When J is known, heat can be expressed in work units ; 
and if this mode of expressing Q be adopted, (1) takes the 
simpler form 

AQ = AU+ AW. (2) 

322. Kquatton of Energy. — The equation of the 
preceding Article is one of the two fundamental equations 
of Thermodynamics, and may be called the Equation of 
Energy. 

In the application of this equation the substance under 
eonsideration is in general supposed to pass continuously 
&om one state to another, in consequence of changes in its 
temperature and in the pressure which the unit area of its 
surface exerts against the surrounding medium, this pressure 
being supposed the same at all points of the surface. 

In Thermodynamics we are not usually concerned with 
the kinetic energy of sensible motion. In fact, the apparent 
effect of heat on a substance is either to raise its temperature, 
or to change its condition, or to cause it to do external work. 
Hence the body is, in general, supposed to be at rest in the 
ordinary sense, and its kinetic energy is exhibited in the 
form not of sensible motion, but of those molecular motions 
on which temperaturq^ depends. This being understood*^,we 
see that the total energy of a unit mass of the substance at 
any time is a function of two independent variables— *che 
temperature t, and the pressure p. 

As the volume v of the unit of mass depends on^ and 
we may take as independent variables any two of the three 
quantities p, and v. 

If the work done by the body against external forces be, 
as is usually the case, the work which it does in consequence 
of its expansion against the pressure on its surface, and if 
we consider merely the unit of massj it is easily seen that 
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dW = pdv, and hence we have from (1) the equation 


JdQ = — dt + ^dv + pdv. (3) 

dtdv 

323. Specific Heat. — The number. of units of heat 
which must be imparted to the unit of mass of a homogeneous 
substance to raise its temperature one degree is called its 

specific heat, and is equal to the limit of 

The specifio heat in general depends on the external work 
aooomplished by the body, and is indeterminate unless the 
relation between tlie variations of the independent variables 
be assigned. If, however, the temperature of the body be 
raised either under the condition that its volume remains 
constant, or under the condition that the pressure on its 
surface remains constant, the specific heat is a definite func- 
tion of the variables on which the state of the body depends. 

The ^ecific heat at constant volume may be designated 
by Cp, and that at constant pressure by Cp. We have then, 
from (3), 


where 


indicates the differential coefficient of U with 


respect to t under the hypothesis that v is constant, and 

^ similar signification in reference to and where 

indthe equation for Op we regard t; as a function of p and t. 

For practical purposes, when great accuracy is not re- 
quired, no distinction is made in the case of solid and liquid 
bodies between the two specifio heats, and the specific heat 
for each body is assumed to be an absolute constant. 
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Examples. 

1. A raindrop falls to the ^oiind from a height of 1272 metres; determine 
how much its temperature is raised, assuming that it imparts no heat to the 

air or to the ground. Ans. S^C. 

2. Find how much heat is disengaged if a bullet weighing 60 grammes and 
having a velocity of 60 metres per second strikes a target, assuming g to he 
9*8 metres per second. 

An8. An amount of heat sufficient to raise one gramme of water through 
16°C. 

3. Supposing the Earth to have been originally a nebulous mass dissipated 
through spaco ; find the heat produced by its condensation. 

If ^be the kinetic energy generated by tho coming together of the nebulous 

mass, we have, by Ex. 12, Art. 138, <9"= ^ The equivalent amount of 

heat Q is given by the equation Now, substitut- 

J O IT J 0 J 

ing for r its value in metres — and 424 for /, we obtain Q = 9000my, 

IT 

approximately. Hence the quantity of boat generated by tho condensation of 
the Earth is 90 times the amount required to raise an equal mass of water from 
0* to lOO^’C. 

4. Find tho amount of heat generated by the condensation of the sun. 

Let Q* be the amount of heat required, then if and E being the mass and 

15.1. 1 , X r. o Q' r if r M if 

radius of the sun, we have, from Ex. 3, = — . —. — . Now, — = 

Q E m E m * m 

324000, and — = 108, approximately. Hence ~ = 3000 nearly. Again, 

T ' \eC m 

9000 X 3000 = 27000000, consequently the heat generated by the condensation 
of the sum is 270,000 times the amount required to raise tho temperature of 
an equal mass of water from O'* to 100®C. 

6. If the sum bo contracting in consequence of its own attraction ; determine 
the annual contraction which is required to maintain its temperature cons^mt. 

As in Ex. 3, we have QE = J and therefore = 0. 

J QE 

By observing the quantity of heat received from the sun in a given time by 
a given area on tho surface of the Earth, it is easy to determine the whole 
amount of heat emitted by tho sun in one year. From this, and the mass of 
the sun, we can ascertain that the temperature of an equal mass of water would 
\ be lowered a little more than 2” by losing this amount of heat. Consequently, 

1 

= T QnAAAnA > approximately, and therefore to maintain its present tempera- 
(A loUUUUUU 

tur^tho sun should contract each year by an amount sufficient to diminish its 

\ 
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324. PerfiBct Sas. — In the ease of a perfect gas the 
volume V of the unit of mass is connected wilh the pressure p 
and the temperature t by an equation of the form 

vp = V(,po (1 + at), (5) 

where «« is the volume corresponding to the pressure po and 
the temperature zero, and a is a constant which is the same 
for all gases, its value being srfff when temperatures are 
counted on the Centigrade thermometer. If the zero of 
temperature be taken at - 273® 0., and temperature reckoned 
from this origin be denoted by Ty we have, putting R for 

nVoPoy 

ip - RT. (6) 

The experiments of Joule and Thomson have shown that 
if the volume of a gas vary without any heat being imparted 
or abstracted, the temperature remains constant, provided no 
external work is done. If now in (2) we make AQ = 0 and 
AJF- Oy we have AU’= 0; hence it appears, that if the 
temperature of a gas remains invariable so likewise does the 
internal energy, which is therefore a function of the tempe- 
rature alone. In this case, by (4) and (6), we have 

JCj, = JC„+P = JCr + B. (7) 

The experiments of Regnault have shown that the specific 
heat of a gas at constant pressure is independent of the pres- 
sure, being a constant for each gas. From this it follows 
by (7) that the specific heat at constant volume is likewise a 
comtant. In the case of a perfect gas equation (3) accord- 
ingly becomes 

JdQ^JC^dT + pdv. (8) 

If Q be the heat imparted to the unit mass, and Cv the 
specific heat at constant volume, expressed in work units, (8) 
may be written 

dQ = Ct,dT + pdv. (9) 

Again it is plain that 

dU = CvdTy 


( 10 ) 
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and, if Cp be the specifio heat at oonstant pressure expressed 
in w6rk units, that 

Cp — Cff "ir 


Examples. 


1. Calculate the difference between the two specific heats of air, being given 
that a cubic metre of air at a temperature of O'* C. and under a pressure of 
760 mm. of mercury, whose density is 13*6, weighs 1*2932 kilogrammes. 

0*069. 

2. For any gas whose density referred to air is d, show that 






0*069 
d * 


3. Determine the quantity of heat which must be imparted to a gas to enable 
it to expand at a constant pressure pi from the volume vi to the volume V 2 . 

Am. Q = - vi). 
li 

4. If T be the absolute temperature of a gas, and Sf* the portion of the 
energy of its unit mass which is due to the velocities of translation of its mole- 
cules, show that %RT. 

Since jpe « (Ex. 18, Art. 288), this result follows from (6) Art. 324. 

5. Determine the moan velocity of translation of a molecule of air which is 
at a temperature of O'* 0. 

Here T is 273, and the mean velocity required is 485 metres per second, 
nearly. 

6. Show that the mean velocities of translation of the molecules of different 
gases when at the same temperature are inversely proportional to the square 
roots of the densities of the gases. 

7. Determine the relation between the total kinetic energy ^of a gas and 
that portion of the kinetic energy which is due to the velocities of translation 
of its molecules. 

The total energy f/* o( a unit mass of a gas is composed of the kinetic energy 

and of the potential energy F, which again is the sum of two parts, V\ 
resulting from the mutual action of the molecules, and Fs depending ox the 
constitution of the individual molecules. Fg may be considered constant so 
long as the chemical constitution of the gas remains unchanged, and Fi may be 
assumed to be zero, since f/’is a function of the temperature alone, and Fi, if it 
existed, would depend on the mutual distances of the molecules, and therefore 
on the volume. Hence CT = 5" + Fs. 

Again, = constant, whence TI^JCvT-^- C", or V^^JCvT-V C\ 

Let then 9^ = and F, = C, Hence, as 

Y % is constant, 3 must be of the form 7 + -^, where 7 and y are constants ; and 
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^muBt be the sum of two parts — one proportional to the temperature, the other 
constant. The existence of the latter part seems in the highest de^ee improb- 
able ; we may, therefore, conclude that is constant To determine its value 

1 C 

we have = /C®, whence $ = i v — rby (7), where Ar= Now k is found 

A? “ 1 Cf; 

to be almost the same for all gases, and to be equal to 1*408 ; hence fi is 
approximately the same for all gases, and is equal to 1*634. 

8. Two masses of different gases have equal volumes at the same pressure 
and temperature ; show that for all equal temperatures they have equal kinetic 
energies. 


325. Reversibility and Cyclical Processes. — When 
a body experiences transformations such that the inverse 
changes can take place in precisely the same circumstances, 
the transformation is said to be reversible. In order that this 
should be the case, any source from which the body derives 
heat, or to which the body imparts heat, must, at the time at 
which the heat is transferred, be of the same temperature as 
the body ; and also the external pressure on the body at any 
time must be equal to the pressure corresponding to the state 
of the body at the time. 

A cyclical process is a transformation at the end of which 
the body returns to the same state as that in which it was at 
the beginning. 

326. Indicator Diagram. — The state of a body is, as 
we have seen, a function of two independent variables. If 
those selected be the volume of the unit of mass and the 
pressure on the unit of area, the state of the body at any 
time is indicated by the position of a point whose coordi- 
naetes referred to two rectangular axes are proportional to 
th® volume and pressure. 

In the case of a body undergoing a transformation accord- 
ing to a fixed law, the set of points indicating its successive 
states form a curve. In a reversible transformation, if no 
heat be lost or gained by the body during the transformation, 
this curve is called an adiabatic or isentropic curve. If the 
temperature remain constant the curve is called isothermal. 
The area comprised between the curve, its extreme ordinates, 
and the axis of abscissas, represents the work done by the 
body during the transformation. 

2 12 



484 


Thertnodymmm. 


327. Isothermals and Adlabatles for a Perfect 
Oas. — ^In the cose of a perfect gas the isothermal ourre is 
determined by the equation 

pv = RT,, (12) 

where Ti is the constant temperature. The isothermal for a 
perfect gas is therefore an equilateral hyperbola. 

Since the temperature remains constant the heat required 
to effect the transformation is given by making 0 in (8), 
that is by the equation 

JQ =1* = = RT, log (13) 

When a body undergoes an adiabatic transformation, 
dQ = 0, and therefore in this case (8) becomes 

JCvdT + pdv = 0. (14) 


If we substitute in this the values of dT and R derived from 
(6) and (7), and put Cp = kCv, we get 


kpdv + vdp = 0, 


that is 



Integrating we have 



(15) 


whereat and Vi are the initial pressure and volume. 

The temperature T at any stage of an adiabatic trans- 
formation is given by the equation 

T _ pv _ 

~ piVi ~\v) 



Examples. 

1. In an adiabatic transformation determine the equation eonnecting the 
initial and final pressures of a gas with its initial and final volumes. 



Fundamental Principles of Thermodynamics. 485 


2. Determine the external work done by a gas in an isothennal transforma- 
tion. 

In this case W=^JQ^ ItT\ log - = p\v\ log - . 

vi 


.3. Prove that the external work done by the unit mass of a gas in an adiabatic 
transformation is JCv(T\ - 22 ), where Ti and T2 are the initial and final tem- 
peratures. 

4. If the decrease in the temperature of the air as its height above the 
surface of the earth increases wore duo merely to the fall of temperature result- 
ing from the expansion caused by diminution of pressure, show that the 
excess of the temperature at the earth’s surface above the temperature at any 
height Zy would be given by the equation 




k - 1 273g 
k ho * 


where ko is the height of a homogeneous atmosphere at O'* C. 

If p be the pressure, and p the density of the air at the height z, we have, 

1 D 

from the fundamental equation of hydrostatics, dp = — gpdz; but p = - = 

and since the expansion is adiabatic, ^ ^ Eliminating dpy we 

have dT=- ^ dz\ from this, since gh = wo obtain the equation 
given above. 


328. Fundamental Principles of Thermodyna- 
mics. — The science of Thermodynamics is founded on two 
fundamental Principles. Of these, the first finds its mathe- 
matical expression in Equation (1), and involves two state- 
ments, viz. that In every natural process the total energy is 
invariable; and that is a form of energy^ a definite amount 
of heat being equivalent to a definite amount of work. 

The second fundamental Principle was first stated by 
Clausius, as follows : — It is impossible for a machine^ unaided 
by^external energy^ to convey heat from one body to another at a 
higher temperature. 

By Thomson the same Principle is stated somewhat difEe- 
rently in the following manner : — It is impossible by means of 
inanimate material agency to derive mechanical effect from any 
portion of matter by cooling it below the temperature of the 
coldest of the surrounding objects ; and by Clerk Maxwell in 
another form, thus : — It is impossible^ by the unaided action of 
natural processes^ to transform any part of the heat of a body 
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into mechanical worhy except by allowing heat to pass from that 
body into another at a lower temperature. 

This Principle merely expresses the teaching of expe- 
rience in reference to the connexion between temperature 
and the transference of heat. 


329 . Cajrnot’s Cycle. — Let us suppose a body subject 
to a reversible cyclical process indicated by an isothermal 
AxBi^ an adiabatic £1^29 another isothermal at a lower 


temperature than the former, and 
another adiabatic A2A1, T^ilst 
expanding from the volume repre- 
sented by OCx to that represented i 
by ODi the body is kept at a con- i \ 

slant temperature ^1, receiving from j 

a source Kx of heat at that tempera- i j I jx 

ture a quantity of heat Qx, Whilst I ill 

expanding from ODx to OA, the o o — c~D 

temperature falls from tx to ^29 no ^ m t 2 

heat being lost or gained. The body is now compressed from 
OD2 to OC2, and the heat Q2 thereby developed is imparted 
to a reservoir K2 at the temperature ^2. Finally, the body is 
compressed from OC2 to OCxy and the temperature thereby 
rises from in to no heat being lost or gained. In this 
process the volume at which the adiabatic compression 
commences is selected so that when the volume returns to 


its initial value the temperature returns likewise to its initial 
value. In the whole process Qi units of heat are imparted to 
the body, and Q2 units of heat are taken from it ; and as the 
body returns to its original state, Qi - Q2 units of heat have 
been transformed into the work which is indicated by the 
area AxBxB2A2, In referring to this process Kx and Kz are 
frequently termed the source and the condenser. ^ 

We can now show that, if Qi, ^1, and ^2 be supposed in- 
variable, Q2 must be the same for all bodies. 

Suppose Q2 for one body M were greater than for another 
body i, its value for L being denoted by Q29 and for M by 
0 ^ 2 , Employ the cyclical process for the body L to work 
that for the body M in reverse order. This can be done 
because Qi - Q2 > Qi - Q'a* Then the source of heat at tx 
remains as before, whilst the source of heat at ^2 has received 



487 


Determination of Camofe Function. 


Qi and given out Q^ unite of Heat. Moreover, an amount of 
work represented by Q,' - Q, has been aooomplisHed. The 
result of the whole process is that work has been done by 
means of heat obtained from the coldest body in the system. 
As this result is opposed to the second fundamental Prmciple 
(Art. 328), we conclude that is the same for all bodies, and 
is therefore simply a function of Qi, and ^ 2 . 

Erom what has been now proved it follows that if we sup* 
pose the curve AiBi divided into » parts, for each of which Q, 
is the same, and adiabatics drawn through the points of 
section, the corresponding values of 0,2 are equal. Hence it is 
easy to see that Oi becomes nQ, if Q, become »Qi, and therefore 

that ^ must be independent of Qi ; accordingly, we have 


Q. 


M- 


(17) 


Again, if ITbe the amount of heat converted into work 
in the process, we get, from (17), 

^=i-f{t.,t>y ( 18 ) 

330. Determination of Carnot’s Function. — In 

order to determine the function/ we have merely to select a 
body for which the isothermal and adiabatic curves are known. 
Let us then select a perfect gas. 

In this case, by (13), 


/Q. = log JQ 2 = RT 2 log 


A^ain, as the points Ai and Ao lie on the same adiabatic, by 
(16) we have 



and likewise 

■i 1 


UJ 






T, 

f2 


therefore 
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Hence, whatever be the body employed, we obtain the 
equation 

M 


331. Eatenaloii of Carnot’s Cycle. — If beat imparted 
to a body be regarded as positive, and heat given out by the 
body as negative, (19) may be written 


ft , ^ 
1\ T, 


=s 


0 . 


( 20 ) 


If we now suppose a reversible cyclical process represented 
by any number of isothermals and adiabatics, each isothermal 
being followed by an adiabatic, and if Q be the number of 
units of heat imparted to the body at the temperature T, 


Q 

we have the equation S ^ = 0, 

In order to prove this, let us first 
suppose a cycle in which there are three 
isothermals, AiBiy B 2 C 2 , and cor- 
responding to the temperatures Ti, 
and T 3 . Produce the adiabatic BiB. to 
-B 3 , then Qs = + ya'j where corresponds 

to BiAzy and qi to CzB^, 

Now by (2a), 



ft ^ 

T, Tz 


= 0 , 




0 ; 


from which, by addition, we have 


•r 


ft ft ft 
T, T, T\ 


0 . 


This result iimay be extended in a similar manner to a oyole 
containing four isotbermals, and so on. Hence, in general, 


S 


T 


- 0 . 


(21) 
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Again (21) holds good for every reversible oyolioal process, 
whatever be the nature of the curves by which it is repre- 
sented. 

This appears from the consideration that two infinitely 
near points A and E on any curve can be connected by the 
element of an isothermal followed by that of an adiabatic, and 
that the area hounded by these elements, the ordinates of A 
and E, and the axis of abscissas, differs only by an infinitely 
small quantity of the second order from the area of which the 
arc AE is the boundary. 

For every reversible cyclical process, however effected, we 
have, then, the equation 


[f-o. 


( 22 ) 


332. Kntropy. — If a body pass from any one state to 
any other, we may suppose the change of state effected by 
means of a reversible transformation ; and, whatever this pro- 

be, between the limits corresponding to the two states 

must have the same value, since the cycle may be completed 

f (tQ 

by a definite invariable transformation. Hence depends 

only on the state of the body, and is independent of the mode 
(supposed reversible) by which the body is brought into this 
state. 

MQ 


If we put 


y “ 0 J 


the quantity ^ is called by Clausius 


the Entropy of tlie body. 

• The second fundamental Principle of Thermodynamics 
laads therefore to the result, tliat the entropy 0 is a function 
of the two independent variables on which the state of the 
body depends, and therefore that in all reversible transform 

mations ^ is a perfect differential or that 




(23) 


In theoretical applications of the equation of entropy, 
Q and 0 are supposed to be expressed in mechanical units. 
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333. Knergy and Entropy. — ^For eveiy reversible 
transformation in whiob the external work done by the body 
is due to its own expansion we have, if Q be expressed in 
work units, the two equations 


dQ = dU + pdv 
dQ = Td^ 


(24) 


The energy U and the entropy ^ are functions of the 
independent variables on which the state of the body depends, 
and dU and are therefore perfect differentials ; Q depends 
not merely on the state of the body but also on the mode 
in which it has been brought into that state ; hence dQ 
is not a perfect differential. The limits of the quantities 

&o. are expressible in terms of the independent 

variables and the differential coefficients of U and v. They 
are therefore functions of the two independent variables which 
determine the state of the body, but are not differential coeffi- 
cients. They may be written &c. 

Again from equations (24), we have 


dU = Tdf^ - pdv. 


(26) 


In this equation if we select successively as independent 
variables 0, ; T^p\ T^v\ and p ; and express in 

each case the condition that dU should be a perfect diffe- 
rential, we obtain a system of equations which hold good jn 
any reversible transfomation in which the external work 
done by a body is due to its expansion against the pressm*e 
on its surface, and which are as follows : — 
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Briot remarks that from the first of these equations the 
three succeeding can be obtained by interchanging p and 
or T and 0, the sign of the right-hand member of the equa- 
tion being altered after each interchange. 

334. Klastleity and Kxpanston. — The elasticity of a 
substance may be defined as the limit of the ratio of an in- 
crease of pressure to the compression which it produces, the 
compression being the ratio of the diminution of volume to 
the original volume. 

The state of a substance being determined by two inde- 
pendent variables, except some connexion between their va- 
riations be assigned, the elasticity is indeterminate. The two 
elasticities usually considered are the elasticity at constant 
temperature and the elasticity at constant entropy E^. 
The former obviously belongs to an isothermal, and the latter 
to an adiabatic, transformation. 

From the definitions of Et and E^ we have 

’(I)/ 

When a body is heated it usually expands. The expan^ 
mn is the ratio of the increase of volume to the original 
volume, and the expansibility is the limit of the ratio of the 
expansion to the increase of temperature, the pressure re- 
maining constant. If e denote the expansibility, we have 



• If the expansion of a body take place without change of 
temperature, the limit of the ratio of the heat required for 
the expansion to the increase of volume is called the latent 
heat of expansiouy and may be denoted by /; hence 



The expansibility of a substance is called by some writers 
its coefficient of dilatation. 



492 


Examples. 

1 . The volume and pressure of a gas being given, determine its entropy. 

Ana. ^ - 00 = / fc'® log — + Qi log— j. 

{ Po Vo) 


2 . Show that 


[dT/v 


\dv) T 

The first two of these equations follow at once from (23). To prove the last, 
we have from the two former, 

and by (26), 

(s),- (I)/ ■'I'*’- «- '■(i). {&),■ 

Again, 4p = (^) dT+ (^) which, by making dp = 0,w« get 

(^) ’ substituting in the expression for J {G, — C,) already given, we 


obtain the result required. 

3. Prove that ^ 

C, Mt 


\ /#\ \ 

^^k£hMlMh, but #= m dp, 

\dT), \dp).\dTl. 


(g). 


('D. 


and therefore ^ . In like manner * = - (• 

/^\ /^\ V 

\dp). \dv}. 




hence 


{±\ 

C, “ /^\ 

U»/a 


= ;g(Art. 334). 
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4. Prove that dQ = cpdT- wTdp, 


but by (26) wo have hence by substitution we obtain 

from (28) the required result. 


6. Assuming that the square of the velocity of the propagation of sound is 
proportional to the elasticity of the medium divided by its density, show that in 
a gas the velocity of sound varies as y/kRT. 

Since the compression of the air during the passage of a wave of sound is 
very sudden, the compression may be regarded as adiabatic. Hence the velocity 
of sound varies as but = kEj, (Ex. 3), and E jt=p, therefore, &c. 


By means of the results obtained in this Example and in Ex. 1, Art. 324, 
if the velocity of sound bo determined by experiment, Cp and Cv can be calculated. 
Conversely, if Cp be known by experiment, Cv can bo found from the velocity 
of sound, and hence the value of J can be determined. 

6. Show that bodies which expand by heating are heated by compression 
those which contract by heating are cooled by compression ; and, if the tempera- 
ture bo maintained constant, determine the rate at which heat is given out or 
absorbed according as the pressure is increased. 

If Q be the heat required to keep the temperature constant, the rate of ab- 
sorption is 


Hence 8Q is negative if e be positive, and conversely. 

7. Prove that in water not far from its maximum density the rise of tem- 
perature produced by an increase of pressure is given approximately by the 
formula, 




At = 


(< + 273)((-4) 
2950000 


where t is expressed in degrees centigrade, and p in atmospheres. 

If Vo be the volume of the unit mass of water at 4**, when the density is a 

maximum, the empirical formula v =vo 

to Eopp and Tait, the results of numerous experiments. From this formula wo 

hare approximately e = 

Hence, assuming the pressure of the atmosphere to be 1033 grammes on the 
square centimetre, we obtain the required result. 

8. If the internal energy of a body be a function of its temperature alone 
determine the relation which must exist between t^, p, and T. 


^ U4000/ according 
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dU 

In this case (26) Decomes Td^ => ^ dT+pdp, whence 


— 


dT T 



The left-hand side of this equation is a perfect differential, and therefore 
p = Tf{v)y which is the relation required. 

9. If a body be such that its energy increases uniformly with the tempe- 
rature when the volume is constant, and uniformly with the volume when Hie 
temperature is constant, and that its specific heat at constant pressure is con- 
stant, determine the equation connecting volume, pressure, and temperature. 

Here we must have dU= adT -h hdv^ where a and b are constants. Hence 
from (26) we get Td^ - adT+ (b + p) d% whence 6 + jo = Tf{v), If by means 
of this last equation we express dv in terms of dp and dT^ we have 


dQ= (» dT+^dp. Now<i,= 

and therefore, if m be the constant value of Cp, we obtain a-‘^ = n. From this 
df 

wo have {a-‘n)^ = dv, and integrating we get {v + C) /= (n - a), where C 
is the constant of integration. Hence we have as the required relation 

(6+i?)(e+(7) = {»-.a)r. 


10. If the specific heats of a body at constant pressure and at constant 
volume be each constant, show that the energy is a linear function of the volume 
and absolute temperature. 

Let Cv = m, €p = n, then ^ and therefore U = mT + / (v). 

^ i^),’ »=»»+(/' + !>) ■ («) 

Again, from (25) we have'' * 

Tdt/^ =s mdT +(/'+p) dv, whence /'-h p= TF(v). (b) * 

If we differentiate this equation, and eliminate from the equation so obtained 

and equations (a) and (6) the two quantities p and , we get 

\dT/p 

(n - m)r = T{Fi + (» - m) r ] . 

This equation cannot be true for all values of the independent variables 
T and v except each side vanish separately, hence we have /" = 0, and 
therefore/(v) = Civ + C 2 . Consequently Us=mT+ Civ + C 2 . 
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11. If the speciBc heat of a body at constant volume be constant, and the 
expansibility at any temperature be the inverse of the absolute temperature, 
determine the equation connecting volume, pressure, and temperature, and find 
the energy in terms of the temperature and volume. 

Hero, as in Ex. 10, ?/■= mT+/(i>), and/'{t>) + p = TF(v), Also ^ 

whence Eliminating ^ we have vF[v) = '^(p){f\v) + p]. 

Differentiating with respect to p we get 

^\p)fip) = “ W +PViP)}- 

This equation cannot be true in general except 

f{v) = - <7, and ^(p) ■¥p^'{p) = C^i^ip), 
where Cia constant. 

Hence wo obtain (C-p) v ^ KT, and U = mT - <7w + C\ where K and C 
are constants. 

335. Ufon-reverslble Transformations. — In the case 
of a non-reversible transformation we cannot assume the 
truth of equations (24). In fact, for such a transformation, 
even through the external work done by the body be due to 
its expansion against external pressure, this pressure need not 
be equal in magnitude to that belonging to the state of the 
body, nor is dQ in such a transformation necessarily equal to 
Td^. 

In this case we must proceed as follows : — Let JET be the 
heat actually imparted to the body in the non-reversible 
process, TF the external work done, and Uo and U the initial 
and final energies of the body ; then 


(30) 

, Let us now imagine a reversible transformation capable of 
bringing the body from its initial to its final state, but other- 
■ifise perfectly arbitrary. Since this hypothetical transforma- 
tion is reversible, we can make use of equations (24) and (26), 
and of any results therefrom doducible to assist in determining 
U - Uq, The expression thus obtained may be substituted 
in (30). 
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Example. 

1. A gas at p\ and t;i is allowed to expand into a perfectly empty vessel, 
whereby its pressure and volume become p 2 and V 2 . No heat being imparted 
to the gas or taken from it, determine its change of temperature. 

Since no external work is done, and no heat lost or gained, the energy must 
remain constant, and therefore the temperature (Art. 324). The assumption 
that the energy of a gas is a function of ^e temperature alone, is indeed a result 
from the fact ascertained by expciiment, that the temperature is constant under 
the circumstances here supposed. 

2. In the preceding example determine the change of entropy. 

We have (Ex. 1, Art. 334), 

4>t-<pi = J I C,\oi^ + Cp log -*) = / (CJ, - C,) log -? = log i’. 

\ Pi v\/ til i;i 

Since the entropy is increased by the supposed transformation. This 

transformation, it should be observed, is non-rcversible, and therefore not adia- 
batic, though no heat is lost or gained. 

3. A vertical cylinder, whose horizontal section is S, is filled with gas at the 
atmospheric pressure pi and temperature 2\f and closed by a piston on which 
is placed a weight to which pushes it down. Supposing no external heatto 
pass into or out of the gas, determine the temperature when equilibrium is 
established. 

The tiansformation here is non -reversible, since the external pressure ex- 
ceeds that due to the state of the body by a finite amount. Since no heat is lost 
or gained the external work done on the gas must be equal to the change of 
energy. 

Ijet P 2 t T 2 , V 2 be the final pressure, temperature, and specific volume, the 

to 

initial specific volume being vi, then =i?i + ^, and the work done on the unit 
of mass is P 2 (I’l - t’j). Hence from (10) w'e have 

Cv (T 2 - T\) =P2 (t’l - V 2 ) =P2V\ — R 22, 

and therefore 

(cp + J2) T 2 = Op Ti + vi, 

or Cp T 2 -epTi-¥^ vi, which determines lb. 

4. In Ex. 3 determine the increase of the entropy of a unit mass of the gas. 

Atis. = cr |log ^ - 1) log ^|. 

6. In Ex. 3 if the gas were adiabatically compressed from its original to 
its final volume determine the final temperature T 2 '. 

W.T.g)*-' 

fi. Show that 2*2 in Ex. 3 is greater than T 2 in Ex. 5. 
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The equation which detennines may be written in the form 

t>2 

If we put vi B avzy and, as usual, Cp s hcty this becomes 

Let = a~l=i8, then Tz = 2i (1 - vjB)-!, 


also, Ex. 6, T% = Ti o*' = Ti |l + vlogU + jS) + ^ log* (1 + i3) + &c.| ; 
but iS > log (1 + i8), for e® > 1 + i8 = 


Qence each term of the series for Tz is greater than the corresponding term of 
the series for Ta', and as all the terms are positive, Tz > Tz\ 

The increase of entropy in the gas compressed, as in Ex. 3, might be 
expressed in the form 

^2 - e log 


7. Two vessels impervious to heat, whoso volumes are Vi and Vzy contain 
gas at pressures pi and pz, and at the same temperature T. The vessels are 
placed in communication with each other ; determine the final gain of entropy 
% the entire system. 


Ans. 




ViPi . {Vi + V 2 )pi 

T Vipi + ViPz 



(Fi + Vz)pz 
ViPi + F2JP2* • 


fi. In Ex. 7 prove that ^ ^0 is positive. 

Suppose that p\ > pz, and let 


then 


, . V2P2 . Pz 


npi 

T 


^ ^ {a log (1 - v) - log (1 - vo)}; 


and since a > 1, we readily see that the quantity inside the bracket is positive. 


336. Absolute Scale of Temperature. — The result 
obtained in Art. 330 may be arrived at by a different method 
independent of the properties of any particular substance. 
We have seen in Art. 329 that if Q be the heat drawn from 

2 K 
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the Bouroe, and W the heat converted into work in Oamot's 
W 

cycle, is a function of the extreme temperatures only, and 

is independent of the substance employed. In order, then, to 
construct a scale of temperature independent of any pa]^- 
oular body we may proceed as follows : — 

Draw the isothermal AB of a sub* \ 
stance chosen at random, corresponding \ 
to any arbitrary temperature, which may \\ \ g 
bein^catedbyr,anddxawtlieadiabatics A 
AA' and BB^ corresponding to the con- 
dition of the body before and after a 
certain arbitrary amount of heat Q has 
been imparted to it. A! w 

Draw another isothermal at a tern- 
perature T' less than T, so that the area \ y^T 

ABB' A' may be of given magnitude or 
correspond to a given amount of heat w. Now draw a series 
of isotheimals T", &c., at intervals such that 


ABF A' = ABfff'A' = ^"£"5"'^"' = &c. ; 

then if T- T be the unit of temperature, T- T" is two units, 
T- T" three units, &c. 

Since T, Qj and w are fixed quantities, and JF correspond- 
ing to is nWf Equation (18) shows that two bodies are at 
the same temperature if each indicates in the manner described 
n degrees of temperature below T. This method of estimat- 
ing temperature is, therefore, independent of the ‘body em- 
ployed. 

Again, if T'be afip temperature lower than T estiipateain 
this manner, and the heat converted into work in the cor- 
responding cyclical process, we have TT' = (T- T') w, and in 
like manner for another temperature T" lower than T' we 
have JF'^=(T-r^)iv. 

If we now suppose a cyclical process between the tem- 
peratures T' and indicated by the points A\ B\ jB", -4", 
the heat converted into work is W" - W\ and we get 


( 31 ) 
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Again, the heat Q' drawn from the source at T\ is equal 
to that given to the condenser in the process in which T and 
T are the extreme temperatures ; hence 


Q-Q'= jr'=(r-r)f£;,thati8,Q'=Q-(r-rv. (32) 

337. Efficiency of a Heat Engine. — A system work- 
ing in the manner required by Carnot’s cycle may be termed 
a reversible heat engine, and the ratio of the heat converted 
into work to the heat drawn from the source is called the 
efficiency of the engine. 

It appears by the reasoning of Art. 329 that the extreme 
temperatures being given^ the efficiency of a non-reversible engine 
cannot exceed that of a reversible^ and that the efficiency of all 
reversible engines is the same. 

338. Absolute Zero. — From Art. 337 it appears that 
the efficiency of a reversible engine working between the 

temperatures T' and T" is jy . By (31) and (32) this 

H 

becomes 7 7 ^ • 

r-r-l 


As T" decreases, the efficiency increases, but the limit 
which it can never exceed is unity, since the mechanical work 
done by an engine can never exceed the equivalent of the 
heat drawn from the source. Hence, if we make the effi- 
ciency unity, we obtain for T" the smallest possible value, 

• Q 

which IS T This temperature T'\ since it is the lowest 

• w 

which can be attained by any body, must be the absolute 
zero. Hence 


r-® = 0 , or J 
UP Q 


I 

r 


The expression for the eflOioienoy of a reversible engine 
working between any two temperatures T' and 'T" becomes 

2 K 2 
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J\t ^ ^99 


, and for the oyidioal process described in Art. 


329 we have — 
Vi 


r. • 


Carnot’s function has thus 


been determined independently of the properties of cmy 
particular substance. 

Again, this mode of determining Carnot’s function shows 
that the existence of an absolute zero of temperature, sug- 
gested and rendered probable by the known properties of 
what are called permanent gases, follows necessarily from 
the two fundamental Principles of Thermodynamics. 

The experiments of Joule and Thomson have shown that 
the absolute zero is 273*7 below zero on the Centigrade 
scale, or 460*66 below zero on the Fahrenheit. This is very 
nearly the same result as that of Article 324. 


Examples. 


1. The entropy ^ being defined by the equation dQ as prove that in 

a body subject to the equation pv = where M is constant, file energy is 
a function of the temperature alone. 

Let/(0 = T, then from (2) we have # = ^ -f Hence jdtT must 

be a perfect differential, whence F{T). 

2. Gas is made to pass uniformly through a tube in which a porous plug, 
such as cotton- wool, is placed. No heat is permitted to leave the gas or enter it 
from any external’ source ; determine the connexion between the variations of 
pressure and temperature caused by the plug. 

Since the density of the gas at any particular cross section of the tube does 
not vary during the experiment, equal masses of gas pass through each section 
in the same time, or the velocity of the unit of moss is constant. Again, any 
energy which is lost by fiictien is restored as heat. We are therefore entitled 
to assume that any change in the energy of the gas as it passes through diffe- 
rent parts of the tube is dlie to the work done on it or to the work which it 
does. ^ ^ 

Suppose two cross sections A and B of the tube, one on each side of 4he 
plug, the pressures at which are p\ and pi. As a small quantity dm of gas 
passes A the pressure driving it forward docs work on it whoso amount is 
p\V\dm. At the same time dm does work on the next layer of gas which is 
equal to the work done on dm when passing the section consecutive to A. Thus, 
in going from A ta -S the work done by dm and the work done on dm compen- 
sate eaSi other, with the exception of pividm done on dm, and p%v%dm done by 
dm. In other words, in the passage from A to B the whole external work done 
by dm is {p 2 Vi — piv\) dm, and therefore, since no heat is lost or gained, we have 

U2- I 7 i + P2V2 - pwi = 0 . 

Now J‘ Td^ - J pd9^ / Td^-pv +/ vdp, or U-Vpv^l Td<p + / vdp. 
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Hence the hypothetical reyereible transformation (Art. 335) must be such that 
SubsUtuting Cf for 2, Art. 334),and-(^)^tor^^)^by (26), 


wo have + {v-T ) dp| = 0. 

Hence, if we can integrate the expression under the integral sign in this 
equation, the relation between T 2 - T\ and p 2 -pi is determined. If the 

gas were theoretically perfect (Art. 324), we should have T 

would be equal to Ti. This is found not to be the case. We may therefore 
conclude tlmt no gas is theoretically perfect, and we cannot assume either 

that a is constant or that T=: ^ 

a 

From the equation vp = vopo (1 + a0» if we consider a as variable, we have 


We may assume that a(T^t) differs from a constant by a very small quantity, 
and likewise that ^ is very small, and may integrate between Ti and Tz neglect- 
ing these quantities, since T\ - Tz is observed to be small. For similar reasons 
we may assume that j , and that Cp is constant. Hence, inte- 

grating, we have 


and therefore 


- Cp{T 2 - Ti) =i?oVo(I + at- ar)vlogi>3 - logpi) ; 
r=« + l + . M2 i-32) 

a apoVo (log pi - log pz) ‘ 


JPromthis equation the exact position on the centigrade scale of the absolute 
zero can be determined (Art. 338). 


339. Change of State. — There are three states or oon- 
ditions in one of which matter is usually found ; and which 
are termed the solid^ the liquidj and the gaseous. 

A solid body is one which .strongly resists any forces 
tending to alter the relative positions of its adjacent mole- 
cules, and, so long as its structure is unbroken, admits of only 
slight changes in these positions. 
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A liquid offers scarcely any resistance to a change in the 
mutual position of its molecules, provided this change does 
not diminish the distance between those which are adjacent. 
In other words, it is indifferent to change of shape or sepa- 
ration of its molecules from each other, but strongly resists 
compression. 

A gas, like a liquid, is indifferent to change of shape, but 
yields to compression with comparative facility, and tends to 
increase its volume without limit. To prevent its escape, it 
must therefore be restrained by an external envelope. 

It is almost certain that every substance in nature is 
capable of existing in any one of the three states, and passes 
at a certain pressure and temperature from one of these states 
into another. 

Thus, in general, there is a certain pressure and tempe- 
rature, at which, if heat be imparted to a solid body and the 
pressure be maintained constant, the temperature does not 
rise, but the body gradually passes into the liquid state. The 
amount of heat required to bring about this change for the 
unit of mass is called the latent heat of liquidity. If the 
volume of the liquid exceed that of the solid, the latent heat 
of liquidity is spent partly in altering the internal energy and 
partly in doing external work. If (as is the case with water) 
the volume of the liquid be less than that of the solid, the 
internal energy of the liquid exceeds that of the solid by an 
amount greater than the equivalent of the latent heat of 
liquidity. 

The vapour of a liquid may be considered a gas. If the 
temperature be sufficiently high, and the pressure sufficiently 
low, a vapour obeyd' the same laws as the gases which are 
called permanent, and approaches closely to the condition ^of 
a perfect gas (Art. 324). 

For each vapour there is, corresponding to any given 
temperature Ti, a certain pressure piy such that at higher 
pressures the yapour begins to liqi^y ; and, conversely, 
corresponding to any given pressure pi there is a temperature 
Tif such that at lower temperatures the same result takes 
place. The pressure pi is called the maximum pressure of the 
vapour for the temperature Ti, and Ti is called the boiling- 
point of the liquid for the pressure jt^i. 
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. In fact, if heat be imparted to the liquid under the con- 
stant pressure jt>i, the temperature of the liquid will rise until 
it reaches Tx ; aJEter this the temperature will remain stationary, 
but the liquid will be transformed into vapour, and the heat 
required by the \mit mass for this transformation is called 
the latent heat of mporization. When a vapour is at its 
maximum pressure, and tWefore beginning to liquify, it is 
said to be saturated. 

A liquid exposed to the air evaporates more or less at all 
temperatures. It is known that if two gases be enclosed in 
the same envelope, each, after some time, is diffused through 
the whole volume of the envelope as if the other were absent. 
Hence we might anticipate the behaviour of a liquid exposed 
to the atmosphere, and expect that the air would not act like 
an impervious envelope exercising a constant pressure, but 
would merely retard the formation of vapour by diminishing 
its rate of diffusion. 

The statements of Article 322 require some modification 
when applied to a body while changing its state. So long as 
the state remains unaltered, 17, 0, and v are functions of j) 
and T; but when the body begins to change its state, Uy 0, 
and V vary, even though p and T remain constant. Whilst 
the body is changing its state, Up and The constant, 27, 0, 
and V are functions of a single variable. If the change of 
state go on continuously, and p at the same time vary, then 
T must also vary, and be at each instant a function of p. 
In this case, JJ and 0 are functions of two independent 
variables, which may be v and jt?, or v and T, but cannot be 
p and T. 

• The experiments of Andrews, and the investigations of 
Thomson, have thrown much light on the phenomena of 
change of state, and enable us to explain their seeming 
anomalies. An account of these researches would, however, 
be outside the limits of the present work. 
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1. If \ be the latent heat of change of state expressed in work units, and v 
the increase in the volume of the unit mass of the substance after passing from 
one state to the other, prove that 


A-vrg. 


Let » and o’ be the volumes of the unit mass of the substance before and 
after the change of state, and /a the fraction of the unit mass which has undergone 
the change at any instant during the transformation, then v a= o’ — o, and 
p B /tto’ + (1 - /a)^ = 0 + v^. Again, if Q be the quantity of heat required^to 
tran^onn /a times the unit mass from one state to the other, the pressure and 
temperature remaining constant, Q = A/ea, and therefore 


» - (t) r- (S) «■ 

The student will observe that is here a function of T alone, and that if L 
be the latent heat expressed in heat units, A = JZ. 

2. The density of ice being 0*92, and the latent heat of water 79*26, find the 

lowering of the temperature of freezing caused by an additional pressure of one 
atmosphere. Ant, 0*0073” C. 

3. If Ct and be the specific heats expressed in work units of saturated 
steam and of boiling water at the same pressure, show that 

dK A 

t’ 

It is here supposed that the variations of T and p are so related (Art. 339) 
that as T changes the steam remains saturated, and the water remains boiling. 
Hence, if we suppose /a to remain constant (Ex. 1), we have 

and therefore 

* " “ ^ dTdfi dTXdnjT’ 

hence, substituting and performing the differentiation, we have theresult required. 
It may be observed that Cm does not sensibly differ from the specific heat of water 
at constant pressure. 

4. Investigate a numerical formula for the specific heat of saturated steam 
at any given temperature. 
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According to Begnault, tlie whole quantity of heat required to raise the tem- 
perature of the unit mass of water from O'* to t'* C. and eyaporate it at that 
temperature is 606*5 + 0*305 f. Hence we have the empirical formula 

Z+ = 606*5 + 0*305^, 

Jo 

where Cw is the specific heat of boiling water expressed in heat units. Diffe- 
rentiating, we have — + = 0*305. For high temperatures Regnault*s 

di 

empirical formula may bo replaced by the simpler formula of Clausius, viz. 
£ = 607 - 0*708 If we express by means of the latter we have (Ex. 3), 


(7,= 0*305 - 


607-0-708^ 
273 + < 


1*013- 


800*3 
273 + ^ 


For temperatures near 0'*C. we may take Cw = I ; we thus get 


c;=:l 


79 ^ 
273 + < 


From the expressions obtained for Cp we may conclude that, except the tem- 
perature be enormously high, the specific heat of saturated steam is negative. 
Hence it follows, that if saturated steam be compressed, the temperature after 
compression will be higher than that corresponding to saturation at the new 
pressure ; or, in other words, saturated steam suffers no condensation, but becomes 
super-heated by adiabatic compression. Convemely, if saturated steam be con- 
tained in a vessel impervious to heat, a diminution of pressure will cause partial 
condensation. These results were first obtained theoretically by Clausius and 
Rankine, who, independently, arrived at them almost simultaneously. They 
have since been confirmed experimentally by Him. It seems not unlikely that 
the connexion between rain and a change of atmospheric pressure depends partly 
on the property of steam mentioned above. 

5. If TTi be the energy of the unit mass of saturated steam at 2i, and I/q 
tlgit of the unit mass of boiling water at To, prove that 

= CTq + 1 — p + Ai — i>i wi. 

Let us suppose that the unit mass is brought from the state of boiling water 
at To and pa to that of saturated steam at Ti and J9i, and that this transformation 
is effected by first bringing the water without evaporation, but continually 
boiling, from;?o, To, iopu T \ ; and then evaporating at Ti, p\. 

Take as variables T and p (Ex. 1) ; then, since dU'=dQ-~ pdv^ we have 
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Again, on the above hypothesis, when T varies ^ is zero, and when varies 
Tis constant. In general (Ex. 3), 

and therefore when /a » 0, ~ 

Again, 

Hence, substituting, we have 

Pi = ir. + 1 rfr + (A, - i», «i) I ‘ <fM- 

6. Saturated steam in a vessel containing no water is allowed to escape into 
the air ; determine the quantity of heat which must be imparted to the unit of 
moss in order that it should remain saturated. 

Let IT be the external work done by the unit mass of the steam in escai|ing, 
T\ and T% its initial and final temperatures ; then 11 being the heat required, 
we have 

JH^ U 2 -Ui-\- W. 

Now J 02 (fl-g - <ri) = i ?2 (W 2 - Vl) + P2 {S2 - Si), (Ex. 1), 

where a and s are the volumes of the unit mass of steam and of water, 

and ITij - I/i = I ^ j + Ag - - P 2 V 2 + Pivi^ (Ex. 6). 

Hence /H = | f A* - Ai + wi(i?i -P 2 ) + J» 2(«2 - si). 

Since (sz - «i) and are small, we may neglect them, and thus obtain 

it A 

/fl= ^)rf3 ’+ i;iCp, 

Now ^ =0-305, (Ei. 4) ; 

hence 5’= - 0'306 (Tt- T 2 ) + (pi — o») — ttt'* !)• 

«(»). 

(^) change of the maximum pressure of the 
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vapour to the corresponding change of temperature, and is hence easily found 
from a table of the temperatures of the boiling-point at different pressures. 
jET is in general positive ; i. if no heat be imparted to the expanding steam, 
some of it will condense. 

7. In the preceding example, if the vessel from which the steam is escaping 
contain boiling water, determine the quantity of heat which must be imparted 
to the unit mass of steam in order that it should remain saturated. 

In this case, as in Ex. 2, Art. 338, the external work W done by the unit 
mass of the steam is 


p2 ff2 - <ri, or P2 V2 — Pi Wl +P2 82 — pi «! . 

Hence, as U 2 -* 17i is the same as in the last example, if we neglect the compa- 
ratively small terms involving and S 2 , we have approximately 


and therefore 



£■=- 0*306 (^i - ^ 2 ). 


In this case, if no heat be abstracted, or imparted, the steam after it escapes 
is super-heated. If Ti - T 2 be largo, or the steam originally at high pressure, 
the super-heating is considerable and more than sufficient to vaporisse any par- 
ticles of water which the steam carries with it mechanically. Hence we can 
explain the known phenomenon that high pressure steam after escaping into the 
air is dry and does not scald, whereas, by low pressure steam, severe scalds may 
be inflicted. 


340. Available Energy. — The work which can be 
accomplished by a quantity of heat Qi depends on the tem- 
perature of the source from which it is derived. If this 
temperature he Ti, and the lowest temperature which can be 
obtained To, the work which can be accomplished by means 

oj Qi cannot exceed (Ti - To) ^ (Art. 338), where Qi is ex- 


pressed in work units. 

If Qi pass from a source at T, to a source at T 2 , the avail- 

fT T\ 

able energy is diminished by the quantity 


If Qi leave a source at Ti, and Q 2 in consequence enter a 
source at T 2 , the loss of available energy is 




Qi — Q2 ^ 
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341. DlMlpation of Energy. — If the transference of 
heat from a source at Ti to a source at Tt take place through 
the medium of a reversible engine undergoing a cjclical 

process, ^ ^ is zero, and the loss of available energy is 

ll 1% 

Q\ - Q 2 » which is the same as the work done. Thus the un- 
compensated loss of available energy is zero. 

In the case of an engine undergoing a non-reversible 
cyclical process, Qi - cannot be greater, and is usually less, 

(Art. 337), or ^ 

which may be denoted by - N. In this case the uncompen- 
sated loss of available energy is To N. 

By a method similar to that employed in Art. 331 this 
result can be extended to every non-reversible cyclical pro- 
cess. In this case, if Q be the heat which enters the 

Q . 

engine at the temperature T, the quantity 2 is negative, 
and the uncompensated loss of available energy is - ToS 


than (Ti - To) 


(Art. 337), or ^ ~ has a negative value 


To prove this, we have only to substitute for the actual 
process A a process B in which the cycles corresponding to 
each pair of temperatures are completed by reversible trans- 
formations, each of which is accomplished first in one direc- 
tion, then in the opposite. As these transformations are passed 


Q 

through in both directions, the value S ^ and of the un- 


compensated loss of available energy is the same for A as 

Q Q 

for B ; but S f or B is the sum of the values of S corre- 
sponding to the small cycles, since the remaining part of B 
forms one reversible cycle. Hence we obtain the required 
results. 

The uncompensated loss of available energy is called the 
Dissipation of Energy. 


From the present and preceding Articles it appears that 
this dissipation takes place whenever heat passes without the 
performance of work from a body at a higher to a body at a 
lower temperature, and also, in general, in non-reversible 
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oyolical processes. A strictly reversible process cannot be 
realized in nature, since the absence of friction and the perfect 
equality of internal and external pressures and temperatures 
cannot be attained. Hence we may conclude, that in natural 
processes there is, in general, an incessant dissipation of 
energy. 

There is one class of irreversible transformations in 
which, according to Mr. Parker {Philosophical Magazine^ 
June, 1888), there is no dissipation of energy. Mr. 
Parker in the Article referred to defines an equilibrium 
path to be one at every point of which the system is in 
equilibrium. The path corresponding to a reversible trans- 
formation is always an equilibrium path, but an equilibrium 
path is not necessarily reversible. As a result of experiments 
on the solubility of various substances, Mr, Parker has been 
led to adopt the conclusion that in an irreversible equilibrium 
cycle there is no dissipation of energy. 

It is to be observed that the theory of dissipation depends 
on tiie assumption of a certain temperature as the lowest 
which is available. If the lowest available temperature 
were absolute zero there would be no dissipation of energy. 


342. Increase of Entropy. — If an element of heat dQ 
pass from a body A, whose temperature is to another 
body B at a, lower temperature Tg, and if we suppose the 
volumes of A and B to remain constant, the entropy of A is 

dQ . dQ 

diminished by 7 ^, and that of B increased by and as 

1 1 I2 

Ti > T 2 , the whole entropy of A and £ is increased. 

Again, in a cyclical process, if we suppose the source A 
and the condenser B to remain at constant volume, in which 

case their temperatures will of course vary, 2 ~ is the loss 

J-i 

Q% 

of entropy by Ay and 2 - 7=7 ^^e gain of entropy by B. 

Hence the entropy of the whole system is increased by 
/Qa QA 

the quantity ^ ^ j. In a reversible process this quan- 
tity is zero, but in a non-reversible process it has in general 
a positive value N. 
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We have supposed A and B to remain at constant volume ; 
but if this he not the case, the results obtained still hold ^ood, 
provided the transformation applied to each of these bodies is 
reversible when each body is considered alone. Under these 
circumstances the uncompensated loss of available energy in 
a non>reversible cyclical process is equal to the product of 
the limiting temperature and the increase of the entropy of 
the system. 


Since, according to Mr. Parker, there is no dissipation of 
energy in an equilibrium cycle even though it be irreversible, 
in such a cycle the entropy of the whole system is constant. 
Again, it would appear that the definition of entropy in 
Art. 332 is unnecessarily restricted, and that entropy may 
TdQ 

be defined as along any equilibrium path. 


It would seem that the result of Mr. Parker’s experi- 
ments might have been anticipated. For, when a system under- 
goes a transformation corresponding to an equilibrium path, 
the irreversibility of the transformation for the whole system 
can result only from the way in which heat is communicated 
to or leaves the system, or on the mode in which it passes 
from one part of the system to another part. We may 
therefore suppose the system divided into portions for each 
of which taken separately a reversible path may be assigned 
coinciding with the actual equilibrium path. If Qi, Q21 &o. 
be the quantities of heat which at any stage of the transfor- 
mation have passed into those portions, i 7 i, ZTi, &c. their 
energies, e?i, t’j, &c. their volumes, &c. their pressures, 
Ti, ^2, &c. their temperatures, and 0i, 02, &c. their entropies, 
we have dQi = dUi -^pidvx = jPi rf0i, since the path coincides 
with a reversible path. In like manner • 


d^2 “ dTI^ + p^dV’i — T 2 dt^i^ d^z = dTTi^ +p3 dv^ = T^d^^y &o. 


Now, since the whole system is in equilibrium, 

Ti- P3 = &c. = r, pi =: P2 =;)3 = &o. =p. 
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Henoe, if 0 be the entropy of the entire system, and Q the 
quantity of heat imparted to it, 


dtp)' dpi + dp2 + &o. 


dQi + dQi^ &o. dQ 
T 


and therefore so far as the relation between heat imparted 
and entropy is concerned, the whole transformation may be 
treated as if it were reversible. 

We may conclude from what has been said, that natural 
processes have a tendency to increase entropy, or, as stated 
by Clausius, the entropy of the universe tends to become a 
maximum. 

343. Path of l^east Heat. — Let us suppose that a 
body, whose entropy is ^i, passes from the state A to the 
state B in which its entropy is po, less than pi. If Q be 
the heat given out by the body when at the temperature 

Q 

T, and if 8 denote the value of S — for the whole process. 


8 cannot be less than pi - po. To prove this, first suppose 
the transformation reversible, then 8= pi- po- Next suppose 
the transformation non-reversible, and let the cycle be com- 
pleted by a reversible process which brings the body from 

Q 

B to A. The value of S ^ for the cycle is then 8 -[pi- po), 

and this must be positive (Art. 340) ; hence 8> pi - po. 

Let us now consider by what path a body, whose tempe- 
rature can never be less than To, should pass from the state 
A to the state B at To, po, so that the heat given out in the 
passage should be a minimum, no heat being supplied to the 
body from any external source. 

Let H be the heat given out ; then for a non-reversible 
trtmsformation, since T > To, and since any element of heat 
which enters the body at T must have previously passed 
out of it at a temperature higher than T, we must have 
H > To 8 > To (01 - po). For a reversible transformation 

JT = I Tdp, which is least when T = To. The least vialue of 

H is therefore To( 0 i - 0 o)- Hence the path consists of an 
adiabatic at the entropy pi from Ti to To, and an isothermal 
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at 2c from to Since Ux-Ut=W+S, where Wit the 
work done by the body during the transformation, when H 
is least W is greatest, and the maximum work which a body 
can perform under the circumstances supposed is 

U\ — Uo — 2»(^i — 


Examples. 


1. Prove that the available energy of any system of bodies is 


Xwi 


r- 

Jto 




dT, 


where T\ is the initial temperature of f»i, and c\ its specific heat at constant 
volume. 

2. If the sjstem in Ex. 1 he enclosed in an envelope impermeable by heat, 
show that lb is determined by the equation 



The actual work performed by the system during the transformation in 
which all its parts are brought to the temperature lb is 



but, if the transformation be that in which the greatest possible work is done, 
this work must be equal to the available energy, and therefore 


:Smi 



When the limiting temperature lb is determined from within, as in this ex- 
ample, or, in other words, when one part of the system acts as condenser^ 
another part, the available ener^ is c^ed by Thomson the InUmal^Tkwiwo^ 
dynamic Motivity. When lb is independent of the system, i.e, when heat (Jhn 
pass out of the system to an external condenser, the available energy may be 
termed the External Thermodynamic Motivity, In t^s case lb must be as- 
signed. 

3. If a s]rstem consist of two equal masses of the same substance whose 
specific heat is constant, sh ow th at the limiting temperature of the internal 

thermodynamic motivity is VTilb, where Ti and lb are the initial temperatures 
of the two masses. 

4. In the preceding example prove that the thermodynamic motivity of the 
system is me (Vli - Vlb)*. 
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6. If the entropy of a substance be increased, its energy remaining constant, 
prove that the work which can be obtained by a transformation to a given state 
IS diminished. 

6. A unit mass of gas, whose volume is ri, is allowed to , expand into a per- 
fectly empty vessel, whereby its volume becomes V2 ; show that its capability 

of doing work is diminished by the quantity TaR log — . 

v\ 

7. Determine a transformation by which, without the transference of any 
heat, gas at p\Vi may bo brought by the application of the smallest possible 
amount of external work to P2V2 ; where p 2 > Pu ^2 > 

Since V2 > vi the gas must expand, and since no heat is given it must ex- 
pand by its own energy. It will do this with the smallest possible expenditure 
of energy by expanding into a vacuum. If CTg be the energy corresponding to 
P2V2, the smallest amount of external work capable of changing the energy from 
ITi to 1/2 is U2 — TTif and in order that no more than this should bo required the 
compression must, by (25), be adiabatic. Hence let the gas expand into a 
vacuum till its volume become v, and then let it be compressed adiabatically 
till its volume become V2. In order to determine v, let Ti and I* be the tem- 
peratures belonging to the initial and final state; then, by (16), 

5- T2V2^~\ whence v = V2 j ^ 
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HlSCELLAirEOUS ExAWIiES. 

1. If two points fixed in a lamina slide upon two intersecting straight Unes, 
and if one point be made to oscillate backwards and forwards so as to have always 
the same velocity, the ellipse described by any ^ed point of the lamina wfil be 
described under acceleration which is fixed in direction. 

2. A material point of given mass moves freely under the action of a central 
force of given absolute intensity, varying inversely as the square of the distance ; 
given the initial circumstances of projection, determine the major axis, eccen- 
tricity, and Ime of apsides of the orbit it describes. 

3. The extremities of a uniform rectilinear bar move on the circumference 
of a smooth vertical circle ; find its period of oscillation under tiie action of 
gravity consequent on a small displacement from its position of stable equi- 
librium. 

4. A circular plate, revolving round its centro in a vertical plane, becomes 
suddenly attached at its lowest point to a heavy particle previously at rest ; re- 
quired the mass of the particle in order that, at the end of a semi-revolution, the 
system may be brought to rest under the action of gravity. 

6. A uniform beam is supported symmetrically on two props ; find where 
they should be placed in order that if one of them be removed the instantaneous 
pressure on the other may bo the same as the statical pressure. 

6. A circular board lies upon a smooth table ; in the board is cut a circular 
groove along which a molecmle is projected with a given velocity ; determine 
the pressure against the side of the groove. 

7. A straight rod which passes through a small fixed ring is in motion in a 
horizontal plane ; determine the motion of its centre of gravity. 

8. A lamina unacted on by any force is projected in its own plane ; prove 
that its space centrode is a straight line, and its body centrode a circle. 

'' . » 

9. A sphere, rotating about a horizontal axis through its centre ofigravity, 
falls vertically ; prove that its space centrode is a parabola, and its body ce^- 
trode a spiral of Archimedes. 

10. Given the motion of one point in a body and also its space centrode, find 
its body centrode. 

11. A small ring slides down a rough rod from a given point to a given 
right lino ; find the direction of the rod so that the time of descent may bo a 
minimum. 

(a) Find the limits of the coefficient of friction for which the required posi- 
tion is vertical. 
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12. A material particle, attached to a fixed point by an inelastic string, is 
allowed to descend a smooth inclined inelastic plane, starting without initial 
velocity from the foot of the perpendicular from the fixed point on the plane. 
Describe the subsequent motion, and show that the total length of the pa^ 
described by the particle on the plane before it comes to rest is 

J 1 sinjScos^jB X 
Vsinfi l + coB‘-*i8/’ 

where I is the length of the string, and $ is the angle which, when stretched, 
it makes with the perpendicular. 

13. A homogeneous sphere rolls down the concave surface of a rough semi- 
circle, the axis of which is vertical ; find its velocity and entire pressure agamst 
the semicircle in any position. 

14. Two balls of different masses, moving in the same right line with diffe- 
rent velocities, become suddenly connected by a weightless inextonsible rod ; 
given all particulars, required, in magnitude and direction, the initial strain on 
3io rod. 

Id. A material particle, constrained to oscillate without friction in a curve 
tautochronous with respect to any point under the action of any force, being 
supposed retarded throughout its motion b^ a resistance to its velocity of con- 
stant intensity ; determine the law of diminution of its several successive arcs 
of vibration. 

16. The resisting, in the preceding, being supposed small compared with the 
moving force ; show that, if the friction vary as any function of the velocity, 
its effect will be ultimately inappreciable on the time of description of any com- 
plete arc of vibration of the particle. 

17. A rigid body, revolving round a fixed axis, strikes perpendicularly 
against a fixed obstacle; required the height through which the same body 
should fall vertically, without rotation, so as to strike against the obstacle 
with the same force of percussion. 

18. A rigid body connected with a fixed point by an inextensible cord, is in 
constrained equilibrium under the action of a force passing through its centre 
of inertia ; all the other restraints being supposed suddenly removed, required 
the initial stress on the cord. 

19. A sphere, rolling without sliding on a rough horizontal plane, is acted 
on by a central force, varying inversely as the square of the distance, emanat- 
ing from a fixed point in the parallel plane passing through its centre. Show 
that it describes a focal conic round the centre of force ; and determine the 
initial velocity for which the motion is parabolic. 

20. A rigid body, being set in motion by a single impulsive force, show that 
all axes of initial pure rotation, corresponding to different directions of the per- 
cussion, envelope a quadric cone, diverging from the centre of inertia, and 
touching the three central princip^ planes of the body. 

2L2 



516 


MUeellaneom Emmphi. 


21. A rigid body, haying two fixed points, is sot in motion by an impulsive 
force ; determine in magnitude and direction the initial percussions at the points 
peipendicular to their line of connexion. 

22. Two material particles, resting on a rough inclined plane, and connected 
by a slight flexible cord, passing without friction through a small ring attached 
to a fixed point on the plane, are in equilibrium under the action of gravity ; 
the inclination of the plane being supposed gradually increased, or its roughness 
ness gradually diminished, determine the nature of the initial motion of the 
particles. 

23. Two material particles, moving without friction in two non-intersecting 
rectilinear tubes of indefinite length, attract each other with a force varying 
directly as their distance asunder ; determine completely their motion. 

24. In the general displacement of a solid from one given position to another, 
find, by geometrical construction, the twist by which the body can be brought 
from the former to the latter position. — (Prof. Crofton, London Mathe^mtical 
Society^ 1874.) 

Xet A be any point of the solid in its first position, B the new pbsition of 
the same point ; again, let C be the new position of the point which was origin 
nally at and L the new position of that point originally at C\ then, to find 
the required twist, bisect the angles ABCB.n^ BCD by the lines BH and CK; 
find BK the shortest distance between these bisectors. The body can be brought 
from the first to the second position by a translation ITiT, and a rotation round 
HK through an angle which is equal to that between BE and CK, 

25. Calculate, in C. G. S. units, the mutual attraction of two units of mass 
at the unit distance apart, according to tho law of gravitation. 

Let 7 denote the quantity in question ; then tho attraction of the earth on a 
unit of mass at its surface is iTryplty where p is earth’s mean density, and JR is 
its radius. 

Hence we have y = ivpyB. 

Now, in the system of units adopted, we have y = 981, and irJ? = 2 x 10®. 
Thence, assuming p = 6*67, we get 

- = 5 X X 10^ s= ^ X lO"^ = 15,410,000, approximately ; 

7 o yol ^ Ivu 





26. A body is rotating about a fixed point. Express tho clement of the curve 
described by the instantaneous axis on a sphere fixed in tho body in terms of the 
angular velocities round the body-axes. 

Let the instantaneous axis at any time make angles /a, v with the body- 
axes ; let the spherical surface be intersected by the two consecutive positions of 
the instantaneous axis in I and r ; let 01 and G/" represent the correspond- 
ing magnitudes w and a i- da of the angular velocity. Then the projections of 
II" on the body-axes are proportional to daif da%, daz, and FF* is propor- 
tional to da. 
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Now jr'* = I'J"»+ 

hence = du^ + 

and A ^ ^ 



If a be the radius of the sphere, and 0* the arc of the curve, 
we have, therefore, 

/<?0\* o/#\® i ldm\\ /dmWfdcozY /do»Y\ 

{dtj “ Vrf<) («*<) r 


F 

0 


27. A body is moving round a fixed point. Being given the axis, a rotation 
round which brings the body from one position to another, tmd the magnitude 
of the rotation, determine the angles which body-axes make in the second posi- 
tion with the space-axes which in the first position coincide with them. 

Describe a sphere round the fixed point 0. Let two of the space-axes meet 


P 



this sphere in the points X, Y ; and the corresponding body-axes in the points 
A, By when the body is in its second position ; let P be the pole of rotation ; 
then XPA = YFB = where ^ is the given rotation. Let I, m, n be the direc- 
tion cosines of the angles that OP makes with OX, OY, OZ, 

Then cos XA = (i «. (jQg it can be readily shown that 
cos YA = Im (1 - cos (^) + w sin 0, 
and cos XB = Im (1 - cos 0) - » sin 

The values of the cosines of the remaining angles can now be written down 
frtm symmetry. 

If Tw put 

• v = cos^<p, A = ^sin^^, /a = wsinj^, y = fismj0, 

we have the following table of the values of cosXAy &c. : — 



X 

Y 

Z 

A 

U* + A2-/a2-I/2 

2(/«A + vv) 

2 (vA - w/i) 

B 

2(\/i- W|/) 

— v'** - A* 

2(i^/a -I- wA) 

C 

2(Ai^ + vp) 

2(pv-v\) 

w® + V® — A* - /i 


The quantities ly my n, ^ arc called Bodrigues’ coordinates. (Thomson and 
Tait, Natural Philosophy y § 95.) 
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28. The body is rotating found OA with an angular velocity m ; determine 
the differential coefficients of I, m, n with respect to the time. 



We have to find the magnitude and axis of the rotation which is the resultant 
of the rotation ^ round the axis (/, n), and of m dt round OA, If this rotation 

be a', and its direction cosines Z', wi', — ^ ~ dt^ V-- l — ^dty &c. 

ttt dt 

Let Af Bf C be the points m which OA^ OB, 00 meet the sphere described 
round 0^ and P the point in which the sphere is met by the line (I, m, n). 
As in Ex. 8, Art. 260, make APR “if, and BAR » - 1 wi dt, then R is the 
pole of the resultant rotation ; the positive direction of rotation being supposed 
to be counter-clockwise. 

Draw RV at right angles to AB. Then it is easily seen that 
cobSPA = - emSPA = . 


also 


• o jy^cosABR 

2 - = «, sinMP-g^ = 0,1(1 - P) cotH, 

« COS BBR , , , , V 

2 — = «i sin AB sin BB—r—, — = «i (« - Im cot J *), 
dt sin ^ ^ 

^ ^ cos CBR , , ^ , X 

2 — = «i 8m.4PBm OB - . — = - «i(w + m cotif). 


Again 


= IT — ARB , 


and 


001 dt lb d 

cos ARB = cos AB sin " cos - ; 

2 2 2 


COS J = cos } ^ - il»\ sin i ^dt ; 



hence 
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29. A body is moring round a fixed point 0, with angular Wodtiee aui «») «*> 
round three rectangular axes OA^ OB, 0(7 fixed in the body. Determine the 
differential coefficients of Bodrigues’ coordinates with respect to the time. 

By means of the last example we can write down the changes produced on 
I, fn, n by each of the rotations widt, a 2 dt, w^dt. 

Adding, and dividing by dt, we get 

dl 

2 ~ ss — 02n + warn + cot^^{»i - l(lm + m»2 + wwa)}, 
dvA 

2 = — Ofsl + + COt^^{02 “• + fnW2 + ^®3)}i 

dn 

2 — = - witn + wa/ + cot}^{«3 — n(?wi + man + «»3)}> 


dt 


= lo»i + mu2 + » 


whence, also, we obtain 
. dv 


dK 


2 — =s - «iA. - «2ia " »3V, 2~ = «iw — W2V + «3M» 


dt 


d/A 

2 ~ = «2 W - + «1 y. 


dv 

2 -— = «3V — a\u + W2A, 
at 


where v. A, /u, v have the same moaning as before. 


30. A rigid body is moving in any manner ; one point is suddenly arrested ; 
determine the impulse exerted on the body. 

Let u, V, w be the components of the velocity of the point immediately before 
it is arrested, x, y, sits coordinates, and X, Y, Ztho components of the impulse, 
the axes being the principal axes of the body at the centre of inertia, then ^ is 
given by the equation 


^ + A(B + 0)** + 2>(C'+ + C(A + B)^ + 

= {ABO + WllA{B + C)»’ + BC{y* + s») + 


+ !Sft{AB + 3ro/r*)3?ytJ + Sfl{AC+ ^llr^)xzw, 

where I is the moment of inertia of the body round the line joining the arrested 
point to the centre of inertia, r the distance between these points, and A, B, C, 
the principal moments of inertia of the body. 


31. A sphere is projected in any way along an imperfectly rough inclined 
plane. Investigate the motion. 

(This investigation, with some slight modifications, is taken from Bouth, 
Rigid Dynamics^ 
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Here the equations of motion are 

Mx = X + sin f , My = T, 

i = rF, = — rX, 

whence, eliminating X and F, we obtain, on integrating, 

X + iru2 = yt aiiii + a + f rn2, 

y - f = iS - f rfli, ; 

where a, iS, Ai, and A 2 are the initial values of x, y, ui, and « 2 < 

^ Again, if w be the velocity at any instant of that point of the sphere which : 
is in contact with the plane, and $ the angle which its direction mahes with the 
axis of Xj 

u coa0 = x - r« 2 , w sin 0 = y + rwi. 

Differentiating, substituting for x, &c., from the equations of motion, put- 
ting for X and F the values which they t^e as long as there is slipping, viz., 
- fiMy cos % cos e and - fiMy cos i sin B, and solving the resulting equations for 
t! and u$f we have 

M s y sin t cos 0 - ifxy cos i, uB — ^g sin i sin B. 

Hence, if J /* cot i = «, we obtain, by integration, u sin B = K\ (tan J0)**. 
Substituting the value given by this equation for u in the equation for uB, and 
integrating, we have 

(tanj0)»»*> (tanj0)«’i 2y8int 

•«+l n-1 X 2 ‘ 


X 2 is determined from the initial value of 0, and K\ from the initial values 
of 0 and u. These latter are given by the equations 


«ocos 00 = a - r{l2, wosin 0 o = /3 + rHi ; 

. «■ 

then u and 0 being known, x, y, wi, and m can be determined. , < 

If n or f/i coti > 1, « and 0 become continually less until they vanith 
together. Pure rolling then begins at a time ^ 0 , which is given by the 
X1X2 

equation to= - — r^. After pure rolling begins the values of x, y, »i, and 012 , 
Zg sini 

at any time, can be obtained from the combination of the equations of motion 
with the equations 

ir - r «2 = 0, y + rui = 0. 


If n < 1, 0, though constantly approaching zero, as appears from the 
expression for uB, will not vanish in any finite time, and u tends to increase 
without limit. 
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If fio = 0, problem is at starting reduced to that of Ez. 3, Art. 278. 
The force of friction requisite for pure rolling is then ^Mg sin «. Hence, if 

sin i < \kMg cos i, or i y! cot i > I, 

where /u' is the coefficient of statical friction, pure rolling will commence and 
continue. If |/a' coti < 1, slipping will begin at once and never cease. 

32. A body* rests with a plane face on an imperfectly rough horizontal plane. 
The centre of inertia of the body is vertically* over the centre of inertia of the 
face and very near it, the connecting line being a principal axis at the former 
point. The form of the face is such, that its radii of gyration about all lines 
in it passing through its centre of inertia are equal. The body is projected 
with an initial velocity of translation Z7, and an initial very small angular 
velocity a round a vertical axis through its centre of inertia : determine the 
motion. 

Take the initial direction of translation, and a horizontal line at right angles 
thereto for axes of x and y. Let u and v be the components of the velocity of 
the centre of inertia of the body at any time, and w the angular velocity. 
Then, x and y being the coordinates of any point of the body, and ( and its 
coordinates referred to parallel axes through the centre of inertia, 

dx ^ dy 


If F bo the magnitude of the whole force of friction at any point, its com- 
ponents X and Y are given by the equations 

r. IT 

^ Of) 

V{(w+i,«)*+(v + !«)*} “ « ' 

since v, (», and tjw are small compared with u. 

Again, if /S be the area of the plane face, the magnitude of the normal re- 
action of the horizontal plane on an element of the face is equal to 0 (|, ij) dS, 
whence F^ yip (|, i\) dS, and, since z = constant, J ip (f, tj) dS = ing, whore m is 
the ma 3 s of the body. Also equations (17), of Art. 267, give Gg = 0, Gy = 0, 
since = 0, = 0, t = 0, / = 0. 

4f (4 be the distance of the centre of inertia of the body from the plane face, 
and (p ({, ri) = Ff 

Gy=yaSFdS-iF^dS; 

therefore / F^dS = ymga. 

Assume = JT + cA, where K and c are constants, then 

ytnga *= JT J (dS + e but J* ^dS = 0 ; 

therefore € must be small ; also 

mg = KS + 6 J AdS. 
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Again, (?,=/ 

and, since the second member of Gg is zero, q.p., we have J ItiidS = 0. 
tbe resultant normal reaction passes through a point on the axis of x. 
To determine the motion of the centre of inertia, 

du 

= = - pmg ; 


therefore w = IT - figt. 

dv V t <0 C V 

Again m—=3r = - - J 2frfS- /i - j = - ;i»V 

hence v = eu; and since v = 0 when t< = IT, c = 0, therefore = 0. 

To find the angular velocity, 

but 7 being the radius of gyration of the plane face, / and 


da a 


w = A 



Hence 


q.p. 


q,p. 


q.p. 


therefore 
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Absolute, units, 64, 126. 
force in central orbit, 176. 
force suddenly changed, 179. 
zero of temperature, 481, 499. 
Acceleration, uniform, 12. 

Tariable, 16. 
total, 17. 

tangential and normal, 17. 
angular, 19. 
areal, 21. 

Acceloration-contre, 267, 340. 
Acceleration of rotation, 327. 

Action and reaction, 68. 

Adiabatic curve, 483. 

Airy, on Earth’s density, 107. 
Ampbre's Cinematique, 6. 

Angular velocity, 19, 95. 

of a body, 96. 

Apsides, 190. 

Apsidal angle, 191, 216. 

Areas, uniform description of, 164. 
accelerations of, 244. 
for principal plane, 245. 
Attraction, law of, 92, 130, 147. 
Atwood’s machine, 60, 64, 138. 

Axes, relation between rotations round 
•space and body, 327, 331. 

• 

Ball, Sar B. S., referred to, 69, 334, 
• 338, 407, 474. 

Ballistic pendulum, 271. 

Bertrand, on closed orbits, 203. 

theorem of, 231, 420. 

Billiards, problem in, 387. 

Body axes, 330. 

motion referred to, 385. 

Breaking weight of elastic string, 168. 
Bresse, on acceleration, 268. 

Bonnet’s theorem, 208. 

Bordoni, 82. 

Brachystochrone, 436. 


Calculus of variations, 433. 

Canonical form of equations of mo- 
tion, 431. 

Carnot, S., cycle of, 486. 
extended, 488. 

determination of function of, 487, 
600. 

Central forces, 90, 147, 164. 
potential of, 129. 

Centres of oscillation and percussion, 
276, 277. 

Centre of inertia, 76. 
of oscillation, 142. 
motion of, 241. 
motion relative to, 242. 
Centrifugal and centripetal force, 88. 
acceleration, 89. 
force at Earth’s equator, 91. 
Centrifugal force, resultant for ro- 
tating body, 96. 
in pendulum, 118. 

Centrifugal couple, 369. 

axis of, 370, 374. 

Centrodes, 261. 

Change of state of a body, 501. 

Circle of inflexions, 268. 

Circular, motion, 84. 
orbits, 90. 

orbits approximately, 194. 
Clausius, on energy of a gas, 410. ^ 
on second fundamental principle 
in thermodynamics, 485. 
on entropy, 489. 
on saturated steam, 506. 

Coaxal circles, property of, 120. 
Coefficient of restitution, 67. 

Collision, of spheres, direct, 66. 
effect on energy, 236. 
oblique, 70. 
of smooth bodies, 379. 
of rough bodies, 380. 
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Compound pendulum, 141. 

Compression, force of, 67. 

Composition of velocities, 7» 257. 
of rotations, 317, 321. 
of twists, 334. 

Cone, employed graphically in rota- 
tion, 328. 

Conical pendulum, 115, 224. 

ConseTyative system of forces, 129, 
233, 397. 

Constrained motion, 206, 241, 247. 

Coulomb, on dynamical friction, 63. 

Couple, of rolling friction, 311, 314. 
of twisting friction, 311. 
tending to break moving rod, 303. 

Curtis, 225. 

Cycle, Carnot’s, 486. 

Cycloid, tautochronism of, 115. 

is curve of quickest descent, 433. 

Cylindroid, 338, 339. 

D’Alembert’s principle, 59, 227, 228, 
417. 

applied to small oscillations, 445. 

Darwin, on friction of tidal action, 
408. 

Degrees of freedom, 254, 269, 

Disturbing forces in focal orbit, 188. 

Dyne, 54, 126. 

Earth, atttaction of, 161. 
mean density of, 107. 

Efficiency of agents, ]r26. 
of a heat engine, 499. 

Elasticity, 67, 302, 

in collision, 334, 383. 

Elastic stiings, 155. 

Elasticity and expansion of a sub- 
stonce, 491. 

Ellipsoid momental, 348. v 
graphical use of, 348. 

Ellipsoid, of gyration, 349, 360, 371. 
of equal energy, 474. 
potential, 474. 
conjugate, 363. 

Energy, 59, 133, 396. 

potential and kinetic, defined, 1 33. 
measure of kinetic, 133. 
equation of, 136, 396, 402. 
in thermodynamics, 478, 485. 
conservation of, 397. 
of initial motion, 420. 
of an oscillating system, 470. 


Entropy, 489. 

Erg, 126. 

Elder, equations of rotation, 354, 
368, 425. 
for impulses, 346. 

Focal orbit, 173. 
velocity in, 177. 
constructed, 178. 

Force, function, 398. 
measure of, 53. 
absolute unit of, 54. 
gravitation unit of, 64. 

Forces of inertia, 59, 227. 

Fly-wheel, energy of, 137. 

Free motion of a body, 320. 

Freedom, degrees of, 254, 269. 
Friction, laws of dynamical, 50, 63, 
296. 

W'ork expended on, in pivot, 132. 
rolling, 311. 
twisting, 311. 
impulsive, 308. 


Gauss, absolute unit of force, 54. 

Generalized coordinates, 415, 452. 
equations of mution, 421, 
impulse components, 418. 

Geometrical representation of rota- 
tion, 321. 

Goodeve, 265. 

Gravitation, units, 54, 126. 
law of, 176. 
verified, 93. 

Gravity, acceleration due to, 29. 
variation of, 30. 
affected by Earth’s rotation, 92, 
determined by pendulum, 102, 
143. 1 

Greenhill, 83.^ ^ 

Gyration, radius of, 141. \ 

ellipsoid of, 349. 


Hamilton’s equation of motion, 431. 

characteristic fuTiction, 439. 
Harmonic motion, simple, 85. 
elliptic, 86. 

Harmonic determinant, 454. 
real roots of, 457. 
case of equal roots, 462. 
Haughton, on Earth’s density, 108. 
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Heat, meohanical equivalent of, 477. 
specific, 479. * 
latent, of liquidity, ' 602^ 
of vaporization, 603. 
of expansion, 491. 

Height, due to velocity, 30, 40. 
Helmholtz, 399. 

Horpolhode, 372, 378. 

Herschel, on ^sturhing forces, 188. 
Him, 605. 

Hodgkinson, on laws of restitution, 

68 . 

Hodograph, 19. 

application to focal orbit, 181, 
182 

Hooke’s law, 137, 155. 

Huygens, on pendulum, 104«. * 

Ignoration of' coordinates, 426. 
Impact and collision of spheres, 66, 
381. 

of bodies generally, 280, 288, 
379. 

Impulse, measure of, 56. 

in D’Alembert’s principle, 228, 
287. 

exerted on a fixed point, in rota- 
tion, 367. 
maximum, 281. 

Increase of inertia in an oscillating 
system, 469. 

Indicator diagram, 483. 

Inertia, law of, 25, 76. 

forces of, 69, 227. 

Initial tensions, 293, 356. 
Instantaneous centre, 261. 
screw, 334. 

Irreversible transformations, 495. 
Isentropic. curve, 483. 

^ochifinism of pendulum, 102. 
Ho^ermal curve, 483. 

^ fdf a perfect gas, 484. 

Jaoobi, on motion in vertical circle, 

121 . 

Jellett, 60, 386, 394. 

Joule, on mechanical equivalent of 
heat, 477. 

Kater, on determination of force of 
gravity, 144. 

Kepler’s laws, 91, 176. 

modification of third law, 184. 


Kilogrammetre, 126. 

Kinematics, 5, 254. 

Kinetics, 5, 27) 268. 

Kinetic energy, 133, 416, 419, 463. 

Lagrange, 210, 462. 

on spherical pendulum, 216. 
on small oscillations, 453. 
generalized coordinates, 421, 435. 
generalized equations for im- 
pulses, 417. 

Lambert’s theorem, 183. 

Laplace, referred to, 332. 

Latent heat, of liquidity, 502. 
of vaporization, 503. 
of expansion, 491. 

Laws of motion : see Newton. 

Least action, 436. 

Line of quickst descent, 36. 

M'Cullagh, on rotation, 361, 377. 
Mass, 32. 

of Sun, 186. 

Mean value employed, 87. 

Mean energy in vibration, 411. 
Mechanical equivalent of heat, 477. 
Metric units, 23. 

Minchin, referred to, 50, 107, 163, 
265, 272, 341, 343. 

Moment of inertia, 137. 

Momental ellipsoid, 348, 370. 
Momentum, 53. 

estimated in any direction, 74. 
conservation of, 75, 248. 
moments of, 243, 246, 273, 286. 
axis, 360, 373. 

Morin’s apparatus, 46, 309. 

on impulsive friction, 309. 
Motion, first law, 25. 
second law, 26. 
third law, 68. 

on an inclined plane, 34, 46, 51. 
parabolic 39. 

of a particle, general equations of, 
57* 

of a variable mass, 57. 
in a vertical circle, 99. 
on a fixed curve, 206. 
on a fixed surface, 211. 
of body round fixed axis, 255. 
round a fixed point, 353, 357. 
of solid of revolution, 389. 
Moving axes, 22. 
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Newton, fluxion notation, 4, 9, 16. $ 

referred to, 76, 163, 176. 
laws of motion, 26, 26, 68. 
movable orbits, 196. 
central orbits, 166, 171. 
on coefficient of restitution, 68. 
on resistance of medium, 219. 

Orbits, central, 160. 
movable, 196. ^ 

Oscillation of a simple pendulum, 
small, 101. 
in general, 108. 

period unaffected by resistance of 
air, 123. 

centre of, 142, 277. 

Oscillations, small, 446. 

Parabolic motion, 39, 72, 80.,^ 

Parker, on equilibrium path, ^09. 
Peaucellier’s cell, 265. 

Pendulum, simple, 100. 
compound, 102, 141. 
conical, 115. 
spherical, 212. 
ballistic, 271. * 

Percussion, centre of, 276. 

Perfect gas, 481, 484. 

Periodic time in central orbit,' 161, 
175. 

Planetary perturbations, 185. 

Pninsot, 378. 

Pole of rotation, 317. . 

Polhode, 372. 

Poncelet, referred to, 159. 

Potential 130, 135. 

energy, 133, 398. 

Poundal 64, 126. 

Principal axis, property of, in uniform 
rotation, 97. ^ 

rotation round, 275. 

Principal moments, couple of, 347. 
Principal plane, 245. 

Projectile, parabolic path of, 39. 

Pure rolling, friction in, 234. 

^licketferdescent, line of, 36. 

Range of a projectile, 41. 

Bankine, on steam, 505. 

Rebound from a plane, 69. 

Rectilinear motioh, 25, 147. 
in resisting medium, 219. 


!ftelatii|^ motiem, 6, 10. 

Resistance, of air, 48*4 

does not affect pendulum period, 
123. 

• see Friction. 

Resisting medium, motion in, 219. 

Restitution, forces of, 66. 
coefficient of, 67. 

Reversible transformations id heat, 
483. 

Richer, observed retardation of pen- 
. dulum, 104. 

Rigid body, 240, 258. 

equations of motion of, 240. 
complete motion of, 329. 

Rodrigues, on screw motion, 336. 
coordinates of, 517. 

Rolling, pure, 261. 

Rolling friction : see Couple of. 

Rotation, velocity in, 226. 
acceleration in, 327. 

« of a rigid body, 94. . 
of a plane lamina, 96. 
energy of, 137. 
motion of, 318. 
instantaneous centre of, 261. 

Rotations, composition of, 317, 321. 

Routb, referred to, 144, 307y. 309, 
366; 391, 462, 468. 
on conjugate ellipsoid, 363. 
on equal factors of harmonic 
determinant, 462. 


Salmon, referred to, 378. 

Schell, referred to, 279, 343. 

Screw, axis and pitch of, 333. 

of resultant twist, 337. 

Seconds pendulum, 102. c 

length of, 123. ' ^ 

Similar mechanical systems, 414.^ 
Small oscillation of simple pendulunc^ 
101, 445. 

Small oscillations in general, 445, 
452. 

Source and condenser in Camot’i^ 
cycle, 486. 

Space-axes, 330. 

Sphere used graphically in rotation, 
317. 


Stability of motion of small oscilla- 
tions, 451. 

Statical measure of force, 32. 






